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Richard L. Wheeden 


Preface 


It is a pleasure to bring out this volume of contributed papers on the occasion of 
the retirement of Richard Wheeden. Dick Wheeden as he is known to his many 
friends and collaborators spent almost all his professional life at Rutgers University 
since 1967, other than sabbatical periods at the Institute for Advanced Study, 
Princeton, Purdue University, and the University of Buenos Aires, Argentina. He 
has made many original contributions to Potential Theory, Harmonic Analysis, and 
Partial Differential equations. Many of his papers have profoundly influenced these 
fields and have had long lasting effects, stimulating research and shedding light. 
In addition many colleagues and especially young people have benefitted from the 
generosity of his spirit, where he has shared mathematical insight and provided 
encouragement. We hope this volume showcases some of the research directions 
Dick Wheeden was instrumental in pioneering. 


1 Potential Theory and Weighted Norm Inequalities 
for Singular Integrals 


Dick Wheeden’s work in Analysis can be broken into two periods. The first period 
consists of his work in Potential Theory, the theory of singular integrals with a deep 
emphasis on weighted norm inequalities, and a second period from the late 1980s 
where he and his collaborators successfully applied weighted norm inequalities to 
the study of degenerate elliptic equations, subelliptic operators, and Monge-Ampére 
equations. 

Wheeden obtained his Ph.D. in 1965 from the University of Chicago under the 
supervision of Antoni Zygmund. One very productive outcome of this association 
with Zygmund is the beautiful graduate textbook Measure and Integral [36]. 
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Wheeden’s thesis dealt with hypersingular integrals. These are singular integrals 
of the form 


If (x) = [oety- - fo) Srey ewes, 


where & (y) is homogeneous of degree zero, integrable on S"~! and satisfies 


[ yjQ (y)do(y)=0, L<ix<n. 
gr-l 


Since the singularity of the kernel ie is more than that of a standard Calderén- 


Zygmund kernel, one needs some smoothness on / to ensure boundedness. A typical 
result found in [34] is 


II Zf ll» cer) <c IF Il eon , l<p<o, 


where W®? (R”) is the fractional Sobolev space of order a. These results are 
developed further in [35]. 

Another important result that Wheeden obtained at Chicago and in his early 
time at Rutgers was with Richard Hunt. This work may be viewed as a deep 
generalization of a classic theorem of Fatou which states that nonnegative harmonic 
functions in the unit disk in the complex plane have nontangential limits a.e. on the 
boundary, that is on the unit circle. The theorem of Fatou was generalized to higher 
dimensions and other domains by Calderon and Carleson. The works [17, 18] extend 
the Fatou theorem to Lipschitz domains, where now one is dealing with harmonic 
measure on the boundary. The main result is 


Theorem 1 Let Q C R"” be a bounded domain with Lipschitz boundary. Let 
ow” (Q), O € dQ, denote harmonic measure with respect to a fixed point Py € Q. 
Then any nonnegative harmonic function u (P) in Q has nontangential limits a.e. 
with respect to harmonic measure w?° on dQ. 


The proof relies on constructing clever barriers and in particular on a penetrating 
analysis using Harnack’s inequality on the kernel function K (P,Q), P € Q,Q € 
dQ, which is the Radon-Nikodym derivative 


do" (Q) 


1.1 Singular Integrals and Weighted Inequalities 


In 1967, Wheeden moved to Rutgers University and began a long and fruitful 
collaboration with his colleague B. Muckenhoupt. Two examples of many seminal 
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results proved by Muckenhoupt and Wheeden are the theorems on weighted norm 
inequalities for the Hilbert transform and the fractional integral operator. To state 
these results we recall a definition. 


1 
loc 


Definition 1 Let 1 < p < ow, and let w € L 
Then w €¢€ A, if and only if for all cubes Q, 


1 1 ee i 
wah Gah) <- 


The A, condition had already appeared in Muckenhoupt’s pioneering work on 
the Hardy-Littlewood maximal function [51]. But now Wheeden along with Hunt 
and Muckenhoupt [19] carried it further. They considered the prototypical one- 
dimensional singular integral, the Hilbert transform, 


(R") be a positive function on R”. 


* £0) 4, 


—oo ¥— 


Hf (x) = p.v. 


and established the following trailblazing theorem. 


1 


Theorem 2 A nonnegative w € L,,. 


for the Hilbert transform, 
i L 
P P 
(vrtw) so( fore)’. 
R R 


Their key difficulty in establishing this result was to prove it when p = 2. Then 
one can adapt the Calder6n-Zygmund scheme for singular integrals and finish with 
an interpolation. The case p = 2 had been studied earlier by Helson and Szegé 
[47] using a completely different function theoretic approach, where they obtained 
the equivalence of the weighted norm inequality with a subtle decomposition of the 
weight involving the conjugate function. Theorem 2 finally characterized these two 
equivalent properties in terms of a remarkably simple and checkable criterion, the 
A, condition. Theorem 2 was the forerunner to a deluge of results by Wheeden in 
the decades since, to multiplier operators by Kurtz and Wheeden [20], to the Lusin 
square function by Gundy and Wheeden [16] (preceded by Segovia and Wheeden 
[33]), and the Littlewood-Paley g} function by Muckenhoupt and Wheeden [24], 
to name just a few. With Muckenhoupt, Wheeden also initiated a study of the two 
weight theory for the Hardy-Littlewood maximal operator and Hilbert transform 
[25] and with Chanillo a study of the two weight theory for the square function [6]. 
That is one now seeks conditions on nonnegative functions v, w so that one has 


Be \? C, p Os 
(im ») < (fv w) 


(R) satisfies the L? weighted norm inequality 


if and only if w € Ap. 
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where T could be a singular integral operator, a square function, or the Hardy- 
Littlewood maximal operator. The papers [25] and [6] stimulated much research in a 
search for an appropriate two weight theory for singular integrals. In the early 1990s 
Wheeden returned to this question and undertook a study of two weight problems 
for the fractional integral. These results are described later in this preface. 

The later “one weight” results mentioned above relied on the so-called good- 
A inequalities [37], [40], a beautiful stratagem with which Wheeden was wholly 
won over. We cite two instances of results proved by Wheeden, where good-A 
inequalities play a key step in the proofs. The first example is joint work with 
Chanillo [1] where he investigated a complete theory of differentiation based on 
the Marcinkiewicz integral 


1 
2 


ie ( q Fot)t+fa-)-2# a). 


ier? 


This work viewed Mf as a rough square function and the aim was to treat it in the 
spirit of the work of Burkholder and Gundy [37] for the Lusin square function and 
establish control via a good-A inequality and maximal functions. 

The second work with Muckenhoupt, destined to play a major role in Wheeden’s 
interest in degenerate elliptic PDE in the late 1980s onward, was the paper [23] on 
fractional integral operators J,. Define for 0 < a <n, 


fs) = [| ora 


Theorem 3 Let v be a positive function on R". Then for 7 =5-71<p<¢ 
and « + rd = |, the weighted norm inequality for I,, 


(/. at) <6, yor)" 


holds if and only if for all cubes Q, 


1 7( 1 ae 
sup (— |v! ah < ©. 
a \lQl Jo |Q| Jo 
The corresponding inequality for the fractional maximal operator 


Maf (8) = sup [ FO)| dy, 


“Tat 


which is dominated by the fractional integral Jy |f| (x) = (eee be oy dy, can be 
established by a variety of techniques, and from this, the inequality for the larger 
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(at least when f > 0) fractional integral J, can be obtained as a consequence of the 
good-i inequality: 


[tx € IR": Mof (x) < BA and [of (x)| > 2A} loa 
S CB {x ER": [laf (| > Able » 


valid for nonnegative functions f, and for all A > 0 and 0 < 6 < 1 and where we 
have used the notation: 


[Elva = f ves. 
E 


This striking inequality says, loosely speaking, that the conditional probability of 
doubling the size of J,f, given a fixed lower threshold, is small unless the maximal 
function M,f exceeds a smaller threshold—in other words, J,f cannot increase by 
much at a given location unless Myf is already large there. 

The fractional integral operator J,f plays a major role in the proofs of Sobolev 
inequalities and localized versions of Sobolev inequalities called Poincaré inequali- 
ties. These inequalities, together with the energy inequalities of Cacciopoli, are used 
to derive via an iteration scheme due to Moser, a fundamental inequality for elliptic 
PDE, called the Harnack inequality. The Harnack inequality can be then used to 
obtain regularity in Holder classes of weak solutions of second order elliptic PDE. 
Thus Wheeden was now led in a second period to the study of degenerate elliptic 
PDE and the particular problem of regularity of weak solutions to degenerate elliptic 
PDE. One of the earliest Poincaré-Sobolev inequalities he obtained was a natural 
outcome of earlier work for the Peano maximal function [2] and is contained in his 
paper with Chanillo [3]. To state the main theorem in [3], we need some notation. 
We consider v, w locally integrable positive functions on R”. Fix a ball B. We now 
consider balls B, (xo) C B, centered at x9 with radius r > 0. We assume that v is 


doubling, i.e., 
| v< c | v, 
Bor (xo) B,(x0) 


and we also assume the balance condition (which turns out to be necessary) 


r Je,) v\" < er “) : 
—{———_ } <c{j—_] . (1) 
h ( Jp? ( Jp 


where h = [Bl ; 


For f € C! (B), we set fave = dee 
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Theorem 4 Let 1 < p < q < o. Assume that w € Ap, that v is doubling, and that 
the balance condition (1) holds. Then 


(1) Forf € Cp (B) we have the Sobolev inequality, 


1 


(i [ure)’ <Ch (sa five)” 


(2) Forf € C' (B) we have the Poincaré inequality, 


(qh [irsolt)" sen(ZE fivarw)’. 


The results in [3] when combined with energy estimates like Cacciopolli’s 
inequality and an appropriate Moser iteration scheme lead to Harnack inequalities 
[5] and estimates for Green’s function for elliptic operators in divergence form [7]. 


2 Degenerate Elliptic Equations, Subelliptic Operators, 
and Monge-Ampére Equations 


In the early 1990s, Wheeden’s interests turned to the study of Sobolev-Poincaré 
inequalities in the setting of metric spaces, focusing in particular on Carnot- 
Carathéodory metrics generated by a family of vector fields and on the associated 
degenerate elliptic equations. Let X := {Xj,...,X} be a family of Lipschitz 
continuous vector fields in an open set Q C R", m < n. We can associate with 
X a metric in &2—the Carnot-Carathéodory (CC) metric d. = d,(x, y) or the control 
metric—by taking the minimum time we need to go from a point x to a point 
y along piecewise integral curves of +X),...,+X,, (if such curves exist). The 
generating vector fields of the Lie algebra of connected and simply connected, 
stratified nilpotent Lie groups, also called Carnot groups, as well as vector fields 
of the form 2,0),...,An0n, where the A;’s are Lipschitz continuous nonnegative 
functions, provide basic examples of vector fields for which the CC distance is 
always finite. The latter vector fields are said to be of Grushin type in [10]. 
A (p, q)-Sobolev-Poincaré inequality in this setting is an estimate of the form 


, 
g P 


- 
1 q 1 
( js ~ gel?) < Cr Si iXe2) ax 
Jj 


|B(xo,17)| JB¢%o.r) |B(x0,r)| JB(x0.7) 


(2) 
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for all metric balls B(xo,r) := {x; d-(%o,x) < r} and for all smooth functions 
g with average gz on B(x, r). Moreover, Lebesgue measure on both sides of (2) 
can be replaced by two different measures which may arise from weight functions. 
This case gives rise to what is called a weighted (or two-weight) Sobolev-Poincaré 
inequality. The weight functions are chosen to satisfy conditions akin to [3] and [5]. 

Wheeden in 1994, in collaboration with Franchi and Gutiérrez [10], proved a 
two-weight Sobolev-Poincaré inequality for a class of Grushin type vector fields 
that best illustrates this circle of ideas. 

In the Poincaré-Sobolev inequality that follows, the weight function u is assumed 
doubling. The vector fields are given by, Vag(z) = (Vig (z) ,A (x) Vyg (z)) for 


z = (x,y) € R’*™, A(x) is assumed continuous. The continuity of A(x) allows 
the notion of a metric d,(-,-) which is naturally associated with the vector fields 
ae hes xs. A (x) oe 12, A(x) a by means of subunit curves to be defined [42]. 


To this metric one may now associate balls B (zo, 7) which are balls in R"*” with 
center z) and radius r defined by B(zo, r) := {z; d-(zo, z) < r}. With some further 
stipulation on the weight v that will be stated later, one has the Poincaré-Sobolev 
inequality displayed below: 


1 5 
iz |g (z) — ga|4 u(z) a:) 


IB (20,7) \u J B(eo.r) 


1 
1 / ; 
=Cr|———— [Vig @Il? v @ a) 
G (zo, 1) |, B(zo,r) 


Further assumptions on the coefficients of the vector fields are A(x) lies in some 
Reverse Holder class, i.e., A € RHgo and A” € strong Ago, in the sense of David and 
Semmes [41] suitably adapted to the Carnot-Caratheodory metric situation. The key 
assumption on the weight v above is that there exists w € strong Ago for which we 
have 


vwiT! € Ap (w'"* az) ,N=n+m. 


The following “balance condition” which is by now well known to be necessary 
[3] is also assumed: 


r(B) ( u(B)\* » (B) \? 
r (Bo) (aE) <¢(25) » BC(L+)Bo. 


A typical example of a function A is A (x) = |x|“ for a > 0. The results allow 
weights uv that vanish to high order and include new classes of weight functions 
even in the case A (x) = 1. Other important examples arise from weight functions v 
that are Jacobians of Quasiconformal maps. 

The paper [10] contains two remarkable technical results: first of all, it is proved 
that metric balls for the CC distance satisfy the so-called Boman condition, that by 
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now has been proved to be equivalent to several other geometric conditions. This 
allows one to apply the Boman chain technique (as studied by Chua and Bojarski) 
to suitable metric spaces equipped with doubling measures. This makes it possible 
to obtain (2) from a “weak” type Sobolev-Poincaré inequality, where in the right- 
hand side of (2) we replace the ball B(x, r) by an “homothetic” ball B(x, tr), t > 1. 
The second important idea in this paper consists in the clever use of a technique 
inspired by Long and Nie [50], and that will become more or less standard in the 
future. To illustrate this idea, consider a fractional integral J and let u — |Xu| bea 
local operator, where |Xu| denotes the norm of the Euclidean gradient or of some 
generalized gradient (X,u,...,X,u). This technique makes it possible to obtain 
strong type inequalities from weak type inequalities of the form: 


t >I, 


1 
{x € B:= B(x,r); |u(x) — up| > A} <C (Ae)! ; 
In particular one obtains (1, g)-Sobolev-Poincaré inequalities in situations where 
one has no recourse to the Marcinkiewicz interpolation theorem. This is achieved 
by slicing the graph of u(x) — ug in strips [2-**!, 2-*]. The local character of |Xu| 
yields that |Xu| vanishes on constants, so that it is possible to reconstruct |Xu| from 
these slices. 

This technique enabled Wheeden in [9] (in collaboration with Franchi and Gallot) 
and in [11] (in collaboration with Franchi and Lu) to prove Sobolev type inequalities 
and Sobolev-Poincaré type inequalities on Carnot groups in the geometric case p = 
1, starting from a subrepresentation formula of a compactly supported function (or 
of a function of zero average on a ball) which expressed the function in terms of a 
suitable fractional integral of its generalized gradient. In particular, this argument 
yields forms of Sobolev inequalities which are related to isoperimetric inequalities 
on Carnot groups. 

More generally, on a metric space (S, p,m) endowed with a doubling measure 
m, we say that a (p, g)-Sobolev-Poincaré inequality holds (1 < p < q < ov) if for 
any Lipschitz continuous function u there exists g € Lj,.(S) such that 


1 


q 7 1 pP 
dm) <Cr| —— |g|? an) ; 
) ( IB.7)| Jaan 
(3) 


udm 


1 
es i. 
(ae r)| Jean IB. r)| Jaan 


where g depends on u but is independent of B(x, rr) (notice again we could look 
for similar inequalities where we replace the measure m by two measures |W, Vv). 
We recall that the metric space (S, p,m) endowed with a measure m is said to be 
locally doubling, if for the measure m there exists A > 0 such that the measure 
m satisfies the doubling condition m(B(x,2r)) < Am(x,r) for all x € S and 
r < ro. That is the doubling condition holds for all balls with small enough radii. 
The central point in the proof in [12] (see also [8]) consists in establishing the 
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equivalence between (p, g)-Sobolev-Poincaré inequalities in metric measure spaces 
and subrepresentation formulae. The following result is typical: 


Theorem 5 Let (S,p,m) be a complete metric space endowed with a locally 
doubling measure m and satisfying the segment property (i.e., for each pair of 
points x,y € S, there exists a continuous curve y connecting x and y such that 
p(y(t), y(s)) = |t—s|.) Let yu, v be locally doubling measures on (S, p,m). Let 
Bo = B(x, ro) be a ball, let t > 1 be a fixed constant, and let f, g € L!(tBo) be 
given functions. Assume there exists C > 0 such that, for all balls B © tBo, 


1 
ap | faldv se | isla. (4) 


where fey = 3 Jzfdv. If there is a constant 0(r9) > 0 such that for all balls B, B 
with B C BC tBo, 


HB) gy 1B) 
BBY 


then for (dv)-a.e. x € Bo, 


p(x, y) 


dd . 5 
(BC, oxy) YH a 


LO) —foow| < C fi _ leo 


We notice that, by Fubini-Tonelli Theorem, clearly (5) implies (4). 


The proof of the above result relies on the construction of a suitable chain of balls 
with controlled overlaps, starting from a ball B and shrinking around a point x € B. 
Repeated use of the Poincaré inequality (4) yields the subrepresentation formula (5) 
for any Lebesgue point of u. 

Applying results on L? — L‘ continuity for fractional integrals, like for example 
in [3, 29], from (5) one obtains (two-weight) Sobolev-Poincaré inequalities. In [22] 
Lu and Wheeden were able to get rid of the constant t > 1 in the subrepresentation 
formula (5). 

A (po, 1)-Poincaré-inequality with pp => 1 yielding a (p, g)-Sobolev-Poincaré 
inequalities (and possibly with weights) is referred to as the self-improving property 
of the Poincaré inequality. This notion had been introduced by Saloff-Coste in [53] 
in the Riemannian or sub-Riemannian setting. The result in [53] states that the 
(po, 1)-Poincaré inequality plus the doubling property of the measure yields (p, q)- 
Sobolev-Poincaré inequalities. The arguments of [12] can be carried out only in the 
case po = 1, basically since a(B) defined by 


1 1/po 
a(B) = r(B) (— | |g|?° ax) (g and po fixed) 


is not easy to sum, even over a class of disjoint balls B if po > 1. 
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In particular, in [15], this difficulty was overcome by considering a sum operator 
T(x) which is formed by summing a(B) over an appropriate chain of balls associated 
with a point x: 


T(x) = 2 a(B). 


B inachain for x 


In case pp = 1, the sum operator becomes an integral operator. The L’ to L’ mapping 
properties of the sum operator can be derived in much the same way as those for 
fractional integral operators, and these norm estimates for T lead to correspondingly 
more general Poincaré estimates. These results by Wheeden and collaborators for 
the weighted self-improving property of the Poincaré inequality on general metric 
spaces may be found in [13-15]. 

In [21], the authors proved a counterpart of the equivalence between subrep- 
resentation formulae and Sobolev-Poincaré inequality for higher order differential 
operators. These results are counterparts of earlier results for the gradient derived 
in [12]. In the higher order case, on the left-hand side of the Poincaré inequality, 
instead of subtracting a constant given by the average of the function, one subtracts 
appropriate polynomials, related to the Taylor polynomial on Euclidean spaces, and 
related Folland-Stein polynomials [43] for the situation on stratified groups. 


2.1 Two Weight Norm Inequalities for Fractional Integrals 


Beginning in 1992, Wheeden returned to the study of the two weight inequality for 
fractional integrals, 


(/ un) < e([. re)’ feo, 


and showed with Sawyer [29] that for 1 < p < q < wand0O0 <a < 
n, this inequality could be characterized by a simple two weight analogue of 
Muckenhoupt’s condition: 


z 4, 
_ 1-2 q q rl _a \ P 
Acq = suplQ|* (/ 6») ([ ee ") < oO, 
Q Q Q 


a—-n 


where sg (x) = |Q| a [ee Xg|"" is a “tailed” version of the scaled indicator 


|Q| nt 1g (x). This work built on the weak type work of Kokilashvili and Gabidza- 
shvili. Unfortunately, this simple solution fails when p = q, but there it was shown 
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that a “bumped-up” version of Aj, suffices for the fractional integral inequality: 
there is r > 1 such that 


1 1 
ayii1f 1 \e (1 y\ 7 
sup |Q|"*4 (= [wy (afer) < OO. 
Q |Q| Jo lQ| Jo 


A forerunner to the situation when p = q is the paper by Chanillo and Wheeden [4], 
where weighted fractional integral inequalities when p = q are derived and then 
applied to obtain Weyl type eigenvalue estimates for the Schrédinger operator with 
appropriate potential. 

The results on weighted norm inequalities for two weights for fractional integrals 
and other similar results were then extended in [29] to spaces of homogeneous type. 
Along the way two discoveries were made which we list: 


e The failure of the Besicovitch covering lemma for the Heisenberg group 
equipped with the usual left invariant metric and where all balls are chosen 
using this metric (also obtained independently by Koranyi and Reimann). 

¢« A construction of a dyadic grid for spaces of homogeneous type (a variant was 
also obtained independently and a bit earlier by M. Christ [38], and a precursor 
of this by G. David even earlier). 


2.2 Fefferman-Phong and Hérmander Regularity 


The 2006 Memoir of Wheeden with Sawyer [30] is concerned with regularity of 
solutions to rough subelliptic equations. Previously, regularity had been reasonably 
well understood in two cases: 


1. when the equation is subelliptic, and the coefficients are restricted to being 
smooth, 
2. when the equation is elliptic, and the coefficients are quite rough. 


In the subelliptic case, there were two main types of result. First, there was the 
algebraic commutator criterion of H6rmander for sums of squares of smooth vector 
fields [48]. These operators had a special “sum of squares” form for the second order 
terms, but no additional restriction on the smooth first order term. Second, there 
was the geometric “control ball” criterion of Fefferman and Phong that applies to 
operators with general smooth subelliptic second order terms, but the operators were 
restricted to be self-adjoint. They obtained the following analogue of the Fefferman- 
Phong theorem for rough coefficients, namely a quadratic form Q (x, €) = &’Q (x) € 
is subelliptic (which means that in a quantitative sense we leave unspecified, all 
weak solutions u to the equation V’Q (x) Vu = ¢ are Hélder continuous, i.e., u € 
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C* for a > 0), if the control balls K (x, r) relative to Q satisfy 


1. |K (x, 2r)| < C|K (x, r) | (doubling), 
2. D(x,r) C K (x, Cr’) (containment), 


1 


5 Le fie” sora! = f (iyi + iwe)h 


1 1 

1 2 1 z 

4. =f wow Al < cre} = | iv] ‘ 
ae * | fee 


where w € W,” (K) in the Sobolev inequality and w € W!? (K*) in the Poincaré 
inequality, where K* is the double of K. 

The containment condition 2. is necessary. The Sobolev inequality 3. is necessary 
for a related notion of subellipticity for the homogeneous Dirichlet problem for 
L = V'Q (x) V: for all balls B there exists a weak solution u satisfying 


2 
aime Ms and sup |u| < fur - 
u =0on0B B B 


The Poincare inequality 4. is necessary for a related notion of hypoellipticity for the 

homogeneous Neumann problem for ng = n’Q (x) V: for all balls B there exists a 
weak solution u satisfying 

Lu =f inB 2 

ant Den ap a lla) $7? Mlle 


The doubling condition 1. is not needed and has been replaced more recently with 
the theory of nondoubling measures pioneered by Nazarov, Treil, and Volberg. 

They also obtained an analogue of the Hérmander theorem for diagonal vector 
fields with rough coefficients. As a starting point, they showed that if the vector 
fields X; = aj (x) iy were analytic, then the X; satisfied a “flag condition” if and 
only if they satisfied the Hérmander commutation condition. They then extended the 
flag condition to rough vector fields and obtained regularity theorems for solutions 
to the corresponding sums of squares operators. 


2.3. The Monge-Ampére Equation 


Using the regularity theorems in their 2006 Memoir [30] (see also [28], [31] and 
[32]), Wheeden with Rios and Sawyer [26, 27] obtained the following geometric 
result: A C” convex function u whose graph has smooth Gaussian curvature k ~ |x|? 
is itself smooth if and only if the sub-Gaussian curvature k,_; of u is positive in Q. 


Preface XIX 


The question remains open for C!:! convex solutions today—this much regularity 
is assured for solutions to the Dirichlet problem with smooth data and nonnegative 
Gaussian curvature k (Guan et al. [46]), but cannot in general be improved to C? 
by the example of Sibony in which the tops and sides of the unit disk are curled up 
to form a smooth boundary but with second order discontinuities at the start of the 
curls. 

The proof of the regularity theorem for C” solutions draws from a broad spectrum 
of results—an n-dimensional extension of the partial Legendre transform due to the 
authors [26], Calabi’s identity for }> u‘/ 0;;, the Campanato method of Xu and Zuily 
[54], the Rothschild-Stein lifting theorem for vector fields [52], Citti’s idea (see, e.g., 
[39]) of approximating vector fields by first order Taylor expansions, and earlier 
work of the authors in [26] generalizing Guan’s subelliptic methods in [44, 45]. 
The proof of the geometric consequence uses the Morse lemma to obtain the sum 
of squares representation of k. The necessity of k,_; > 0 follows an idea of Iaia 
[49]: the inequality k < (Kn—1)™=1 shows that for a smooth convex solution u with 
k (x) & |x|? we must have k,_; > 0 at the origin. 
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On Some Pointwise Inequalities Involving 
Nonlocal Operators 


Luis A. Caffarelli and Yannick Sire 


To Dick Wheeden, with admiration and affection 


Abstract The purpose of this paper is threefold: first, we survey on several 
known pointwise identities involving fractional operators; second, we propose a 
unified way to deal with those identities; third, we prove some new pointwise 
identities in different frameworks in particular geometric and infinite-dimensional 
ones. 


1 Introduction 


The present paper is devoted to several pointwise inequalities involving several 
nonlocal operators. We focus on two types of pointwise inequalities: the Cérdoba- 
Cérdoba inequality and the Kato inequality. In order to keep the presentation 
simple, we state the inequalities in question in the case of the fractional lapla- 
cian, i.e. (—A)*, in R”. Actually, in subsequent sections, we will generalize 
these inequalities to a lot of different contexts. Furthermore, we will present a 
unified proof for both inequalities based on some extension properties of some 
nonlocal operators. Our proofs are elementary and simplify the original argu- 
ments. 
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2 L.A. Caffarelli and Y. Sire 


The fractional Laplacian can be defined in various ways, which we review now. 
It can be defined using Fourier transform by 


F((—A)*v) = ||? Fv), 


for v € H*(R"). It can also be defined through the kernel representation (see the 
book by Landkof [12]) 


v(x) — v@) 


(—A)*v(x) = Cys PV. / oye (1) 


n 


for instance for v € S(IR”), the Schwartz space of rapidly decaying functions. Here 
we will only consider s € (0, 1). 
The inequalities considered in the present paper are the following 


Theorem 1.1 (Cérdoba-Cérdoba Inequality) Let g be a C?(R") convex function. 
Assume that u and g(u) are such that (—A)*u and (—A)*g(u) exist. Then the 
following holds 


(—A)*p(u) < g'(u)(-A)'u. (2) 


The next theorem is the Kato inequality. 


Theorem 1.2 (Kato Inequality) The following inequality holds in the distribu- 
tional sense 


(—A)*|u| < sgn(u)(—A)’ u. (3) 


The previous two theorems are already known: Theorem 1.1 is due to Cordoba 
and Cordoba (see [8, 9]). Theorem 1.2 is due to Chen and Véron (see [6]). Both 
original proofs are based on the representation formula given in (1). This formula 
holds only when the fractional laplacian is defined on R”. The Cérdoba-Cérdoba 
inequality is a very useful result in the study of the quasi-geostrophic equation (see 
[9]). This inequality has been generalized in several contexts in [10] for instance or 
[7]. In this line of research we propose a unified way of proving these inequalities 
based on some extension properties for nonlocal operators. 


2 Some New Inequalities 


In this section, we derive by a very simple argument several inequalities at the 
nonlocal level, i.e. without using any extensions, which are not available in these 
frameworks. 
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2.1 A Pointwise Inequality for Nonlocal Operators 
in Non-divergence Form 


Nonlocal operators in non-divergence form are defined by 
Zu(s) = = f (ule + ») + als —y) ~ 2uls)) KO) dy 
for a kernel K > 0. Denote 
dyu(x) = — (u(x + y) + u(x—y)—- 2u(2))., 


Then, considering a C? convex function g, one has by the fact that a convex function 
is above its tangent line 


5,p(u)(x) = —(plulx + y)) + Glue = y)) = 20(u(x))) = 
—(plu(x + »)) = e(ulx)) + (wer = y)) — eua))) 
< o'(u(x))8u(x). 


Hence for the operator Z one has also an analogue of the original Cérdoba-Cérdoba 
estimate. 


2.2 The Case of Translation Invariant Kernels 


Consider the operator 


Lu(s) = | (uls) — ul Ky) a 


where K is symmetric. Hence one can write 


Lu(x) = is (u(x) — u(x — h))K(h) dh 


or in other words, by a standard change of variables 


Lu(x) = sf 5 ,u(x)K(h) dh 
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We start with the following lemma, which is a direct consequence of the symmetry 
of the kernel 
Lemma 2.1 
Lu(x) = 0. 
R" 
The following lemma is consequence of straightforward computations 


Lemma 2.2 


bpuv(x) = ud,u + vd_ut 
(v(x + h) — v(x) )(u(x + A) — u(x) + (v(x — h) — v(x) (u@ — A) — wu). 


Hence by the two previous lemma one has the useful identity 


0= Li? = 2 uLu+ 2 ic (u(x) — u(y))?K (x — y) dxdy. 


Rn 


2.3 Some Integral Operators on Geometric Spaces 


In this section, we describe new operators involving curvature terms. These 
operators appear naturally in harmonic analysis, as described below. They are of 
the form 


Ci i, (us) = ub) KG,9) dy 


where the non-negative kernel K is symmetric and has some geometric meaning. 
The integral sign runs either over a Lie group or over a Riemannian manifold. By 
exactly the same argument as in the previous section, one deduces trivially Cérdoba- 
Cérdoba estimates for these operators. We now describe these new operators. 


2.3.1 The Case of Lie Groups 
Let G be a unimodular connected Lie group endowed with the Haar measure dx. 
By “unimodular”, we mean that the Haar measure is left and right-invariant. If we 


denote by G the Lie algebra of G, we consider a family 


as core C3" 
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of left-invariant vector fields on G satisfying the Hoérmander condition, i.e. G is 
the Lie algebra generated by the X/s. A standard metric on G , called the Carnot- 
Caratheodory metric, is naturally associated with X and is defined as follows: let 
£ : [0,1] — G be an absolutely continuous path. We say that @ is admissible if 
there exist measurable functions a;,..., a, : [0,1] — C such that, for almost every 
t € [0, 1], one has 


k 


'() = Yo ax). 


i=1 


If £ is admissible, its length is defined by 


1 k 5 
t= [ (Ximora) . 
i=1 


For all x,y € G, define d(x, y) as the infimum of the lengths of all admissible 
paths joining x to y (such a curve exists by the Hérmander condition). This distance 
is left-invariant. For short, we denote by |x| the distance between e, the neutral 
element of the group and x, so that the distance from x to y is equal to |y~!x]. 

For all r > 0, denote by B(x, r) the open ball in G with respect to the Carnot- 
Caratheodory distance and by V(r) the Haar measure of any ball. There exists d € 
N* (called the local dimension of (G, X)) and 0 < c < C such that, for all r € (0, 1), 


crt < V(r) < Cr‘, 


see [14]. When r > 1, two situations may occur (see [11]): 
e Hither there exist c,C,D > 0 such that, for all r > 1, 
cr? < V(r) < Cr” 
where D is called the dimension at infinity of the group (note that, contrary to d, 
D does not depend on X). The group is said to have polynomial volume growth. 
¢ Or there exist c},c2,C,, C2 > O such that, for all r > 1, 


eye?” < V(r) < Cre" 


and the group is said to have exponential volume growth. 


When G has polynomial volume growth, it is plain to see that there exists C > 0 
such that, for all r > 0, 


V(2r) < CV(r), (4) 
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which implies that there exist C > 0 and « > 0 such that, for all r > 0 and all 
é6>1, 


V(@r) < COX V(r). (5) 


On a Lie group as previously described, one introduces the Kohn sub-laplacian 


k 
Ag = 9. Xx}. 
i=1 


On any Lie group G, it is natural by functional calculus to define the fractional 
powers (—Ag)*, s € (0, 1) of the Kohn sub-laplacian —Ag. It has been proved in 
[13, 15] (see also [16]) that for Lie groups with polynomial volume 


u(x) — uO)? 


——_——_———~ dx dy. 
xg V ly! x])|y~lx/?5 


I(—Ag)*2ulleage) SC [ 
G 


It is therefore natural to consider the operator which is the Euler-Lagrange 
operator of the Dirichlet form in the R.H.S. of the previous equation given by 


if 20) 
es i VibT bt ae 


It defines a new Gagliardo-type norm, suitably designed for Lie groups (of any 
volume growth). By the structure itself of this norm, one can prove as before a 
Cérdoba-Cérdoba inequality. 


2.3.2 The Case of Manifolds 


Let M be a complete Riemannian manifold of dimension n. Denote d(x, y) the 
geodesic distance from x to y. Similarly to the previous case it is natural to introduce 
the new operators, Euler-Lagrange of suitable Gagliardo norms, given by 


(x) — uQ) 
Lu(x) = i ae aie dy 


These new operators also satisfy Cérdoba-Cérdoba estimates (see [15] for an 
account in harmonic analysis where these quantities pop up). 
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3 A Review of the Extension Property 


3.1 The Extension Property in IR" 


We first introduce the spaces 
H°(R") = {v € D(R") : [EP (Fuy) e PR}, 


where s € (0,1) and ¥ denotes Fourier transform. For Q C Rit a Lipschitz 
domain (bounded or unbounded) and a € (—1, 1), we denote 


H'(Q,y) = {u €L?(Q,y‘dxdy) : |Vul €L*(Q,y"dxdy)}. 


Let a = 1 — 2s. It is well known that the space H*(IR") coincides with the trace 
on aR! of H! Go , y“). In particular, every v € H*(R") is the trace of a function 
ue Lp, (Rit! 4) such that Vu € L? Ra ey: In addition, the function u which 
minimizes 


7 a 2 : = 
win} [0 |Vul|~ dxdy : ul ope =v (6) 


solves the Dirichlet problem 


pone inRY! 
(7) 


u=v on aR, 
By standard elliptic regularity, u is smooth in RYT It turns out that —y“u,(-, y) 


converges in H~*(R”) to a distribution h ¢ H~*(R") as y | 0. That is, u weakly 
solves 


div (y“Vu) = 0 in Rt! 
(8) 


—y"dyu =h on ORY. 
Consider the Dirichlet to Neumann operator 
Tl, : H°(R") > A(R’) 


ou 


ve Tv) =h:=— lim y“d,u = —, 
(0) ard , ove 


L.A. Caffarelli and Y. Sire 


where u is the solution of (7). Then, we have: 


Theorem 3.1 ([4]) For every v € H*(R”), 


(—A)’v = d,I'y(v) = —d, lim y“dyu, 
yoor — 


where a = 1 — 2s, d, is a positive constant depending only on s, and the equality 
holds in the distributional sense. 


3.2. The Extension Property in Bounded Domains 


We consider now the case of bounded domains. In this case, two different operators 
can be defined. 


The spectral Laplacian: If one considers the classical Dirichlet Laplacian Ag on 
the domain Q , then the spectral definition of the fractional power of Ag relies 
on the following formulas: 


oe) 7 1 oe) / d 
(—Ag)’g(x) = yay 8 O(x) = = / (e A2 g(x) — g(x)) — (9) 


j=l 


Here i ; > 0,7 = 1,2,... are the eigenvalues of the Dirichlet Laplacian on Q with 
zero boundary conditions, written in increasing order and repeated according 
to their multiplicity and ¢; are the corresponding normalized eigenfunctions, 
namely 


a= [ g(x)o(x)dx, with ~— [Pill 2@) = 1. 


The first part of the formula is therefore an interpolation definition. The second 
part gives an equivalent definition in terms of the semigroup associated to the 
Laplacian. We will denote the operator defined in such a way as A;,, = (—Ag)*, 
and call it the spectral fractional Laplacian. 

The restricted fractional laplacian: On the other hand, one can define a fractional 
Laplacian operator by using the integral representation in terms of hypersingular 
kernels already mentioned 


(x) — 8) 
: x — nts dz, (10) 


(-Aws)'8G) = Cas PV. f 

R 

In this case we materialize the zero Dirichlet condition by restricting the operator 
to act only on functions that are zero outside Q. We will call the operator defined 
in such a way the restricted fractional Laplacian and use the specific notation 
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Az, = (—Ajg)* when needed. As defined, A,, is a self-adjoint operator on 
L?(Q), with a discrete spectrum: we will denote by A,; > 0, j = 1,2,... 
its eigenvalues written in increasing order and repeated according to their 
multiplicity and we will denote by {¢, ;}; the corresponding set of eigenfunctions, 
normalized in L7(Q). 

* Common notation. In the sequel we use A to refer to any of the two types of 
operators A;, or Az,.5, 0 < s < 1. Each one is defined on a Hilbert space 


[e,) CO 
H(Q) = {u= bse € L(Q) = lull = Yo Asaluel? < +00} C 1?(Q) 
k=1 k=1 
(11) 
with values in its dual H*. The notation in the formula copies the one just used 
for the second operator. When applied to the first one we put here ¢, 4 = dx, and 
Ask = Aj. Note that H(&2) depends in principle on the type of operator and on 
the exponent s. Moreover, the operator A is an isomorphism between H and H%, 


given by its action on the eigen-functions. It has been proved in [1] (see also [5]) 
that 


H’(Q) if s € (0, 1/2), 
HQ) =) W?(Q) — ifs =1/2, 
Hy(Q) ifs € (1/2, 1), 
We now introduce the Caffarelli-Silvestre extension for these operators. In the 
case of the restricted fractional laplacian, the extension is precisely the one described 


in Sect. 3.1. We now concentrate on the case of the spectral fractional laplacian. Let 
us define 


C = Q x (0, +00), 
d,C = OQ x [0, +00). 
We write points in the cylinder using the notation (x, y) € C = Q x (0, +00). Given 
s € (0, 1), it has been proved in [5] (see also [3]) that the following holds. 
Lemma 3.1 Consider a weak solution of 


div(y! **Vw) =0in C= x (0, +00), 


12 
w=0, on 0&2 x (0, +00) (12) 


Then — limy-+o y!~750,w = Aw(-,0). where A is the spectral fractional laplacian. 
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3.3. The Extension Property in General Frameworks 


To generalize the inequalities under consideration, one has to invoke a rather general 
version of the Caffarelli-Silvestre extension proved by Stinga and Torrea [17]. Their 
approach, based on semi-group theory, allows to prove the previous results in quite 
general ambient spaces, like Riemannian manifolds or Lie groups. 

In the following theorem, we will consider three cases later for the object M: 


(1) The case of complete Riemannian manifolds and the Laplace-Beltrami operator 
(2) The case of Lie groups and the Kohn laplacian 
(3) The case of the Wiener space and the Ornstein-Uhlenbeck operator 


Let £ be a positive and self-adjoint operator in L?(M). One can define its 
fractional powers by means of the standard formula in spectral theory 


1 iad dt 
C= tL Id ——. 
roa (te 


where s € (0, 1) and e denotes the heat semi-group on M. Then one has 


Theorem 3.2 Let u € dom(L*). A solution of the extension problem 


1-2 
Lu + “av + 2 =0 on M x Rt 
v(x,0) =u on M, 
is given by 
1 Pe L 2 dt 
= Ss —y* /4t 
VON = EE [ (Lr nye 
and furthermore, one has at least in the distributional sense 
. = 2sT (—s) 
— | 1-259 v(x, y) = ——— ; 13 
: ee U(x, y) ETO) u(x) (13) 


4 Proofs of Theorems 1.1 and 1.2 


4.1 Proof of Theorem 1.1 


We now come to the proof of Theorem 1.1. We introduce the function 


w= g(w) —v 
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where w is the Caffarelli-Silvestre extension of u and v the Caffarelli-Silvestre 
extension of y(u). Then w satisfies 


Law = yo" (w)|Vw? > 0, in Rit? 
w=0 on aR! 
since g is convex. Hence by the Hopf lemma in [2] (see also the Appendix) ( notice 
aw 


w = 0 by the weak maximum principle) , one has —; > 0, hence the result. 


4.2 Proof of Theorem 1.2 


We now turn to the proof of the Kato inequality in Theorem 1.2. This is a conse- 
quence of the Cordoba-Cordoba inequality. Indeed consider the convex function 


Q(x) = V2 + €?. 


Then the result follows by Theorem 1.1 and a standard approximation argument. 


4.3. The Results in Bounded Domains 


In the case of the spectral laplacian, the Cérdoba-Cérdoba estimate has been proved 
by Constantin and Ignatova [7] by a rather involved use of semi-group theory. 
Our proof has the same flavour as the one of Theorem 1.1. Furthermore, in our 
framework, one can also prove the Cérdoba-Cérdoba estimate in the case of the 
restricted laplacian, which is not covered by [7]. 


Theorem 4.1 Let y be a C?(R") convex function. Assume that u and ~(u) are such 
that Au and Ag(u) exist where A is either the restricted or spectral fractional 
laplacian. Then the following holds 


Ag(u) < g'(u)Au (14) 


Proof The case of the restricted laplacian is fully covered by the proof of Theorem 
1.1 verbatim. In the case of the spectral fractional laplacian, one considers as before 


w= Qg(w)—v 


where w is the Caffarelli-Silvestre extension of u and v the Caffarelli-Silvestre 
extension of y(u) where the Caffarelli-Silvestre extension is the one described in 
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Sect. 3.1. Then w satisfies 


Law = yo" (w)|VwP? = 0, in C 
w=0 on 0;C 


By the weak maximum principle, one has w > 0 in C and one concludes with the 
Hopf lemma in the appendix. oO 


Remark 4.2 Our proof of the estimate is the same as the one in Cérdoba and 
Martinez in [10] for the Dirichlet-to-Neumann operator. However, their proof covers 
only the case 1/2 and for power-like convex functions. The argument can be actually 
generalized as we mentioned. Furthermore, it unifies all the possible proofs of the 
Cérdoba-Cérdoba estimates. 


5 Geometric Ambient Spaces 


5.1 The Case of Manifolds 


The case of compact manifolds, through a parabolic argument, has been proved 
by Cordoba and Martinez [10]. Our proof once again completely unifies the several 
approaches. Consider a complete Riemannian manifold M and its Laplace-Beltrami 
operator 


£L=-A, 
Invoking now the extension of Stinga and Torrea described in Sect. 3.3, one proves 


Theorem 5.1 Let g be a C?(R") convex function. Assume that u and y(u) are such 
that Lu and Le(u) exist. Then the following holds 


Lo(u) < y'(u)Lu (15) 
We then recover the case of compact manifolds in [10] and even generalize it to 
complete non-compact manifolds. The proof of the previous theorem is identical, 


once the extension is well defined as described above (see [17]), to the proof of 
Theorem 1.1. 


5.2 The Case of Lie Groups 


Consider a Lie group G with its Kohn Laplacian 


£L=—-AgG 
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Invoking now the extension of Stinga and Torrea described in Sect. 3.3, one 
proves 


Theorem 5.2 Let y be a C?(R") convex function. Assume that u and ¢(u) are such 
that Lu and Le(u) exist. Then the following holds 


Lou) < g'(u)Lu (16) 


5.3. The Case of the Wiener Space 


We start by recalling the basic notions about the Wiener space and its associated 
operators. An abstract Wiener space is defined as a triple (X, y,H) where X is 
a separable Banach space, endowed with the norm || - ||x, y is a nondegenerate 
centred Gaussian measure, and H is the Cameron—Martin space associated with the 
measure y, that is, H is a separable Hilbert space densely embedded in X, endowed 
with the inner product [-,-]7 and with the norm | - |v. The requirement that y is a 
centred Gaussian measure means that for any x* € X*, the measure x;y is a centred 
Gaussian measure on the real line R, that is, the Fourier transform of y is given by 


Px") = Lo dy(x) = exp (-S~) : Vx* E x 
xX 


here the operator Q € L(X*,X) is the covariance operator and it is uniquely 
determined by the formula 


(Ox*.y*) = i lx" Viny" dy), Vat" eX". 


The nondegeneracy of y implies that Q is positive definite: the boundedness of Q 
follows by Fernique’s Theorem, asserting that there exists a positive number 6B > 0 
such that 


[thar < +00. 
x 


This implies also that the maps x + (x,x*) belong to L},(X) for any x* € X* 
and p € [1, +00), where L)(X) denotes the space of all y-measurable functions 
f : X — R such that 


i LQ) Pay) < too. 


In particular, any element x* € X* can be seen as a map x* € Ly (X), and we denote 
by R* : X* — H the identification map R*x*(x) := (x,x*). The space H. given by 
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the closure of R*X* in Ly (X) is usually called reproducing kernel. By considering 
the map R: H — X defined as 


Rh = | heoxaye 
x 


we obtain that R is an injective y—Radonifying operator, which is Hilbert-Schmidt 
when X is Hilbert. We also have Q = RR* : X* —> X. The space H := RH, 
equipped with the inner product [-,-]q and norm | - |y induced by H via R, is the 
Cameron-Martin space and is a dense subspace of X. The continuity of R implies 
that the embedding of H in X is continuous, that is, there exists c > 0 such that 


|Allx < clhla. VheH. 


We have also that the measure y is absolutely continuous with respect to translation 
along Cameron—Martin directions; in fact, for h € H, h = Qx*, the measure 
y,(B) = y(B— Ah) is absolutely continuous with respect to y with density given 
by 


1 
dyn(x) = exp (. R= sini) dy (x). 


For j € N we choose x} € X* in such a way that hy = R*x;, or equivalently 


hy = Rh; = Ox; , form an orthonormal basis of H. We order the vectors xp in sucha 
way that the numbers A; := ||x7 ||;* form a non-increasing sequence. Given m € N, 
we also let Hy := (1,...,4m) C H, and Tl, : X — H, be the closure of the 


orthogonal projection from H to A), 


m 


T(x) = yee) ; 


j=l 


The map II,, induces the decomposition X ~ Hy, ® xi. with xt := ker(I],), 
and y = Yn ® sees with y,, and yi Gaussian measures on H,,, and xt respectively, 
having H,,, and Hi as Cameron—Martin spaces. When no confusion is possible we 
identify H,, with R”; with this identification the measure y,, = I1,#y is the standard 
Gaussian measure on R”. Given x € X, we denote by x,, € H,, the projection I1,,,(x), 
and by X,, € xe the infinite dimensional component of x, so that x = x, +X. When 
we identify H,, with R” we rather write x = (x,,,Xm) € R” x xe: 

We say that wu : X — R is a cylindrical function if u(x) = v(T»(x)) for some 
m € N andv: R”" > R. We denote by FC (Xx), k € N, the space of all Ci 
cylindrical functions, that is, functions of the form v(I],,(x)) with v € C*(R"), with 
continuous and bounded derivatives up to the order k. We denote by F Cc (X, H) the 
space generated by all functions of the form uh, with u € F Cc (X) andh € H. 
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Given u € oe (X), we consider the canonical cylindrical approximation E,, given 
by 


Zn(x) = | _ u(Tn(2),9) yh). (17) 


m 


Notice that E,,u depends only on the first m variables and E,,u converges to u in 
L}(X) for all 1 < p < ov. 
We let 


Vu:= >> duh; for u € FC}(X) 
jeN 


div,p := )° dF [y, hjln for p € FC,(X, H) 


jz1 
Ayu := divyV,u for u € FC;(X) 


where 0; := dn, and 0° := 0; — hy is the adjoint operator of 0;. With this notation, 
the following integration by parts formula holds: 


[ usivyeay = - [ 8,u.¢lnay Vp € FC; (X,H). (18) 
x x 


In particular, thanks to (18), the operator V, is closable in se (X), and we denote 
by wy” (X) the domain of its closure. The Sobolev spaces w,? (X), with k € N and 
p € [1, +00], can be defined analogously, and FG (X) is dense in wie (X), for all 
p<+ooandk,j € N with k > j. 

Given a vector field g € L},(X; H), p € (1, ox], using (18) we can define div, g 
in the distributional sense, taking test functions u in w,4 (X) with F + ; = 1. We 
say that div, y € L}(X) if this linear functional can be extended to all test functions 
ue ies (X). This is true in particular if g € wy” (X; A). 

Let u € W(X), w € FC,(X) and i,j € N. From (18), with w = dju and 
y = Wh, we get 


i: djudiw dy = [2G Ww + dju w(x, x; )dy (19) 
x x 
Let now y € FC}(X, A). If we apply (19) with w = [9, hjla =: g’, we obtain 


/ ieee | —95(9;u) gi + Bu gi x, x*)dy 
x Xx 
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which, summing up in j, gives 
[0% deh dy = ftv, Gu). pla + (Vu elated 
x x 


for all 9 € FC;(X, H). 
The operator A, : w,? (X) > L}(X) is usually called the Ornstein-Uhlenbeck 


operator on X. Notice that, if u is a cylindrical function, that is u(x) = v(y) with 
y = T],(x) € R” andm €N, then 


Ayu = Y- du — (x,x*)dju = Av — (Vo, y)pm. 
j=l 


We write u € C(X) if u : X — R is continuous and u € C!(X) if bothu: X > R 
and V,u: X — H are continuous. 

For simplicity of notation, from now on we omit the explicit dependence on y of 
operators and spaces. We also indicate by [-, -] and | -| respectively the inner product 
and the norm in H. 

By means of Sect.3.3, one can prove an extension property for the operator 
(—A,,)* and one proves in this case also a Cordoba-Cordoba estimate. 


Appendix 


In this appendix, we provide the Hopf lemma, which is crucial in the proof of the 
estimates. We state the theorem in the case of IR” as stated in [4]. However, an 
inspection of the proof shows that it is extendable to cylinders M x (0, +00) where 
M is one of the cases covered in the present note and the associated operators. 
Indeed, the geometry is always the same and the Hopf lemma just depends on the 
structure of the equation. 

We start with some notations. We introduce 


By = {@,y) € R's y > 0,|(x,»)| < R}, 
Te = {(, 0) € AR"! : |x| < R}, 


Tt = {@,y) € RB"! : y= 0,|(, y)| = R}. 


Lemma 1 Consider the cylinder Cr; = TR x (0,1) C Re where Tp is the ball 
of center 0 and radius R in R". Let u € C(Cri1) 0 A! (Cri, y“) satisfy 


Lau <0 in Cr 
u>0O in Cri 
u(0,0) = 0. 


On Some Pointwise Inequalities Involving Nonlocal Operators 17 


Then, 


0, 
lim sup —y“ ui.» <0. 


yor 


In addition, if yu, € C(Cpr.1), then 


d,au(0, 0) = 0. 
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The Incompressible Navier Stokes Flow 
in Two Dimensions with Prescribed Vorticity 


Sagun Chanillo, Jean Van Schaftingen, and Po-Lam Yung 


To Dick Wheeden in friendship and appreciation 


Abstract We study the incompressible two dimensional Navier-Stokes equation 
with initial vorticity in the homogeneous Sobolev space W!'!(R?). This comple- 
ments our earlier work for the case when the initial vorticity is in the inhomogeneous 
Sobolev space W!!(R?). 


The two-dimensional incompressible Navier-Stokes equation 


v, + (v- V)v = vAv— Vp, 
V-v=0, 


(1) 


models an incompressible flow of a fluid whose velocity and mechanical pressure 
at position x € R? and time t € R are represented by the vector v(x,t) € R? 
and the scalar p(x,t) € R; here v is the kinematic viscosity coefficient. Note we 
have divided the Navier-Stokes equation by the constant density of the fluid p and 
thus v in our equation is the dynamic viscosity coefficient divided by the density, 
assumed constant. Throughout this paper, V will refer only to the spatial derivatives 
(i.e. derivative in the x variables). We also sometimes use the notation 0, to denote 
a derivative in the x variables when we have no need to be specific which space 
variable we are differentiating in. 
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The vorticity of the Navier-Stokes flow is a scalar in the two-dimensional case, 
defined by 


@ = 0x,V2 — Ox, V1 


where we wrote v = (v1, U2). It propagates according to the convection-diffusion 
equation 


a, — VAw = —V - (vo), 


which one obtains from (1) by taking the curl of both sides. Formally the velocity 
v in the Navier-Stokes equation can be expressed in terms of the vorticity through 
the Biot—Savart relation 


v = (—A)"!(8,,0, —4;, 0). (2) 


This follows formally by differentiating @ = 0,,v2—0,,v1, and using that V-v = 0. 

Our theorems concern the solution of the vorticity equation when the initial 
vorticity wo is in the homogeneous Sobolev space W''! (R2). Here W'! (R?) is the 
completion of C&°(R?) under the norm |[u|| ji. (a2) ‘= ||Vullz1 cz) The theorems are 
as follows: 


Theorem 1 Consider the two-dimensional vorticity equation 
o, — VAw = —V- (vo), (3) 


where v is defined through the Biot—Savart relation (2). Suppose we are given an 
initial vorticity wy € W'! (IR?) at time t = 0. If 


| Veo (x) Iz az) < Ao, 


then there exists a unique solution to the integral formulation of this vorticity 
equation up to time to = Cv/A%, such that 


sup || Voo(x, 1) ||z1@@2) < 2Ao. (4) 


tS1o 


Moreover, the solution w depends continuously on the initial data Wo, in the sense 
that if o? converges to wo in W!|(IR*) as i > ov, then the sequence of solutions 
w(x, t) to (3) with initial data ol? converges to w(x, t) in L®([0, to), W'! (R?)) as 
i —> Oo. 


Theorem 2 Let wy) € W''!(R?), and w be the solution to the integral formulation 
of the vorticity equation (3) given by Theorem 1, with initial vorticity wo. Define 
a velocity vector Vv by the Biot—Savart relation (2). Then v is a distributional 
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solution to the two-dimensional incompressible Navier-Stokes (1) up to time to := 


Cv IVoollre2: in the sense that 


10 
7 [v-0,0 + vv-A®+v-(v- V)®] dxdt = -{ v(x, 0) - B(x, 0)dx 
0 R2 R2 


10) 
[Lv Vwarar =o 
0 JR 


holds for any w € C%(R? x [0, to), R), and any ® € C%(R? x [0, to), R’) that 
satisfies V- ® = 0 for allt € [0, to). We also have 


sup || v(x, 2) [|z-0a@2) + sup || Vv(x, 1) |I72<@2) < cll V@ollzicey. (5) 


t<to tSto 
and the pressure p(x, t) := (—A)~!V - ((v- V)v) satisfies 


sup || Vp(x, lla) < ell Voll ee): (6) 


t<to 


Note that in these theorems, we are only assuming that the initial vorticity wo is 
in the homogeneous Sobolev space w'(R?), contrary to [6] where we assumed the 
stronger assumption that the initial vorticity is in the inhomogeneous Sobolev space 
W!(R?). Giga et al. [8] and Kato [9] showed that the vorticity equation is globally 
well-posed under the hypothesis that the initial vorticity is a measure; see also an 
alternative approach in Ben-Artzi [1], and a stronger uniqueness result in Brezis [4]. 
We point out though that the scaling of their results is different from ours: we are 
assuming that the gradient of the initial vorticity is in L!. This explains why the 
solution constructed by Kato satisfies the estimate 


= 
IVC. Dll 2) + IVvG, 2) [lz2cR2) <Cf?7,t-0 


(see Eq. (0.5) of [9]), whereas we can obtain bounds on ||v(-,1)||;-0(@2) and 
| Vv(-, 2) ||z2q@g2) that are uniform in 1. Indeed it is known that they could not have 
done better, without further assumptions on the vorticity: the famous example of 
the Lamb—Oseen vortex for v = 1 [10] consists of an initial vorticity @) = ado, 
a Dirac mass at the origin of R? where qo is a constant (called the total circulation 
of the vortex). The corresponding solution @ to the vorticity equation (3) with this 
initial vorticity, and its corresponding velocity v, are given by 


a [x12 Ay (—x2,x |xl? 
on = aie, voy = ) 


We then have 


eel 
oC, Dilwiagy ~ IVC, Dllzco czy ~ IV VG, Olay ~ cf 2, t > 0. 
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Hence the assumption that the initial vorticity is a measure cannot yield an estimate 
like in Theorems | or 2. 

We mention in passing a result in [7] where an estimate was established for 
systems of wave equations with divergence-free inhomogeneties. 

In order to prove Theorem |, we rely on a basic proposition that follows from the 
work of Bourgain and Brezis [2, 3]. 


Proposition 3 [f w(-,t) € W'! (R?) at a time t, then one can define a vector-valued 
function V(.,t) via the Biot—Savart relation (2) at this time t, in which case we will 
have 


IVC, )Ilooqazy + IV VG, Olay < CVO, Olney 


at this time t. Here C is a constant independent of t and w. 


Proof of Proposition 3 For simplicity, let’s fix the time ¢, and drop the dependence 
of w and v on ¢ in the notation. Note that (—0,,@,0,,@) is a vector field in R? 
with vanishing divergence. The desired conclusion then follows from (2) and the 
two-dimensional result of Bourgain and Brezis [3] (see also [11], [5] and [7]). 

Since the proof of the two-dimensional result of Bourgain and Brezis [3] is 
actually quite simple, we adapt it here in our particular setting, for the convenience 
of the reader. 

The main point here is that if @ € C®(R*), then Vv = (v1,02) := 
(—A)~!(0,,@, —0,,@) satisfies 


1 1 1 a 
U1 (x) := al d(x — y) log —dy = =| oxy) Gdy 
Qn JR ly| 2m Jie ly| 


so 


mols [ lo ols pody < elVols— Ilha 


the last inequality following from an application of Hardy’s Heaven (alternatively, 
one can see that the last inequality holds, by writing BI as V - —, and by integrating 
by parts). This shows , 


WP 


v1 II: (2) = cll Volz a). 
Similarly one shows ||v2||z00(@2) < cll Vo|lz1¢@2), 80 

IIV|IzeocR2) S cll Vollzice). 
Finally, 


IV vilizm@z) S |V7(—A)~ ‘ollece) < lolle@, < cllVoll@), 
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the last inequality following from the Gagliardo—Nirenberg inequality. The above 
proves the desired conclusion of the proposition under the extra assumption that 
w € C%(IR’). Since such functions are dense in W!(R?), a standard approximation 
argument shows that these estimates extend to the general case when w € wR’). 
Hence the full proposition follows. Oo 


Proof of Theorem I In the sequel by a scaling we may assume without loss of 
generality that the viscosity coefficient v = 1. 
Let K;, be the heat kernel on R?, i.e. 


I Wee 
K,(x) = cis coe 


Rewriting (3) as an integral equation for m using Duhamel’s theorem, where wo is 
the initial vorticity, we have, 


w(x, t) = K; * w(x) + i 0,K,-s * [va@(x, s)|ds (7) 
0 


where v is given by (2). 
We apply a Banach fixed point argument to the operator T given by 


t 
To(x, t) = K; * @o(x) + [ 0,K,—s * [vaw(x, s)]ds, (8) 
0 
where again v is given by (2). Let us set 
r= \g :R? x (0, %] > R| sup [Ve dll@ < Al. 
0<t<to 


We will first show that T maps E into itself, for 9 chosen as in the theorem. 
Differentiating (8) in the space variable once, we get 


t t 
(Ta(x, t))x = K; * (@o)x + } O,Ki—s * (Vx@)ds + i: OKs * (Vax)ds. 
0 0 


By Young’s convolution inequality, we have 


t 
(To, ))xlla@zy < Woosley +C f (t—s)'/?(||veo ||: @2) + [Vox lz @@2y)ds. 
0 


Now we apply Proposition 3 to each of the terms in the integral on the right 
hand side. For the first term we have, by Cauchy-Schwarz followed by Gagliardo— 
Nirenberg, that 


lV |[n1@zy < CIVV|l2@2y lollz@zy < Cll Vv|lr2~@2y Oxley. 
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We control || Vv||z2;@2) with Proposition 3: this gives 
Ivsco[lz1 eee) < Clloxll3s 2 
Similarly, by Proposition 3, for the second term, we have 
[Worl]: @2) S IIvilzoo@2yll@ellar@@2y S Cllosll7 ey: 


Altogether, we have, 


\(Teo)slhacy $ Worle +€ f= 971M cet 


Thus if || V@o||71;@2) < Ao, then since w € E, we have 


sup ||V(Te)(x, D)|lniqe2) < Ao + CHA? 


0<t<to 
By choosing A so that Ay = A/2 and tf) = 1/(2CA)’, we see that if m € E, then 


sup ||Vi(T@)(x, 1) |r (az) <A, 


O<t<to 


i.e. Tw € E. It remains to show that T is a contraction on E. 
For this let @ (x, t), @2(x, tf) € E. We just need to observe that from Proposition 3, 
we get 


lV — Valloo + |Vvi — Vvall2 < Cll V(@1 — @2)|I1 a2). 
Thus repeating our earlier computations, we see that 


sup ||V(T@, — To)||L1(@2) < Crh *A sup ||V(@1 — @2)||z1(@2)- 


0<t<to O0<t<to 


By the choice of fo, it is seen that T is a contraction. Thus using the Banach fixed 
point theorem on F, we obtain our operator T has a fixed point and so the integral 
equation (7) has a unique solution in E. The continuous dependence on initial data 
can be proved in an identical way, and we will not repeat the details here. Oo 


Proof of Theorem 2 Let w) € W'!(R?), and w(x, t) be the unique solution to (7) 
given above. Let v(x, t) be defined by the Biot—Savart relation (2) as in Proposition 3. 
If w\ is a sequence of functions in C%°(R2) converging to wp in W'!(R2), then the 
corresponding solution w(x, t) to the vorticity equation (3) converges to w(x, f) 
in L®({0, to), W!!(R2)). Thus the velocities v := (—A)~!(—d,,0, d,,0) 
converges in L™((0, fo); L©(IR*)) to v. But since we € C®(R’), which are 
in particular in the inhomogeneous Sobolev space wh (IR), so we may apply 
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Theorem II of Kato [9] as in [6], and conclude that the v defined above solves 
the Navier-Stokes equation (1), at least in the distributional sense. We can now pass 
to limit as i > oo, using the convergence of v to v in L®({0, ty), L°(IR?)) we 
obtained above, and appealing to the dominated convergence theorem: this shows 
that v(x, f) is also a distributional solution to (1) up to time fo, in the sense that 


0 Sez [V0 + V- A® + v-(v- V)O] dxdt = — fa v(x, 0) - B(x, O)dx 
0 fer ¥° Vwdxdt = 0 


holds for any w € C%(R? x [0,f),R), and any ® € C%(R* x [0,%), R*) 
that satisfies V- ® = 0 for all t € [0,%). The estimate (5) then follows from 
Propositions 3 and (4). Lastly we observe that the estimate (6) follows, from the 
fact that the pressure p(x, f) satisfies the equation 


—Ap=V-((v-V)v), 


which is a consequence of taking the divergence of the Navier-Stokes equation. O 
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Weighted Inequalities of Poincaré Type 
on Chain Domains 


Seng-Kee Chua 


Abstract We provide an abstract version of a chain argument used in deriving 
Poincaré type inequalities on Boman domains. No doubling conditions need to 
be assumed for this abstract version. It unifies various results on chain domains 
that include ¢-John domains. Besides Poincaré type inequalities, it works also for 
fractional Poincaré inequalities on quasimetric spaces. 


Mathematics Subject Classification. 26D10, 46E35 


1 Introduction 


Poincaré inequalities are essential tools in many applications. For examples, they 
imply various Sobolev embedding, compact embedding theorems. Of course, they 
are also basic tools in the studies of Elliptic and parabolic differential equations. In 
this paper, we will establish Poincaré type inequalities on bounded irregular domains 
via an abstract argument arisen from a chain argument used more than 30 years ago 
in the study of Poincaré inequalities on Boman domains. 

Let Q be a bounded domain in R", f € Lip(Q), jz and w be measures/weights. 
The following is usually known as weighted Poincaré inequalities: 


If -— CF, 2)| < CllVfIl 


* 
LQ) — T.(Q) @) 
where C(/, &2) is a constant depending of f and Q, For example, sharp conditions 
have been obtained for convex domains in [10, 11, 13] when = dist(x, Q)%, 
w = dist(x,Q)’,a > 0,b € R or w = w is a power of a concave weight. 
Moreover, it has also been discussed in [6, 12, 14, 16, 20, 23, 24, 26] for less 
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regular domains. While [20, 26] consider the case where both jz and w are power 
type weights as above and Q an s-John domain, [16] considers the case of reverse 
doubling weights on 1-John domains (which are just Boman domains). Most of the 
earlier studies assume | < p < g until more recently where some studies involving 
q < p for Poincaré and fractional Poincaré inequalities were done [12, 14, 22, 23]. 
Chua and Wheeden [12, 14] considered general measures on ¢-John domains (see 
Definition 1.11) on homogeneous spaces and more general power type weights and 
also the case | < g < p. The studies in [12, 14] rely mostly on an abstract version of 
self improving properties of Poincaré type inequality [12, Theorems 1.2 and 1.10] 
that originated from [18] and [19]. 

The Poincaré inequality (*) is usually deduced via the assumption that it holds 
on balls in Q, 


IF CU. Bg) SUVllip ay () 


and a doubling condition for jz. It was first appeared in [25] for Boman domains Q 
in R” with g = p and yu = w being an Muckenhoupt weight with a general function 
g instead of | Vf], that is, 


UCU DIlip a) S Mle ey 2) 


see also [1]. It was then extended in [5] for g > p, with jz being a doubling weight 
instead of a Muckenhoupt weight (note that Muckenhoupt weights are doubling) 
and (1) holds for all 6-balls (balls that are ‘deep’ inside Q, see Definition 1.2) with 
B being replaced by a fixed enlargement of B on the right (i-e., || Vfl Pia being 
replaced by || Vf l ee , 

Moreover, it is observed that the above assumption could be relaxed to just all 
balls in a Boman cover of Q instead of all 6-balls; see [7, Theorem 2.11]. It is also 
noted in [12, Theorem 2.9] that (2) holds with g = |V/f| for doubling measure (see 
Definition 1.3) yz if (1) holds for all balls in Boman covering for John domains in 
quasimetric spaces. 

Indeed, [14] considered more than just 1-John domains, it considered s-John 
domains (s > 1) (see Definition 2.1) in quasimetric spaces. Moreover, the 
assumption on jz was further relaxed to just reverse doubling on the domain (see 
also [16]). However, it required a more complicated assumption besides (1) [14, 
Eqs. (1-13)]. Note that in R” or metric spaces with “geodesic path” property, Boman 
domains are 1-John domains [3]. 

On the other hand, Poincaré type inequalities on Boman domains in non- 
Euclidean metric spaces probably first appeared in [27], where Poincaré inequalities 
were established on Boman domains defined by the metric associated with the 
Ho6rmander vector fields. Indeed, weighted Poincaré inequalities on Boman domains 
were further proved for vector fields by Franchi, Lu and Wheeden [17]. Fur- 
thermore, tt has been known that a fractional type representation formula holds 
on any Boman domains as shown by Lu and Wheeden [28]. Essentially any 


t> 1). 
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weighted Poincaré type inequality holds on Boman domains as long as the fractional 
integral operators are bounded with respect to the weight such that the balance 
condition (introduced by Chanillo and Wheeden [4]) holds. In fact, even high order 
representation formulas are established on Boman domains by Lu and Wheeden 
[29, 30]. These representation formulas immediately lead to the Poincaré inequality. 
However, their methods are quite different from our approach. 

In this note, we will instead establish an abstract version of the above. While 
assumption is simple, our abstract version is surprisingly powerful. It unifies 
consideration of various Poincaré type inequalities (including fractional Poincaré 
inequalities) on various chain domains. Using our abstract version, we are able to 
obtain results obtained in various papers (for example, [14, 22, 23, 26]) that used 
a number of different techniques. We do not even need to assume the measures 
involved are doubling, reverse doubling or majorized by a ball set function that 
satisfies “ratio condition (R)” [14, (1-5)] (but of course, they are still needed 
in certain specific results). Furthermore, our theorem has simpler assumptions 
compared to that of [12, 14]. 

Our abstract version has setting on an abstract measure space (X, U, a). Let W C 
& and 


(C) W has a “central set” Q’ such that for all O € W, there exists a chain of sets 
{Qo = Q,Q1,-:: ,Qn = Q'} C W connecting Q to Q’ (where N may depend 
on Q) such that 


0 <0(Q;U Qi41) S$ coo(QiN Qi41) foralli=0,---,N—1. (3) 


We will say W satisfies (C) w.rt. o and center Q’. In metric spaces, W usually 
consists of metric balls. Such condition has appeared (in quasimetric spaces) in 
[{12, 15]. An obvious example of W is the collection of a (fixed) slight enlargement 
of dyadic cubes of the Whitney decomposition of any domain Q in R” and o is 
doubling on Q2 (with c, depending on the doubling constant of a), then W satisfies 
(C) w.r.t. o and any fixed Q’ in W. For more examples of W that satisfies condition 
(C), see Definition 1.4. 


Remark 1.1 


(1) In general, W could consist of Boman domains in a metric space X. For 
example, in IR”, such idea (sequence of Boman domains) has been employed 
in [23]. Note that in general, metric balls need not be Boman domains. 

(2) Suppose @Q is a closed unit cube in R”, one can find a finite cover W consists 
of closed cubes (inside Q) of the same edge length that is less than 6/./n 
and such that |0;N Q;| > c|Q; U Qj| (¢ > 0) whenever Q;,Q; € W have 
nonempty intersection. Then it is easy to see that W satisfies condition (C) 
w.r.t. the Lebesgue measure with any choice of Q’ € W as “center”. Note that 
QO’ c B(x, 8) for all x € Q’. 


We now define quasimetric spaces. 
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Definition 1.2 A pair (H,d) is a quasimetric space with quasimetric constant x if 
for all x,y,z € H, 


(1) dQ, y) > Oifx Fy, d(x, x) = 0 and 
(2) d(x, y) < «[d(x, 2) + diy, 2]. 


Moreover, if d(x, y) = d(y, x) for all x, y € H, then we say d is symmetric. Quasi- 
metric spaces with symmetric quasimetric are quite well studied; see [12, 33]. Note 
that for any quasimetric space, one can find an equivalent symmetric quasimetric on 
the same space [33, p. 34]. However, sometimes we may not like the extra constant 
that arises in this process especially when doubling is not assumed; for example, 
calculations are done using a nonsymmetric metric in [13]. 

For a quasimetric space (H,d) (may not be symmetric), any x € H andr > 0, 
we write 


B,(x) = B(x, r) = {y € H: dy, x) < r} 


and call B(x, r) the ball with center x and radius r. If B = B(x,r) is a ball and cis a 
positive constant, we use cB to denote B(x, cr). If B is a ball, we use r(B) and xg to 
denote the radius and center of B. 

For simplicity, all quasimetric balls in this note will be called balls. If 0 < 6’ < 
6 < 1/(2«3), a ball B,(x) is called a 5-ball of a given set Q if 0 < r/8 < d(Q,x) = 
inf{d(y,x) : y € Q}. Itis called a (6’, 5)-Whitney ball (of Q) if 


6'd(Q,x) <r < b6d(Q,x). 


Alternatively, one could work with “closed” balls B,(x) = {y : d(y, x) < r}. How- 
ever, for simplicity, we will only work with balls (and not “closed” balls) defined 
earlier. 


Some useful properties of 5-balls can be found in Proposition 2.2. 
We next define various notions of doubling and reverse doubling. 


Definition 1.3 Let (H,d) be a quasimetric space. A nonnegative finite functional 
o defined on balls in H, i.c., 0 : {B : Bisaballin H} — [0, 00), will be called 
a ball set function (a measure will always be a ball set function in this paper). For 
any given family F of balls, we say o is doubling on F if o(5«7B) < Doo(B) with 
Dz, > 1 forall B € F. If F is the collection of all 6-balls in Q C H, we say o is 
weak 6-doubling on Q (cf. [15, (1.5)]). The notion of weak 5-doubling seems to be 
weaker than the usual notion of 5-doubling used in [12, 14]. If F is the collection 
of all balls with center in 2, we say o is doubling on Q. Finally, if F consists of all 
balls in H, we say simply o is doubling. 


We say that a collection of balls has bounded intercepts if there exists a constant 
N such that each ball in the collection intersects at most N balls in the collection. 
Such a collection also has bounded overlaps in the pointwise sense since no point 
belongs to more than N balls in the collection. 
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We now give examples of domains that have a cover satisfying chain condition 
(C). 


Definition 1.4 We say a bounded set Q is a chain domain in a quasimetric space 
(H, d) if it has a bounded overlapping cover W of (6’, 5)-Whitney balls (0 < 6’ < 
6 < 1/(2k°), 6 is usually a fixed multiple of 5’ depending on x); with a fixed B’ € W 
(usually called central ball) such that for any other Q € W, there exists a chain of 
balls, {Qo = Q,Q),---,Q_ = B’} C W (where L may depend on Q) such that 
Q; M Qi+41 contains a (6’, 5)-Whitney ball R; with Q; U Qi4; C MR; for each i 
(M, > 1). We will write Q € Fy(6’,5,M ,) and W will be called a chain cover of 
Q. In particular, W will satisfy condition (C) w.r.t. 0 and center B’ if o is doubling 
on (6’, 5)-Whitney balls. 

Next, let W = {Ou : Qy € W} be such that for all w, Qy is a ball with the same 
center as Q, and the following property holds: 

for any O € W, if {0 = Qo, Q1,--: ,O, = Q'} is achain connecting Q to Q’ in 
condition (C), then Q = Qp C OQ; Vi. 

If there exists M> > 1 such that Ow C M2Q, for all Oy € W, then Q is known 
as Boman domain with Boman cover W and we will write Q € F,(6’,6,M), M2). 


Throughout the paper, positive constants will be denoted by C or c and their 
dependence on important parameters will be indicated. Note that all measures are 
defined on a fixed o-algebra that contains all balls. 

First, for easy comparison, let us recall one of the more recent extension of [25, 
Theorem 3] mentioned above. 


Theorem 1.5 ({12, Theorem 2.9] cf. [14, Remark 2.5]) Let Q be a Boman 
domain in a symmetric quasimetric space (H,d) with quasimetric constant k. Let 
0 < & < 1/(2k’). Suppose W is a Boman cover of Q. Let f be a (measurable) 
function on Q and C(f,B) be an associated constant for every B € W. If wis a 
doubling measure on Q and 1 < q < 00, then 


If CUB, <C> IF - CE. B)II? (4) 


L1(Q) — Li(B 
j(2) = j(B) 


where B' is the “central ball” in Q. 


However, there are gaps in the proof that has been pointed out in [14]. 
Unfortunately, there is still one problem in [14] that it failed to fix, namely, it did not 
justify why maximal functions used there are measurable. Nevertheless, the above 
theorem will be a consequence of our result here. Indeed, we will extend the theorem 
here so that it does not require any doubling condition. 

Let us now state our main theorem. 


Theorem 1.6 Let o and yt be measures on a o-algebra & of subsets of X. Let 
M>landW={Q€2:a € D} with YoverXg < M.Let!<q<o 
and assume YW satisfies condition (C) w.rt o and center Q’. Moreover, suppose 
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W= {Oy € X: a € I} is such that O = Qo C QO; for any Q; in the chain (C) of 
sets (that satisfies (3)). Assume further that 
(C2) There exist Cy,Cqy = 1 (a € I) such that for all {dg}ver C R+, 


Id paaxe lhe Scull dD cataxo, lye (5) 


ael ael 


If f is a measurable function and C(f,Qq) is a constant corresponds to Qy for 
eacha € I, then 


POO Ogi yee (= If CU, Ql 9. + 


ael 
7" tee (Qa) 
(cy.c,/?0M max{2"/? cD ee “5 (Ql 0 (Qy)4/P0 IFC, OOM ) . 


for any 0 < po < &. 
Remark 1.7 


(1) When X = 4 is a quasimetric space and W = {On tuen,.W — {Ou bwer are 
collections of balls, cg in (C2) can be chosen as (Qu) /{4(Qq) in many cases. 
Indeed, it always hold when q = 1 with c,, = 1. For gq > 1, by results from [9] 
(see Theorems 2.3 and 2.4), it holds when both Q, and Q, are concentric balls 
(Va € J) in Euclidean space such that either r(Qx) > mr(Qqg),m > 1 (Vq@) or 
1 is known to be doubling on W. 

(2) To obtain Theorem 1.5, we take g = po, 0 = py, then (Qu) = L(M2Q,) < 
Cu(Q,) for all a € I. (4) then follows from (6). 


In particular, when X = R", we have an easy consequence on domain Q with a 
chain cover. 


Theorem 1.8 Let 0 < po < 00,1 < q < coand let W = {Q, : a € IT} bea family 
of bounded overlapping balls in R". Let 4,0 be measures on Q and let W satisfy 
condition (C) w.rt. o and center Q’. Suppose W= {Oy : a € 1} such that 0; > Qo 
for all Q; in the chain (C). Suppose either (i) On and Qy are concentric balls with 
r(Qy) > mr(Qy) for all a € I or (ii) is doubling on W, i.e., (50x) < c1t(Qu) 
for all a € I. Then there exists a constant C such that 


If- Cf. ODI <C)OIf- Cf, Qa) II? 


Li(Qa a 
ael 


ns q 
oe (sie) [(Qu) lf - C(f, Qu) MMr0.0, 7) 


Li (UaerQu) 


X\ (Qa) J 6 (Qu)4/P 
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Remark 1.9 


(1) When Q is a ¢-John domain (Definition 2.1) in a quasimetric space with 
symmetric quasimetric and there exists a measure that is doubling on all 6- 
balls in Q, then [12, Proposition 2.6] assures us that Q € F,(6',6,M)) 
(0 < 8’ < & < 1/(2k), with 8’ = C(k)d, M > 1) with a chain cover W 
consisting of (5’, )-Whitney balls. Moreover, the family of balls {rB : B € W} 
has bounded overlaps when t < 1/(26x*). Furthermore, if Q is an 1-John 
domain, it also assures us that Q € F4(6’,5,M,, M2) (Mz > 1) and hence Q 
is a Boman domain. Indeed, the proof there can be modified for nonsymmetric 
quasimetric when 6 < 1/(2tK+), t > 1. In particular, the proof in [12] works if 
6t < 1/(2k7) for symmetric quasimetric spaces. 

(2) Balls in the above could be of course either open or closed and they can be 
quasimetric balls defined by a (nondegenerate) convex Minkowski functional; 
see [13] or [9] for its definition. 

(3) In case 4 = o is doubling on a Boman domain Q (with a Boman cover W), 
since one could take Ow = M2.Q, M Q for Q, € W where M2 > 1 is a fixed 
constant, we see that Theorem 1.5 is a consequence of Theorem 1.8 (when 
Q CR’). 

(4) Let us also state an easy application of Theorem 1.8 on fractional Poincaré 
inequalities. The result is not new. But it is now an easy consequence of 
Theorem 1.8. 


Corollary 1.10 Let 1 < g < 0,1 <p < 0,0 <8 < Jn/2,Q0bea 
cube in R" and 0 < s < 1 such that ~ => — — =. Then for any u € L'(Q), 
ug = Judx/|Q|, we have 


= P 1/p 
ens cBiaht(f [MOH yg)” 
I|u — ull, (Q)) ( )IQ| onBeaKa) Ix —y “x — yr dy xX . 


i i 
q P 


The corollary follows from the fact that 


L 


diiis 
u— ull rag) = ClQ|4 pee ll4llys0@) (9) 


[2], where 


|u(x) — uy)? 
lyn = (f, [ee as) 


see also [31, 32]. Indeed, for 7 — ; — a it has been pointed out in [2] that (9) 
follows from a classical observation on fractional Poincaré together with the 
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note after the proof of [2, Remark 1]. Indeed, it is well known that if aa 
then 


Ss 
n? 


>l 
Pp 


Well sco) SCM el gy + Wel yoyo): 


Combining this with the fact that (9) holds with g = p, one could deduce (9) 
for 1/q > 1/p—s/n. 

To prove Corollary 1.10, we will choose W to be the one in Remark 1.1 (2). 
Similar argument can be found in [23] using a partition instead of our bounded 
overlapping cover. However, we obtain it by direct application of our abstract 
version. 

1 


We can apply the conclusion of Corollary 1.10 to see that (for res as 


|u(x) — uy)? me 
||u — ug || c([. | ————_——dydx (10) 
ola = B(x,d(x,0)) |x — yl" FP 


for any John domain Q C R" (and 6 < 1/2) as any John domain has a Boman 
cover W (for example, a slight enlargement of the Whitney decomposition) 
satisfying condition (C) w.r.t. Lebesgue measure and center cube Q’, and for 
each Q there exists O = MQ such that Q; D Qo for all Q; in the chain (C). 
Note that we could choose 5 > 0 small enough such that B(x, dd(x, 2)) D 
B(x, 61(Q)) for allx € Q, Q € W. 


(5 


wm 


=>) 


Let us now state some more consequences. For simplicity, for any | < g < ~w, 


q 
let us write llaQe)llnewen to denote (= 1104") ‘ 


ael 


Theorem 1.11 Let Q be a domain in a quasimetric space (H, d) with quasimetric 
constant k. Let0 < 8 < 6 < 1/(2k3), 1 < t < 1/(26k%), 0 < po < ~, 
1<p,q,M,,M < oo. Let Q € Fy(5',5,M)) in H with chain cover W, central ball 
B’ and pew XB < M. 

Let o be a measure doubling on (6', 5)-Whitney balls with doubling constant Dg 
(hence W satisfies assumption (C) w.rt. 0 and center B') and w, | be measures on 
Q. Suppose f and g are fixed measurable functions on Q such that 


; \/p 
(as | Lf — CU. Ou) Hay) < 04(0,)( [, ea) (11) 


and 


on 1/p 
If — CU.) "0 ) = «.(0.)( | sav) (12) 


tO 


( 1 
a(Qu) Qu 


for all Qy € W where C(f, Qu) is a constant depending on Qy. Let W = {Oy : 
Qu € W} such that Qo C Q; for all Q; in the chain (C) such that (C2) of Theorem 1.6 
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holds. Suppose also 


Ca [t(Qu)'!/4a(Ou) <co forall Qy € W when q = p and, (13) 
IIeapt(Qu)"/ "4x (Qa)l parr—0 9, ew) — Sco whenl <q <p. (14) 
Then 
If CPB Va gy S CDo Mi, geocuM ligt» ay: (15) 
Remark 1.12 


(1) Note that one usually only need to check (14) for any disjoint family of balls in 
W as balls in W can usually be written as bounded families of pairwise disjoint 
balls. 

It is observed in [12, Proposition 2.6] that a é-John domain (that include s-John 

domains; see Definition 2.1) is in F,(6’,5,M,) if there exists a measure that is 

doubling on 6-balls (d is assumed to be symmetric there, however by similar 
technique, one could get the same conclusion with nonsymmetric quasimetric). 

Hence, Theorem 1.11 is a generalization of [14, Theorem 1.8] where it is 

assumed ft = o which is doubling on all 5-balls and q > p there. 

(3) Ifq > p, g = |Vf| and p is reverse doubling, (11) will follow from (12) such 
that (B)'/2a,(B) < C for all balls (provided a,(B) has special monotonicity 
property [14, Remark 1.7(4)]); see also [14, Theorem 1.6 and Remark 1.11]. 
However, the quasimetric has been assumed to be symmetric there. 

(4) In quasimetric spaces, the constant t in (11) and (12) is only known to be > 1 
when balls are not known to be Boman domains. 

(5) Similar to Corollary 1.10, we could take (d(x) = inf{d(y, x) : y € Q°}) 


- _ @-sf@P i 
g(x) = Coa (B(x, bd(z, daar HO) , (16) 


(2 


Ne 


we will then obtain fractional Sobolev inequalities. Indeed, one could take 


If@) —f@/P Me 
Np) Wai?(Q) =(f a sa(x) (B(x, bd(z, x)))d(z, ae t(aawt)) 


and then RHS of (15) can be replaced by || /'|| we? 
ties (11) and (12) hold with g defined in (16). 


(2) if corresponding inequali- 


The following corollary generalizes [14, Theorem 1.8(i)] and with simpler 
condition. 


Corollary 1.13 Under the notation of Theorem 1.11, let Mz => 1 and suppose 
Q € Fy(6',8,M),M>2) is a Boman domain with a Boman cover W. Suppose 
conditions (11) and (12) hold as in Theorem 1.11. Let p(x) = inf{d(z, x) : z € Qo}, 
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Qo C Q and wy (E) = f, p(x)’dw for b € R. Let p(E) = sup{p(x) : x € E} for 
any E and 


(u(M>By 1 &)/14(By)) (By)!/4ax (Be) < cor(Ba)®. , B’ = 0 for all By € W. 


(17) 
Suppose condition (C2) holds with cy = L(M2Ba 1 Q)/ (Ba). 
(1) If1 < p < qand fp’ — b/p = 0, then 
If — CO. B)hja gy S Co. Mi. Ma. B'.4.P. d)cycoM' FP H(Q)—"?Ilgll no: 
| Wh 
(18) 
(2) Suppose 1 < q < p and there exist positive constants M3, such that the 
number of pairwise disjoint balls in W with radius more than 2* is less than 
M32-" for allk € Z. If 
(p — q)n/(pq) < min{B", B’ — b/p}, (19) 
then 
If - CF. Bhi (a) < C(Do,M1, M2, M3, , B',, 4, Pp, b)cwcox 
min{B/—b/p,p’} 2L —n] 24 ~ max{— 
(sayin oP Pea ar HQ PHB gly (20) 
Wh 
where r(Q) = sup{r(B) : B € W}. Moreover, if Qo = Q*, then p(Q) ~ r(Q) 
and hence the RHS of condition (19) can be replaced by just B' — b/p. 
Remark 1.14 


(a) The condition in (2) holds with any 7 that is less than the upper Minkowski 
content of dQ w.r.t. Q C R", that is, 


lim sup | Uxeaq Bex) N Q|/7r™™" < co. 
r>0 


Indeed, if Q is a Lipschitz domain, then one can take 7 = n — 1. Note that in 
general, ifn + a—7 > 0(a <0), then 


L 
PQ= >, = p(B) (with 2° ~ r(Q)) 


k=—00 BeW:2k<r(B)<2kT1 


L 
2¢ a M,2Fet 9-4 < CMgr(Q)"t* < oo, 


k=—oo 
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(b) 


(c) 


The above can easily be applied to the measure jz, (instead of 4) when a > 0 
since [a(M2B 1 Q) < M3p(B)*u(M2B OM &2) for 5-balls B. Hence if jz\g is 
doubling on the family {MB : B € W}, then jq|g is also doubling on the same 
family for any a > 0. 

The following observation is often useful in changing the constant C(f, B’) in 
the Poincaré type inequality (18) and (20). Suppose D is any measurable set 
such that 0(B’N D) > 0 and 0 < po < oo. Then 


IFC, Dyllig gy SIS - CUB gay 


max{2!/P-! 14 4(Q)!/4 


SCTE [IF - CU. Dllp eo +P -— CUB Mee | 


The above follows immediately from the triangle inequality and the following 
computation: 


ICU, BY) — C(F,D)| = TICE. B) — CF lien 


o(B'ND 

. max{2!/p—! 1} 
~ o(B/ND)!/p 
Z max{2!/P—! 1} 
~ o(B/N D)!/p 


[IF - CU Dll env) tICU-B) -flle wnwy | 


[IF - CU Pe py + WF - CO BM ey | 


As a consequence, we provide a simple balance condition for Poincaré inequality 


to hold on Boman domains without assuming that the measure satisfies any doubling 
or reverse doubling condition. 


Theorem 1.15 Let Q Cc R", Q € Fy(6',5,M,, M2), 0 < 6’ < 8 < 1/2, M,, My = 
1, (hence a Boman domain). Let f € Lip,,.(R") and wt be a Borel measure on R". 
Suppose w is a weight such that (recall r(Q) = sup{r(B) : B € W}) 


HB Q)r(B)™ Ww" [oogngy S c1H(Q)r(Q)™" |W" I, 20) (21) 
for all balls B in RR" with center in Q. Suppose further that 
If falls S CuB)rB) "Mpc ll VF (22) 
where fg = {,.fdx/|B\ for all balls B in a Boman cover of 2. Then 
If Falls) S CHQMQ) IW Toy IVF ey (23) 


where fo = Jo fdx/|Q|. 
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Remark 1.16 
(1) Let f € Lip,,.(R”). Then for all balls B in R”, 


1 


alt fala) CBT, gy fo = ffs 1B (24) 


by the unweighted Poincaré inequality. It then follows from Hélder’s inequality 
that (24) will also hold with RHS being replaced by 


CrB)" W206) Vfll en 


Thus (12) holds with o = 1, p = po = 1, g = |Vf| and 


e(B) = Cr(B)'"" |W" soepy: 

(2) When yp and w are both reverse doubling weights, it has been established in [16] 
that (23) holds for any 1-John domains Q under assumption (21). 

(3) Let ® be a fixed (nondegenerate) Minkowski functional (a positive homoge- 
neous convex function which is zero only at the origin, see [13, Sect. 2]). Then 
the collection of all ®-balls is just the collection of all translations of some 
dilations of a fixed open convex set in R”. By similar argument, if (21) holds 
for all ®-balls, then (22) holds for all ®-balls if and only if (23) holds for all 
John domains. 


Our result can of course be applied to s-John domains (see Definition 2.1) for 
s = s > 1. However, for a simple illustration, we will just consider a special case. 
We will consider the following typical s-cusp domain, which is an s-John domain: 


D={(z,7)€RxR*!:0<z2<4,|z| <2}. 


Instead of considering positive power distant weights as in [26, Example 2.4] and 
[14, Theorem 1.14], we will only consider a case (negative weight) that has not been 
studied. 


Theorem 1.17 Let D be the s-cusp domain above and p(x) = d(x, dD). Suppose 
a>-lbeR 1<p<w,and 


1 b+1 
ope ee ee (25) 
S P 


Then for all f € L!, (D), 


loc 


~C(f,D < ees 2 
If CU Dla coy SMe (26) 
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where 


lf@) —fODP : - 
ly Webac) at, epee “Peay DPCM A) 


Remark 1.18 (1) Of course, our technique will also work for the usual weighted 
Poincaré inequality (on s-cusp) of the following form: 
If— CE, Pyle, 


< CllVSIl (27) 


go- BP y(D)’ 
(2) Similar to [14], we could also study the case p(x) = d(Do, x) = inf{|y — xo] : 
y € Do} with OD N B(O, €) C Do C OD. 


2 Preliminaries 


In this section, we will list definitions, terminology and establish basic properties on 
quasimetric spaces. We will also state some results concerning condition (C2). 
First, let us state a definition similar to [14, Definition 1.2] and [8, 15]. 


Definition 2.1 Let (H,d) be a quasimetric space. Fix Q C H and x € H, set 


d(x) = inf d(y,x). 
yen? 


Let ¢ be a strictly increasing function on [0, oo) such that 6(0) = O and ¢(f) < t for 
all t > 0. We say that Q is a (weak) ¢-John domain with central point (or ‘center’) 
x € Q if for allx € Q with x # x’, there is a curve y : [0,/] ~ Q such that 
YO)=x% vO =x 


d(y(b), y(a)) < b—a for all [a,b] C [0, J], and (28) 
d(y(t)) > 6(d(y(t),x)) forall t € [0, J. (29) 


If Q is a ¢-John domain for the function d = ¢, defined by ¢,(t) = csf* fort < 1 
and ¢,(t) = cst fort > 1, with s > 1, we say Q is an (weak) s-John domain. We 
may assume that 0 < cy, < 1. When s = 1, it is usually known as a (weak) John 
domain. This definition is essentially the same as those in [34] and [20] with (29) 
slightly different; indeed, this has been adopted in [15, Definition 1.3] (where the 
quasimetric is assumed to be symmetric). The corresponding definition in [12, 14] 
replaces (29) by d(y(t)) > $(t), which is nominally a stronger assumption since ¢ 
is increasing and d(y(t), x) = d(y(t), y(O)) < t by (28). The weak version (29) was 
first given by Vaisala [35] in R” when ®(t) = ct and shown to be equivalent to the 
strong version in R”. It was extended to metric spaces in [21] and [8]. We do not 
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know an example when the weak version is true and the strong version is false. In 
general, this weak version is easier to apply. 


Note that (29) implies that d(x) > 0 for all x € Q. 


Proposition 2.2 Let (H,d) be a quasimetric space with quasimetric constant k. Let 
Q Cc Hand0 < 8 < 1/(2k?). Let Qo C Q¢ and define p(x) = inf{d(z,x) : z € 
Qo}. 


(1) Ifz € B(x,r), then 
B(z,r) C (K+ K?) B(x, r). 


(2) Let B, = B(x, 17) and By = B(x2, 12) be balls with By N By 4 ©. Then 


(a) Bo C B(x, (ri + 2r7)). In particular, when rz < 2r,, then By C 57 By. 
(b) If in addition both B, and Bz are 8-balls, 6 < 1/2k3, then 


1 < d(x2) 


2k +17 d(x) 


<2« +1. 


Thus if B, and By are intersecting 6- Whitney balls, then 


1 r(Bo) 
< <2« +1. 
2x +1 r(B}) 


(c) Ifzis ina 6-ball B(xo, r), then 


1, pe) 
K+K6 — p(z) — 1-6 


Proof Let z € B(x, r). Then for any y € B(z,1r), 
d(y,x) < x[d(y,z) + d(x,2)] < (« +k’)r. 


This proves (1). 
Next, for (2), let z € B) N Bo. Ifu € Bo, 


d(u, x) < «(d(u, z) + d(x, z)) 
< k[k(d(u, x2) + d(z, x2)) + Kd(z, x1)] 


< 2K? 1 + Kr; 
and 2(a) is now clear. If in addition B; and B> are both 6-balls and z € B} N Bo, then 


(x1) < K(d(x2)+d(x1,%2)) < «(d(Q2)+K[d(x1, 2) +d(x2,2))) < K(dQa) +7 (71 +79). 
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Since r; + ro < 5(d(x;) + d(x2)), a simple computation based on our assumption 
that «36 < 1/2 then gives 


3 
ass) < SE Faces) < Qe + Idle) 


By interchanging the roles of B; and Bz, we also have d(x2) < (2« + 1)d(x)), which 
proves the first part of 2(b). The remaining part of 2(b) follows by the fact that 
i= bd(x;). 

Finally, part (c) can be proved by using the quasi-triangle property and the fact 
that 6 < 1/(2«?). 

We now state two results concerning the validity of (C2) from [9]. 


oe ([9, Theorem 1.3]) Let (H,d) be a quasimetric space. Suppose 
= {Bulaern W = {By Jaer are families of countable collection of (quasimetric) 
ane in H such that By C By for alla € I. Let balls in W be of bounded radius. Let 
LL be a measure. 
Suppose there exists c; > 1 such that either 


(Ai) pt is doubling on W, that is, w(5k7B) < c)(B) for all B € W, or 7 
(Aii) for any family of balls F C W, there exists Fy C F with UperB C User B 
such that >" er, Xb, <1 


Then for any 1 < q < ©, there exists c, = 1 such that 


| Doewty iy $ eal De ety ly 


ael ael 


for all {agtyer C R™ U {0}. 


It is being proved (in [9]) with the help of the following maximal function. 
* 1 
h*(x) = sup{(—— |. |h(@)|du: x € Qg}. 
(Qa) Qu 


Under assumption (Ai), we will just use a Vitali-type covering lemma to obtain a 
week type estimate (for L'). 

Assumption (Aji) is just an extension of Besicovitvh covering lemma. It is known 
to hold in R”. The following is a as case of [9, Theorem 1.4]. 


Theorem 2.4 Suppose W = {Ba}wer, W = {By}yer are balls in R" such that there 

exists m > 1 such that r(By) > mr(By ) for alla € I. Then W, Ww satisfy condition 

(Aii), that is, given o family F of balls in W, there exists Fy C F such that 

Us,e7 Bu Cc Us. €F) Ba with > te < c1 where c, depends only on m,n and n. 
Bu€Fo 
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3 Proof of Main Theorems 


Proof of Theorem 1.6 For any fixed Q € W, let {Qo = Q, Q1,--: , Ov = Q'} be the 
chain given in (C). Then by standard argument, we have (see for eqanble the proof 
of [12, Lemma 3.1 ]) 


N-1 


IC(f,Q) -— CF,2)| < OIC, OD) — CF, O40) 


i=0 


N y/? max{2!/0, 2} 


=), stove WS — CF Odll,g¢99: 
It follows that 
ICF,Q)-C(F, Oxo) < c4/?? max{2"/P, 2} )~ he IT-CF, Qa NII 00 ¢9,° 


ael 


Thus, by condition (C2) and the fact that >.<; ¥o, <M 


SIC. a) ~ CFO, SD | NEU Qa) ~ CF. ODI x0.d 
ael 


ner Li(Qa) 
Di XOu 
= M(ci!?9 max{2'/?0, ay" f | oa Foe a cf, Qa)Il 009 "du 
acl ces 
CaX a 
< M(c,cl/” max(2m.2))¢ | | > HO; oe Ilf— Cf, QaIl,r0¢9, sie LL 


ael 


< M(c,cl/ max(2ie,29)¢ f (atts = C(f, Qz)|| 1° (Qu) ") 


q/q 
x (120) du 


ael 


by Hélder’s inequality 


cu (Qa) 


S (Meyco!?® max{2'/"", 23)" ) | ais lif — CLF, Qa) 


120 
WET (Qu) 
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Finally, note that 


If CEQ, 0.) 


<Yilr-cy. Qt 
ael 


Lh, (Qu) 


22" Ip=cey, Qu) 9, + DICH. Qu) -— CF. QIN" 


tiny) 
ael ael Eu (Qu) 


Theorem 1.6 is now clear. 


Proof of Theorem 1.8 It is enough to observe that (C2) holds with cg = 
(Qa) / (Qu). This is clear when g = 1. For g > 1, see Theorems 2.3 and 2.4. 


Proof of Theorem 1.11 First note that (C) holds with cz = C(D,) where Dg is the 
doubling constant of o. 
When g = p, by (6), (11), (12), we have 


_ 19 qd 4 1/q q 
If CU. BOI, S CM. Do. Po)M ch 2, (cam(B) ax(B)IIg I> ¢¢5)) - 
€ 


We now use the fact that 


> Xep <M and Ca [t(B)'/4a4(B) < co 
Bew 


to conclude (15). However, for the case g < p, we will also need to apply Hélder’s 
inequality. Indeed, 


IFC. BIIS, = C(Mi.4. Do. po)M ch Y | (catt(B)' “ax (B)Isllyp cay) 


Bew 
44 1/q q P q/P 
< CM Ch cate) 16 BY aye) (do Moe cay) 
Bew 
by Hélder’s inequality 
< C(M, 4, Do. Po)(coM'*"c,)4|| 8114 


Ly (Q) 
by condition (2) of the theorem and this completes the proof of the theorem. 


Proof of Corollary 1.13 First, recall that p(x) ~ p(B) on any 6-ball B (by Proposi- 
tion 2.2) with constants depending only on 6 and k, we have by (11), 


1 


apy Ta lf — CF Bllyg (gy = Cle, 5, Dy. p, b)ax(B)A(B)”’”|\g\| 


Livy (TB) ” 
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Next, similarly by (12), we have 


ae ——__|| f — CCF. B) | n, < Cax(B) p(B) ”’” |Ig | 


o(B 15° (B) Ly (cB) 


Now observe that by (17), 


H(M2B 1M 82) 


(B) 1(B)!/4a4(B)p(B)~"/” < C(8,K,b, p)cop(B)~”/?r(B)® when B € W. 


MoBNQ D 
ROO (8) a4(By—(B) "| 


Bew we) 
Z Pq 
< C(b, x, b, p) > > \cop(B)~?/?r(B)? |?=7 (where 2" ~ r(Q)) 
k=—00 BEW:2k <r(B)<2k4! 
Pq 


< C(6,x,b, DP, Myer P=9 B(Qqyment- b/p.0} Pe ae >> ak min{ p’.p’—b/p} PL 


k=—oo 


Cor soy b/p.0 Fo r(Qymint’. b'—b/p} Po —n 


by (19). Next, when Qo = Q°, as W consists of only (6’, 6)-Whitney balls, 6(B) ~ 
r(B) for all B € W and hence 


M2BN Q Pa 
ie ua (Ba (B)p(B)~"” 
Bew 


L 
< C(6,«,b,p) p> ~*~ lcop(B) 8? r(B)P |r 


k=—00 BEW:2k <r(B)<2k+1 


< C(6,x,b, p,M3)cr-4 z 3 2(B'—5/p) pq Kn 


k=—oo 


)) PA 


Pa 
< Ce? TH(Q)P b/P) 5=3 7 


This completes the proof of the corollary by Theorem 1.11. 


Proof of Theorem 1.15 First, it follows from 1-1 unweighted Poincaré inequality 
and Hdlder’s inequality that 


Tlf — fall sigy) < CB) coe IVF sy 0 = [ asi (30) 
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for all balls. Hence (12) holds for all balls with o = 1, p = pp = t = 1, ax (B) = 
Cr(B)!“"l]w""I] oo gy> 8 = [VFI and CCF, B) = fi. 

Let Q be any Boman domain. Note that for all B € W (W is a Boman cover of 
Q2), 


H(M2B 1 Q)r(B)" Wo" poocg) SMa | e(M2B OQ) r(M2B)'™" |W" young): 


Hence, (17) will hold with g = 1, 6’ = 0 and 


co = e1C(M2) u(Q)r(Q)™ ||w™ | 


L°(Q) 
by (21). By Corollary 1.13, we have 
l-n —1 
IF fol cay S CHI Troy IMF cay: (31) 
Finally, observe that by the triangle inequality, 
Ff =fal Lh (2) 
LQ) 

Sf — far 11(2) ag Tq) If Fella) 
< IF fol aga) + CHO) WA 49) 

by applying (31) tow = 1 
< If — For gy F CHA)" soca, ay 


This conclude the proof of the theorem. 


Proof of Theorem 1.17 For convenience, let us denote 


If) —fO)!? y" 
= ———_——d : 
a) (a |x ~~ girs 


Next, let Wo be the Whitney decomposition of Q2 and W = {20 >: Q € Wo}. 
It is easy to see that condition (C) holds w.r.t. the Lebesgue measure and center 
Q’ (a cube in W that contains the point (2,0)). Recall that for each Q € W, we 
have from (8) (see Remark 1.9 (4)) with g = 1 and 6 sufficiently small such that 
§ =1/2> 38/Vn, 


1 


Talt = Jal 


ou! 
<ClQ|" *lisll 
(al vO) 


L'(Q) 
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since 5 ./nl(Q) < p(x) < 5/nl(Q) for x € QO, O € W. It is easy to see that if 
Wl < (Q) < 2°,O€ W,k € Z, then p“(Q) ~ 271%, 

Let du = p“dx and dw = p’dx. Since p(x) ~ p(Q) = sup{p(y) : y € Q}, for 
x € O,O € W, we have p“(Q) ~ I(Q)"t® and 


1 
—_—_ _— s/n -1/ 
Toll Lolly) < C/O" zy (32) 


Observe that if Q € W is such that its length /(Q) = 22k with k < —2,k € Z, 


such that with (z, 7) €Q,z< 1/4, then QO can be assumed to be 8 x 2Ks—DO, i.e., 
1(Q) = 9 x 2*/5, Let us consider the “tip” of the cusp D, = {(z,z’) € Q:z <r}, 
r < 1. Observe that 


rps 
w(D,) = C | [ ‘. p(z, yo)“y" *dodydz. 
0 JO oesn—2 


However, it is clearly less than 


rz rps 
cal - (z os y)*y" *dydz < om | i (2° _ yi") dydz = crits@ta—) | 
0 0 0 0 


Now, suppose Q € W with Q C D, and I(Q) = r/8. We see that 
(OND) < w(Dpje) < CreteDtis, 


Next, for any other cube Q € W such that /(Q) < 2~+, it is easy to see that one 
can take OQ = 80 and QM D1/2 = 9. Hence, 


w(QND) < Clg|!*4/" = cr"** where 1(Q) = r. 


Moreover, for each k € Z, it is easy to see that the number of cubes in W with 
edgelength more than 2‘ is less than C2“'~*, Hence 


Yen Dy|Q|"/"w(@y 
Qew 
< DY wenDIQ""woe 


QEW,I(Q)>1/8 


—4 
+ > YY H@e@NDIO""we-”P 


k=—00 Qew:2k <I(Q)<2k+! 
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4 
CLC > 2 [2k ta—1)-+ I/s]oksg k(n b)/pyp" 
k=—00 QEW,2' <I(Q)<2kt+! 


-4 
<C+C y- gh) +inta-1+ gts lo 4 Cov" 


k=—oo 


asA =at+ + +s- oe > 0. Theorem 1.17 now follows from Theorem 1.11 with 
Ca = (Qa ND)/ (Qu) and 


CUD) = fo = | fas/lal, 


However, by standard argument (such as the one employed at the end of the proof 
of Theorem 1.15) we can replace fg by [, fd/{(Q) in the above. 


Acknowledgements The author would like to thank the referee for his suggestion in improving 
the paper. The author would also like to take this opportunity to thank Professor Wheeden for his 
guidance and patience while he was a graduate student at Rutgers University 30 years ago. 


References 


1. 


2. 


3. 


10. 


11. 


B. Bojarski, Remarks on Sobolev imbedding inequalities, in Complex Analysis. Lecture Notes 
in Mathematics, vol. 1351 (Springer, Berlin, 1989), pp. 52-68 

J. Bourgain, H. Brezis, P. Mironescu, Limiting embedding theorems for W*” when s — 1 and 
applications. J. Anal. Math. 87, 77-101 (2002) 

S. Buckley, P. Koskela, G. Lu, Boman equals John, in Proceeding of the 16th Rolf Nevanlinna 
Colloquium (1995), pp. 91-99 


. S. Chanillo, R. Wheeden, Weighted Poincaré and Sobolev inequalities and estimates for 


weighted Peano maximal functions. Am. J. Math. 107, 1191-1226 (1985) 


. S.-K. Chua, Weighted Sobolev inequalities on domains satisfying the chain condition. Proc. 


Am. Math. Soc. 117, 449-457 (1993) 


. S.-K. Chua, Weighted inequalities on John Domains, J. Math. Anal. Appl. 258, 763-776 (2001) 
. S.-K. Chua, Sobolev interpolation inequalities on generalized John domains. Pac. J. Math. 242, 


215-258 (2009) 


. S.-K. Chua, Embedding and compact embedding of weighted and abstract Sobolev spaces 


(preprint) 


. S.-K. Chua, A variation of maximal functions on nonsymmetric quasimetric space and its 


application on fractional Poincaré and Poincaré inequalities (preprint) 

S.-K. Chua, H.-Y. Duan, Weighted Poincaré equalities on symmetric convex domains. Indiana 
Math. J. 58, 2103-2114 (2009) 

S.-K. Chua, R.L. Wheeden, Estimates of best constants for weighted Poincaré inequalities on 
convex domains. Proc. Lond. Math. Soc. 93, 197-226 (2006) 


31. 


32. 


33. 


34. 


35. 


S.-K. Chua 


. S.-K. Chua, R.L. Wheeden, Self-improving properties of inequalities of Poincaré type on 


measure spaces and applications. J. Funct. Anal. 255, 2977-3007 (2008) 


. S.-K. Chua, R.L. Wheeden, Weighted Poincaré inequalities on convex domains. Math. Res. 


Lett. 17, 993-1011 (2010) 


. S.-K. Chua, R.L. Wheeden, Self-improving properties of inequalities of Poincaré type on s- 


John domains. Pac. J. Math. 250, 67-108 (2011) 


. S.-K. Chua, R.L. Wheeden, Global subrepresentation formulas in chain domains with irregular 


boundaries (preprint) 


. L. Drelichman, R. Duran, Improved Poincaré inequalities with weights. J. Math. Anal. Appl. 


347, 286-293 (2008) 


. B. Franchi, G. Lu, R.L. Wheeden, Representation formulas and weighted Poincaré inequalities 


for Hérmander vector fields. Ann. Inst. Fourier 45, 577-604 (1995) 


. B. Franchi, C. Pérez, R.L. Wheeden, Self-improving properties of John-Nirenberg and 


Poincaré inequalities on spaces of homogeneous type. J. Funct. Anal. 153, 108-146 (1998) 


. B. Franchi, C. Pérez, R.L. Wheeden, A sum operator with applications to self-improving 


properties of Poincaré inequalities in metric spaces. J. Fourier Anal. Appl. 9, 511-540 (2003) 


. P. Hajtasz, P. Koskela, Isoperimetric inequalities and imbedding theorems in irregular domains, 


J. Lond. Math. Soc. (2) 58, 425-450 (1998) 


. P. Hajtasz, P. Koskela, Sobolev met Poincaré. Memoirs. Am. Math. Soc. 145, 688 (2000) 
. P. Harjulehto, R. Hurri-Syrjanen, A.V. Vahakangas, On the (1,p)-Poincaré inequality. Ilinois J. 


Math. 56, 905-930 (2012) 


. R. Hurri-Syrjanen, A.V. Vaéhakangas, On fractional Poincaré inequalities. J. Anal. Math. 120, 


85-104 (2013) 


. R. Hurri-Syrjanen, N. Marola, A. Vahikangas, Poincaré inequalities in quasihyperbolic 


boundary condition domains. Manuscripta Math. 148(1—2), 99-118 (2015) 


. T. Iwaniec, C.A. Nolder, Hardy-Littlewood inequality for quasiregular mappings in certain 


domains in R. Ann. Acad. Sci. Fenn. Ser. A. I. Math. 10, 267-282 (1985) 


. T. Kilpelaeinen, J. Maly, Sobolev inequalities on sets with irregular boundaries. Z. Anal. 


Anwendungen 19, 369-380 (2000) 


. G. Lu, The sharp Poincaré inequality for free vector fields: an endpoint result. Rev Mat. Iberoa, 


erocama 10, 453-466 (1994) 


. G. Lu, R.L. Wheeden, An optimal representation formula for Carnot-Carathéodory vector 


fields. Bull. Lond. Math. Soc. 30, 578-584 (1998) 


.G. Lu, R.L. Wheeden, High order representation formulas and embedding theorems on 


stratified groups and generalizations. Studia Math. 142(2), 101-133 (2000) 


.G. Lu, R.L. Wheeden, Simultaneous representation and approximation formulas and high- 


order Sobolev embedding theorems on stratified groups. Constr. Approx. 20(4), 647-668 
(2004) 

V. Maz’ya, T. Shaposhnikova, On the Bourgain, Brezis, and Mironescu theorem concerning 
limiting embeddings of fractional Sobolev spaces. J. Funct. Anal. 195, 230-238 (2002). 
MR1940355 (2003):4605 1) 

V. Maz’ya, T. Shaposhnikova, Erratum to On the Bourgain, Brezis, and Mironescu theorem 
concerning limiting embeddings of fractional Sobolev spaces. J. Funct. Anal. 201, 298-300 
(2003). MR1986163 

E.T. Sawyer, R.L. Wheeden, Holder continuity of weak solutions to subelliptic equations with 
rough coefficients. Memoirs Am. Math. Soc. 847, 157 (2006) 

W. Smith, D.A. Stegenga, Hdlder’s domains and Poincaré domains. Trans. Am. Math. Soc. 
319, 67-100 (1990) 

J. Vaisala, Exhaustions of John domains. Ann. Acad. Sci. Fenn. Ser. A I Math. 19, 47-57 
(1994) 


Smoluchowski Equation with Variable 
Coefficients in Perforated Domains: 
Homogenization and Applications 

to Mathematical Models in Medicine 


Bruno Franchi and Silvia Lorenzani 
To Dick, in friendship and admiration of his mathematics 


Abstract In this paper, we study the homogenization of a Smoluchowski system of 
periodic discrete diffusion-coagulation equations, when the diffusion coefficients 
depend on all variables, in particular on the microscopic variable. This system 
modelizes the aggregation and diffusion of the B-amyloid peptide Af42 in the 
cerebral tissue, a process associated with the development of Alzheimer’s disease. 
Our homogenization result, based on Allaire-Nguetseng two-scale convergence, is 
meant to pass from a microscopic model to a macroscopic one. 


Mathematics Subject Classification. 35K55, 35B27 (primary), 92B05 (secondary) 


1 Introduction 


This paper is devoted to the homogenization of a set of Smoluchowski’s discrete 
diffusion-coagulation equations [17] over periodically perforated domains. This 
type of equations, describing the evolving densities of diffusing particles that are 
prone to coagulate in pairs, models various physical phenomena: the evolution of a 
system of solid or liquid particles suspended in a gas, polymerization, aggregation of 
colloidal particles, formation of stars and planets as well as biological populations, 
behavior of fuel mixtures in engines, etc. (see, e.g. [8, 12]). Quite often, starting 
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from a microscopic description of a problem, we seek a macroscopic, or averaged, 
description. As a matter of fact, while being closer to the actual physical nature, a 
mathematical model for a physical system that resolves smaller scales is usually 
more complicated and sometimes even virtually impossible to solve. Moreover, 
experimental data are often available for macroscale quantities only, but not for 
the microscale. Therefore, for quite a long time, the key issue has been how to 
formulate laws on a scale that is larger than the microscale and to justify these laws 
on the basis of a microscopic approach. To do that, in the seventies, mathematicians 
have developed a new method called homogenization [6]. This method allows to 
perform certain limits of the solutions of partial differential equations describing 
media with microstructures and to determine equations which the limits are solution 
of. Roughly speaking, what one does is to consider media with microstructures, to 
average out the physical and chemical processes arising at the microscale and to 
calculate effective properties of the media on the macroscale. This is precisely what 
has been done in the present work, where the homogenization method has been 
applied to the model presented below. 

Let Q be a bounded open set in R with a smooth boundary dQ. Let Y be the 
unit periodicity cell [0, 1[ having the paving property. We perforate Q by removing 
from it a set T. of periodically distributed holes defined as follows. Let us denote 
by T an open subset of Y with a smooth boundary I’, such that T C IntY. Set 
Y* = Y \ T which is called in the literature the solid or material part. We define 
t(€T) to be the set of all translated images of €T of the form e(k + T), k € ZN. 
Then, 


T= QM e(eT), 
Introduce now the periodically perforated domain Q, defined by 
O20 Tx 

For the sake of simplicity, we make the following standard assumption on the 
holes [7]: 

there exists a ‘security’ zone around dQ without holes, i.e. 

46 > 0 such that dist (0Q, 7.) > 6. (1) 

Therefore, Q, is a connected set [7]. The boundary dQ, of Q, is then composed of 


two parts. The first one is the union of the boundaries of the holes strictly contained 
in Q. It is denoted by I’, and is defined by 


Te = Us d(e(K+ T)) | (K+ T) CQ). 
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The second part of dQ, is its fixed exterior boundary denoted by 0. It is easily 
seen that (see [3, Eq. (3)]) 


| 2 |w 
lim € | Tely_, =| Ty (2) 
E50 N-1 N-1 | Yy le 

where | - |y—; and | - |y are the (N — 1)-dimensional and the N-dimensional 


Hausdorff measure, respectively. 

Throughout this paper, € will denote the general term of a sequence of positive 
reals which converges to zero. From now on, let M € N be fixed. We consider in 
the following a system of anisotropic diffusion-coagulation equations in (2, (the so- 
called Smoluchowski system with diffusion) which describes the dynamics of clus- 
ter growth. In particular, we introduce the vector-valued function u* : [0, T] x Q. > 
RY us = (u\,..., Us.) where the variable uf, > 0 (1 < m < M) represents the 
concentration of m-clusters, that is, clusters consisting of m identical elementary par- 
ticles (monomers), while uj, > 0 takes into account aggregations of more than M—1 
monomers. We assume that the only reaction allowing clusters to coalesce to form 
larger clusters is a binary coagulation mechanism, while the movement of clusters 
leading to aggregation results only from a diffusion process described by a matrix 
Dn(t, x, =) (1 < m < M) with non-constant coefficients. Similar results for constant 
diffusion matrices have been obtained in [9] (see also the comments in Sect. 4). 

Under these assumptions, our system reads: 


a — div(D, (t,x, =) Vuh) + uy pe ay jus =0 in[0,7] x Q. 
[Di (t,x, 2) Vius | ‘n=0 on [0, T] x dQ (3) 
[Di (t,x, 2)Vius | ‘n=eW(t,x, 5) on [0,7] x Te 
us (0,x) =U, > 0 in Q,; 
ifl<m<M, 
Ou div(D ~) Vue oe “=f* in[0,7] x Q 
a iv(Dm(t, x, =) Um) + Un Viz! An jUj =f, in[0,T] x Q. 
[Dmn(t, Xx, *)V.us, | -n=0 on [0, T] x dQ (4) 
[Dyn (t,x, 2) V.us,|-n = 0 on [0, T] x I. 
us, (0,x) = 0 in Q, 
and eventually 
OuUyy ; x - a4 
ae div(Dy(t, x, =) Viuiy) = gin [0, T] x Q. 
[Du(t, x, *)V.ui| -n=0 on [0, T] x dQ (5) 
[Du(t.x, 2)V.ui,|-n = 0 on [0,7] x I 


ui, (0, x) = 0 in Q,, 
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where the gain terms f°, and g* in (4) and (5) are given by 


m—1 


1 
5a m—j uj u j and ge = 5 > ajk Uj Uy. (6) 


The kinetic coefficients a; ; represent a reaction in which an (i + /)-cluster is formed 
from an i-cluster and a j-cluster. Therefore, they can be interpreted as “coagulation 
rates” and are symmetric dij = aj > 0,i,j = 1,...,M, but ayy = 0. Let us 
remark that the meaning of uj, differs from that of uf, (vi < M), since it describes the 
sum of the densities of all the ‘large’ assemblies. It is assumed that large assemblies 
exhibit all the same coagulation properties and do not coagulate with each other. 


Here 
(t,x, y) € [0, T] x Q x Y > Dy (t,x, y) 


is a matrix-valued map with entries d”, i,j = 1,...,Nandm=1,...,M 
We assume that: 


(H.1) the diffusion coefficients d7; are aad differentiable in [0, T] x Qx Y 
fori,j = 1,...,.N,m= i. ,M, and are y-periodic on Y. We put A* := 
MAX; ,j,m la es qorpenxyy: 
In particular, (see [2, Definition 1.4 and Remark 1.5]) the map (t,x) > 
Dyn (t,x, =) is measurable on Q,, and 


im [, \a" Hx 2P ade =f Lf. |d(t,x,y)|? dtdxdy (7) 


(H.2) df) = diy, for i,j = 1,...,N,m=1,....M; 


(H.3) there exists 0 < A < A such that 


Ag? < 3s ankikj < ALE)? 


ij=1 


for all € eR’ m=1,...,M 
Moreover, WY, appearing in (3), is a given bounded function satisfying the 
following conditions: 
(H.4) w(t,x,4) € C'(0,T;B) with B = C'[Q; Cy(Y)], where C}(Y) is the subset 
of C!(R”) of Y-periodic functions; 
(H.5) w(t =0,x,2) =0 
and U is a positive constant such that 


< ||Wllzco.7;2)- (8) 
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In the Sect. 2 we show preliminarily that the system (3)—(5) has a unique classic 
solution uf € C!+2/?2+@((0, T] x Q.,.R”) for any € > 0. The core of this note is 
the study of the asymptotic behavior of u“ as € — 0 in the framework of the so- 
called two-scale convergence. This method, introduced by Gabriel Nguetseng [15] 
and Gregoire Allaire [2], relies on the following compactness theorem: 


Theorem 1.1 Let (v‘)<x0 be a bounded sequence in L’((0, T] x Q). There exists a 
subsequence, still denoted by (v‘)<>0, and a function v(t, x, y) in L?({0, T] x 2 x Y) 
such that 


tim f° fe (t, 9 6(1 *) drax = [ eae 


for all ¢ € C'({0, T] x Q; Cj (Y)). 
A sequence (U‘)¢s9 satisfying (9) is said to two-scale converge to vo(t, x, y). 


(9) 


Within the general setting of two-scale convergence, we can state our main 
homogenization result: 


Theorem 1.2 Let ui (t,x) (1 < m < M) be a family of classical solutions to 
problems (3)—(5). Denote by a tilde the extension by zero outside Q. of a function 
defined in Q, and let y(y) represent the characteristic function of Y*. 

Then, the sequences (UE eso and (ViuE eso (1 < m < M) two-scale converge 

0: [y(y) Un(t, x) and [y(y) (Vx Unt, x) + Vyul (t,x, y))] (1 < m < M), respectively. 
The limiting functions (Um(t, x), u), (t,x, y)) (i's < m < M)are the unique solutions in 
L? (0, T; H!(Q)) x L?((0, T] x Q; H}(Y)/R) of the following two-scale homogenized 
systems: 

Ifm = 1 we have: 


9 fa, S(t, x) — ai.) DiC x) Vi ier(t, | 


+6 uy (t, x) ae ayjuj(t,x) = [ w(t,x,y)do(y) in[0,T] x Q (10) 
[D} (t,x) Vii (t, x)] +n = 0 on [0, T] x 0Q 
ui(0,x) = Uj inQ 


if 1 <m < M we have 


6 oun Sik (6, x) — divy [Pitt X) Viti (t, »| 
+6 -“ x) yo anj uj(t, x) 
= g Sar Gjm—j Uj(t, X) Un—j(t, X) in [0, T] x Q (11) 


[Dj (t, x) VxUm (t, x)] ‘n=0 on [0, T] x dQ 
Un (0, x) = 0 inQ 
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ifm = M we have: 


6 Sua (4, x) — div, [Pict x) Vium(, | 


= g Vit kam Gx Uj(t, X) ux(t, X) in [0,T] x Q 
k<M 
j<M (12) 
[Dj, (t,x) Vium(t,x)] +n = 0 on [0, T] x dQ 
uy(0, x) = 0 in Q 
where 
= ou 
un (t,x,y) =) wilt,x,y) 7 x) (i sm<M), 


i=1 
d= [x0 = lY*| 
Y 


is the volume fraction of material, and D* (t, x) is a matrix defined by 
(D7 )ii(t. x) = if Dmn(t, x, y)(Vywilt, xy) + ei) « (Vywj(t,x, y) + &) dy 
y* 


with é; being the i-th unit vector in RY, and (w;)\<i<w the family of solutions of the 
cell problem 


—divy(Dn(t, x, y)Vywilt, x,y) +é]) =0 in Y* 
Dm(t,x, y)[Vywilt, x,y) + @] -n = 0 onT (13) 
y—>wi((t,x,y) Y— periodic 


2 The Problem at €-Scale: Existence and Regularity 


The system (3)-(5) admits a local positive classical solution. Indeed, by Amann [4] 
and the usual parabolic comparison principle, we have: 


Theorem 2.1 Suppose (H.1)-(H.5) hold. If « > 0, then the system (3)—(5) admits a 
unique maximal classical solution uf = (u},..., Uj), that is defined in a relatively 
open interval J C [0, T] such that 0 € J. More precisely, 


uo € OF x Qe) AC \ {0}) x Qe) ACP \ {0}) x Q.). 
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Moreover 
u;(t,x) > 0 for (t,x) € J \ {0}) x Qj =1,...,M. 
We are now faced with several questions that will turn out to be deeply 


interconnected. In particular, we want to show that 


¢ for fixed € > 0, the local solution u‘ is in fact a global solution on [0, T]; 
* u* satisfies sharp regularity estimates, i.e. u; € clt4/2.2+¢ (9 T) x Q) forj = 
1,...,M. 


Moreover, in order to establish our homogenization results, we have to prove 


* a priori estimates for the sequences (Uj Je>0; (Vis Je>0s (0;U; exo in L?((0, T] x 
Q2.), that are independent of e. 


The first and crucial step will consist of proving that the u$ are equibounded 
in L((0, 7] x Q.) for j = 1,...,M. The uniform boundedness of u{ (t,x) in 
L™((0, T] x Q.) is provided by the following statement: 


Theorem 2.2 Take 0 < Tmax < supJ and let u be a classical solution of (3). Then, 


[ei Il .20(0,Tinax 3h °° (Qe)) <|Ui| + ¢ | ¥ lle2 0,738)» (14) 


where c is independent of €. 


Proof Since 


Out ~, 


div(Dy(t, x, =) Vault) — <4 > 


by the classical maximum principle the following estimate holds: 
SL (Q_)) = |U1| =F Iu I22°(0,Tinax3L°2(Pe))« (15) 


le lh ec000, 


Tmax 


Thus, (14) will follow once we prove that 
IL II 00 (0, Tmax 3h (Fe)) S¢ |W llz©0,TmaxsB) (16) 
Let now k > 0 be fixed. Define: ud (t) := (uf ()—k)+ fort > 0, with derivatives: 


au ~— dus 
peal oe 
ot a ee 


(17) 


Vu) = Vyui Lesa: (18) 
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Moreover, 


u |ao= (uf lag —k)+ 


uw [p= (uf Ir. —K4 


Let us assume k > k, where k := ||Wl]220(0.Fga,:8). Then, by (8), 
uy (0,x) = U, < k< k. 


For t € [0, 7] with T; < Tax, we get 


1 Geta... f | t (k 

5 [ werorar= [F]5 [ mcoras| as 
_ : du (s) ® 
=| ds [, a ur? (s) dx. 


Taking into account (3), (17) and (18), we obtain that for all s € [0, 7] 


(k) dus 
| a“) u(s) dx = [ an) u®(s) dx 


M 
= | ain Dix, =) Vyuy) — uy Yaa u(s) dx 


€ j=l 


= -f us (s) ae u(s) dx + € a v(s.x *) u(s) doe(x) 


€ j= 1 


_ i (Dv. x, ~) Vu (s), Vin® 0) dx 
€ 


€ 


By the assumption (H.3) and Lemma 7.1 in [9], one has 


(k) 
i, due"(s) u(s) dx < € | v(s, Xx, *) u(s) doe(x) 
. os - 7 


2 
—i | [Vu (s)|? dx < a v(s *) 
Q. 2 J Bis) € 


do, (x) 
4 os l (spar (a- SE) |V.. u(s)|? dx 
ae (s) 


(19) 
(20) 


(21) 


(22) 


(23) 


(24) 
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where we denote by A/(t) and By(t) the set of points in Q, and on I¢, respectively, 
at which ui (t,x) > k. It holds: 


IAL (1)| < |Qe| 
|B.(t)| < [Tel 


with | - | being the Hausdorff measure. 
Plugging (24) into (22) and varying over ¢, we arrive at the estimate: 


1 C 2, T| 
si E . wi cnP dx] + (2 us ) [af ora 
a 0 


O<t<T| Qe 


C Ti T| 
Zee a | |u (t)|2 dx + al a | v(t *) 
2 Jo (0) 2 Jo <0) € 


Introducing the following norm 


2 
do (x) 


Tmax 
Ile =, spf wor ase [arf [vunPax 26) 


<tSTmax Y Qe 


the inequality (25) can be rewritten as follows 


. 2 oe ie 
wilh (0-92)} atta s a f ator 
0 Aj(t) 


e f™ x 
+5 / ar | v(nx*) 
2 Jo BE(t) € 


We estimate the right-hand side of (27). From Hélder’s inequality we obtain 


2 
do-(x) 


T| 
(42 (k) 2 : ; 
[ . ln Ide Ol ae & lus li 0.113271 (2) Lag lee o2y2% (0) ®) 


with r, = word - esc = 271.4 = 2q1, where, for N > 2,7; € (2,00) 


and q, € (2, wey) have been chosen such that 


N N 
T\ 2 Ch 4 


In particular, r',, q, < 00, so that (28) yields 


T\ / 
k k Iq, t/t 
[ af MPO? dx < [HP Mins orem ao) 1214 7". (29) 
0 At (t) 
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If we choose 


min 4 A-s 
ae a A} |Q\7 1/4, < 2 C 2 [Qy-/a, 
1 


then from Eq. (117) in [9], it follows that 


Ci q 1. 2 
Sf af whoras< 5 min}. (A-SE)l Ben. 20 
k 


Analogously, from Holder’s inequality we have, for k > k 


Ti 2 
al a | (os *) 
2 0 « (1) € 


eR (Ke 
do.(x) < ~(5) Illa lor, 210ro) 


2 \k 

(31) 
ek T| 3 
<> fo aii. 
0 
Thus (27) yields 
Tt 
WOR, ay sere [ dt |BE(0)). (32) 
0 


Now, as in [9, Theorem 5.2], relying on arguments that go back to [11, 16], it 
follows from (32) that 


!u5 Ize. 3200(r.)) S 2pk 


where the positive constant jz is independent of ¢. Analogous arguments are valid 
for the cylinder [7,, 7541] x Qe, s = 1,2,...,p— 1 with 


[re = r| as met |Q2|~ Vai 


and T, = Tmax. Thus, after a finite number of steps, we get the estimate (16), 
completing the proof of Theorem 2.2. B| 


Following the inductive argument presented in [18, Lemma 2.2], we obtain 
eventually the global L© estimate for local classical solutions of (4) and (5). 


Theorem 2.3 Let Uj (t,x) (1 <j < M) be aclassical solution of (3)—(5). Then there 
exists K > 0 such that 


ll4§ 22° 0.Tmaxsk-(22)) < K me 


uniformly with respect to €. 


Homogenization of Variable Coefficient Smoluchowski System 59 


A first consequence of the estimates (14) and (33) is that, for any fixed € > 0, 
J = [0, 7) and uf satisfies sharp Holder estimates (see also [10]). 


Theorem 2.4 Let e€ > 0 be fixed. Then 


i) Tmax = T, i.e. J = [0,T); 
ii) there exists a € (0,1), a depending only on N,A, A*, and €, such that uf € 
Cree (10, T] x Q.,R”) and 


|| «‘ Il c1+0/2.2-+0(10,7]xo My Co = CoV 1, ||P llzeo 758), K,€, &). (34) 


Proof First of all, we notice that, if we prove (34) in J, then, in particular, if N < 
Dp < &, we have 


|| u“ Ilz-7,W27(Q.)M) < Ow. 


Thus i) follows by Amann [4, p. 154]. 
Let us prove ii). To avoid cumbersome notations, let us set 


M 
—ut Yo ai jus if m=1 
i=l 
Fin (t,x, us) = = (35) 
= us, Yo amjui +f, if 2<m<M 
j=l 
gs if m=M 


and F := (Fi, aoe , Fy). 

We can use a modified version for the parabolic Neumann-Cauchy problem of 
the classical Hélder estimates for the corresponding Dirichlet-Cauchy problem, as 
one can find, for instance, in [13, Theorem 6.44]. If D[r] is an arbitrary parabolic 
cylinder 


D[r] = {(x,1) + Ix—x0l <r, |t— to] < 7}. (Q x (0,7), 


we obtain 


OSCpP|U, < cr sup |u;,| + ue |Fin(t, x, U 1] (36) 
(0,7]xQ 


for any m = 1,...,M and0 <r < 1, where C depends on Q, T, A and A. Thus, by 
Theorem 2.3, 


|ui, (t,x) — ui,(t, €)| 
[20° lI ca/2.0(Q0,7]x2..RM) sup oN aaa tk 
ET ; ax(céelorxa |x— €|% + |t— t|2/? 
(37) 


<c| sup |u*|+ pe lex] + K< CO + 82) 
[0.7]xQ 0.7" 
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We write now Eqs. (3)-(5) in non-divergence form, and then we apply classic 
Holder estimates as in [11, Theorem 5.2] and [13, Theorem 5.18]. Eventually, 
keeping in mind (37), (34) follows. This achieves the proof of the theorem. oO 


We stress that all the constants involved in these H6lder estimates depend also 
on the space derivatives of the diffusion coefficients. Since in (3)—-(5) the diffusion 
coefficients have the form dj. (t,x, x/e), then our Hélder estimates turn out to depend 


one. 


3 Homogenization 


In order to prove that the solutions u“ of our Neumann-Cauchy problem at the scale 
€ converge to a solution of the homogenized problem described in Theorem 1.2, 
we need a priori L?-estimates of the derivatives of u‘, that are independent of 
€ > 0. Unfortunately, the bounds in (34) are not uniform in €, and therefore the 
compactness Theorem 1.1 does not apply 

To overcome this difficulty, in the sequel we shall prove weaker estimates, that 
nevertheless are uniform in €. 


Theorem 3.1 The sequence (V,u‘)eso (1 < m < M) is bounded in L”({0, T] x Q.), 


uniformly in €. 


€ 
m 


Proof Case m = 1: let us multiply the first equation in (3) by the function u(t, x). 
Integrating, by divergence theorem and assumption (H.3), one has 


1 0, : 
5 fh qvitacta [vias 


<e | v(«a *) uS(t,x) doe(x) 


Let us now estimate the term on the right-hand side of (38). It follows from Lemma 
7.4 in [9] that 


(38) 


¢ | lW(tx, 2) docx) < CWO? (39) 
IT. € 


where C> is a positive constant independent of € and B = C![Q; C,(Y)]. Hence, by 
Holder’s and Young’s inequalities and Lemma 7.1 in [9], we deduce 


F) 
J giPart@a-ecy | |Vi.u§ |? dx 
a, ot o 
(40) 
<C) Wwok+o lus? de 
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Integrating over [0,¢] with t € [0,7], and taking into account that the sequence 
(us eso is bounded in L™ (0, T; L°(Q.)), we get 


(22 = e C,) || Views lvorateess = G3; (41) 


where C and C;3 are positive constants independent of e. 
Thus the boundedness of V,u‘(t, x) follows, provided that € is close to zero. 
The proof for the case 1 < m < M is achieved by applying exactly the same 
arguments considered when m = 1. Oo 


Theorem 3.2 The sequence (0;uS,)e>o (1 < m < M) is bounded in L?({0, T] x Q.), 
uniformly in €. 


Proof Case m = 1: let us multiply the first equation in (3) by the function 0,u§ (t,x). 
Integrating, the divergence theorem yields 


I 
1 

— >| (a0 VU}. vata [ 
2 Ja, Q 


du} (t,x) 
ot 


4 1 7) x ; ; 
dx + 5 . a Di(t, x, ~) Vali Vxuy ) dx 


M 


ous 
(oa us “) a (42) 


€ j=l 


From Hélder’s and Young’s inequalities, exploiting the boundedness of u; (t,x) (1 < 


1< M)inL™(0, T; L*®(Q,)), one has 
i a x 
a dx + a ‘a (ve x: a) ai Vas) 


I (43) 


0 € 
-f (a0 a ci +26 [ v(x, *) Sp does) 
€ 


€ € 


du} (t, x) 


where C; is a positive constant independent of €. Integrating over [0, ¢] with t € 
[0, T] and keeping in mind assumption (H.3), we obtain 


t 
hel 
0 Q. 


t 
+A f as | Majd + 2 | vas *) uS(t, x) doe(x) (44) 
0 Qe I; € 


-26 fas [ au (s *) uj (s, x) do, (x) 
0 r: Os € 


é. 
dus 


os 


2 
dx +2 / | Vis (t, x)|° dx <C,T 
Qe 
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since y| t = 0,x, z) = 0. Now we estimate the last two terms on the right-hand 


side of (44). 
From Holder’s and Young’s inequalities, taking into account (39) and Lemma 7.1 
in [9], one has 


2€ | v( Xx, *) us (t,x) doe(x) < C2 + C3 |V.u§ |? dx (45) 
Z € Qe 


where C) is a positive constant independent of € since y € L™(0,7; B) and uf is 
bounded in L™® (0, T; L*°(Q,)). Analogously, we get the following inequality 


26 [ia [ Fu (s.x2) w(o.2 dove) 


t t 
P - (46) 
<C4T+ C5 [ ds\\u'(s)|lr(,) +€Cs [ ds\|Viut (S)li2(0,) 
<Co6 


where Cs > 0 is a constant independent of €, since (u{)<so is bounded in 
L™ (0, T; L®(Q-)), (Veu§ eso is bounded in L?(0, T; L?(Q.)) and 


a a(n *) 


with C and C4 independent of €. Combining the estimates (45) and (46) with (44) 


we obtain 
t 
he f 
0 € 


For a sequence € of positive numbers going to zero: (A — €7C3) > 0. Then, the 
second term on the left-hand side of (47) is nonnegative, and one has 


2 
do(x) < C||AWOllg < Cs 


dus 
os 


2 
dx + (A — ec, | |V.uS|? dx < Cy (47) 
Qe 


|| O,u} Ii2@.7s2(@.) =¢ (48) 


where C > 0 is a constant independent of €. 
The proof for the case 1 < m < M is achieved by applying exactly the same 
arguments considered when m = 1. 
oO 


Proof of Theorem 1.2 In view of Theorems 2.2, 2.3 and 3.1, the sequences (uE eso 
and (V,uj,)eso (1 < m < M) are bounded in L’((0, T] x Q), and by application 
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of Theorems 7.1 and 7.3 in [9], they two-scale converge, up to a subsequence, to: 
[1(Y) Um(t, x)] and [y(y)(Vetim(t, x) +Vyu}, (t,x, y))] (i < m < M). Similarly, in view 


of Theorem 3.2, it is possible to prove that the sequence (3) (d<m<M) 
e>0 


Um 


two-scale converges to: ES Bi, | (d<m<M). 


We can now find the homogenized equations satisfied by u(t,x) and u} (t,x, y) 
(l<m< WM). 
Case m = 1: let us multiply the first equation of (3) by the test function 


er Corer (1 *) 


where ¢ € C!([0,7] x Q) and ¢, € C'((0,7] x Q;C(¥)). Integrating, the 
divergence theorem yields 


Yi au’ Tr: 
[ [ FeexDaacs | - (Dice. *)¥.ui, V6.) ards 
0 JQ, ot € 0 JQ. € 
T M T 7 
+f | ui Yrayju dedtax =e | | (1.8%) oe drdoe(s) 
0 , 0 
€ j=l € 


Passing to the two-scale limit we get 


7 is M2) O03) dt dx dy 


dh 
1 
+f Lf. Dy (t,x, y)[Veur (t,x) + Vyui (t,x, y)] 


[Vib (t,x) + Vybi(t,x, y)] dt dx dy 


T M 
+f I] wi(t,x) D> ay uj(t,x) @(t.x) dt dx dy 
0 JaJy* = 


(49) 


T 
= [ a [ W(t, x, y) @(t, x) dt dx da(y) (50) 


where assumption (H.1) has been taken into account. The last term on the left- 
hand side of (50) has been obtained by using Theorem 1.8 in [2], while the term 
on the right-hand side has been attained by application of Theorem 2.1 in [3]. An 
integration by parts shows that (50) is a variational formulation associated to the 
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following homogenized system: 
—divy[D,(t, x, y)(Viui (t,x) + Vyuy (t,x, y))] = 0 in [0,7])xQxY* (51) 
[D\ (t,x, y)(Vrui (t,x) +Vyuj (t,x, y))]-n = 0 on [0,7]xQxT (52) 


0 wh x) — ain | Dy (t,x, y) (Vat (t,x) + Vuh (ay) 
y* 


M (53) 
+ Ouy(t,x) ¥ > arjuj(t,x) — | w(t,x,y)do(y)=0 in [0,7] xQ 
T 


j=l 


| f Dy (t,x, y)(Veur(t, x) + Vyuy (t,x, y)) “| n=0 on [0,7]xdQ (54) 
y* 
where 
a= | xoydy= 1" 
y 
is the volume fraction of material. To conclude, by continuity, we have that 
u,(0,x) = U, in Q. 


The function uy (t,x, y), satisfying (51) and (52), can be expressed as follows 


N 


a 
ul(t.x.y) = D> wilt.x.y) inh x) (55) 


i=l 
where (w;)1<i<y is the family of solutions of the cell problem 
—divy(Dy (t,x, y) [Vywi(t, x, y) + éi]) = 0 in Y* 


D, (t,x, y)[Vywi(t, x,y) + @] -n = 0 on I (56) 
y > wi(t,x,y) Y — periodic 


By using the relation (55) in Eqs. (53) and (54), we get 
Ou, . es ss 
0 cae x) — divy| Dj Vyui (t,x) | + 6 ui (t,x) ay uj(t, x) 
a (57) 
-{ w(t,x,y)do(y)=0 in [0,7] x Q 
r 


[D* Vu; (t,x)]-n =0 on [0, T] x 9Q (58) 
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where the entries of the matrix Dj are given by 


(Dy y(t, x) = j Di (t,x, y)[Vywi(t, x.y) + ei] - [Vywi(t, x, y) + ej] dy. 
y* 


The proof for the case 1 < m < M is achieved by applying exactly the same 
arguments considered when m = 1. Oo 


4 A Mathematical Model in Medicine 


Recently, the Smoluchowski equation with diffusion has been introduced for the 
study of a mathematical model in medicine [1, 5, 9, 14]: the diffusion and the aggre- 
gation of the 6-amyloid in the cerebral tissue of patients affected by Alzheimer’s 
Disease (AD). The § amyloid (shortly, Af) is a peptide with different isoforms that 
is naturally produced by neurons. Nowadays, the microscopic description of the AD 
relies on the so-called amyloid cascade hypothesis, that is largely accepted: roughly 
speaking, the Af-peptide is produced normally by the intramembranous proteolysis 
of APP (amyloid precursor protein) throughout life, but a change in the metabolism 
(due to unknown reasons, partially genetic) may increase the total production 
of the monomeric isoform Af4, that is highly toxic for neurons. Thus, high 
concentrations of Af42 lead to neuronal death, synaptic degeneration and eventually 
to dementia. Successively, AB42 oligomers are subject to agglomeration (leading 
ultimately to the formation of long, insoluble amyloid fibrils, which accumulate 
in microscopic deposits known as senile plaques) and to diffusion through the 
microscopic tortuosities of the brain tissue. 

Mathematically, this process can be modeled at a microscopic level through 
the system (3)-(5). More precisely, we define the periodically perforated domain 
Q,., obtained by removing from the fixed domain Q (the cerebral tissue) infinitely 
many small holes of size € (the neurons), which support a non-homogeneous 
Neumann boundary condition describing the production of Af4 by the neuron 
membranes. Then, we prove that, when € — 0, the solution of this micro-model 
two-scale converges to the solution of a macro-model asymptotically consistent 
with the original one. Indeed, the information given on the microscale by the 
non-homogeneous Neumann boundary condition is transferred into a source term 
appearing in the limiting (homogenized) equations. Furthermore, on the macroscale, 
the geometric structure of the perforated domain induces a correction in the 
diffusion matrix of the limit problem. 

A similar approach to the transition from the microscopic model to the macro- 
scopic one has been carried out starting from constant diffusion coefficients in [9]. 
Here, we have considered the case of diffusion matrices depending on time, on the 
macroscopic variable x € Q and, most of all, on the microscopic variable y € Y. 
Indeed, aging (as well as the AD itself) yields an atrophy of the cerebral tissue, 
that induces changes in the diffusion rate of the amyloid fibrils. Analogously, this 
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rate may vary for different regions of the brain. Finally, the dependence on the 
microscopic variable makes possible to include in the model the specific features of 
the diffusion. Indeed, the Af42-polymers do not diffuse freely in an uniform fluid: 
the cerebral tissue consists of large non-neuronal support cells (the macroglia) and 
the AB polymers move within the cerebrospinal fluid along the interstices between 
these cells. 
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Form-Invariance of Maxwell Equations 
in Integral Form 


Cristian E. Gutiérrez 


To Richard Wheeden on the occasion of his retirement 


Abstract We find transformation formulas for weak solutions to Maxwell’s equa- 
tions in integral form by general changes of coordinates obtaining that the equations 
are also “form invariant” as in the standard case. Solutions are defined using test 
functions. 


1 Introduction 


In this note we consider weak solutions to Maxwell equations and show their 
invariance under changes of coordinates. These changes are assumed to be locally 
Lipschitz functions and therefore they might be not differentiable in a set of 
Lebesgue measure zero. In this formulation, the fields E and H and the permittivity 
€(x) and the permeability jz(x) might be discontinuous and only need to satisfy 
Lebesgue integrability conditions. From the invariance, we recover the remarkable 
fact, that standard Maxwell’s equations preserve their form under smooth coordinate 
transformations, see [9] and [7, Chap. 5].! 
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2 Maxwell Equations 


These are the equations (see for example, [5, Chap I, p. 35]) 


V = ((XJE@,1)) = p(x), (1) 

V - (w(x), 1)) = 0, (2) 

7xHGd< 0) E(x 1) + Int), 3) 

VxXEG) = =) Se N, (4) 

valid for (x,f) in a bounded domain Q C R*, x = (x1,29,%3), where we 


initially assume the tensors €(x) and jz(x), and the fields E and H are continuously 
differentiable in Q; the divergence operator V = (0x,, 0x), 0x3). 

Following [5, Sect.2, Chap. VI], we will first rewrite these equations in a form 
that the fields E and H, and the permittivity coefficient e(x) and the permeability 
coefficient jz(x), only need to satisfy Lebesgue integrability conditions and therefore 
might not be differentiable and might be discontinuous. 

2.1 Maxwell Equations in Integral Form 
Multiplying (1) by @ € C}(Q) ? and integrating we get 
[ (x, t) V - (E(x) E(x, 1) dxdt = | p(x, t) (x, t) dxdt. 
Q Q 


We set €(x)E(x, t) = (F(x, t), Fo(x, 1), F3(x, £)) and we write 


[96.09 -(eEG.0) axat = | | b(x, t) V- (Fi (x, t), Fo(x, t), F3(x, 1) dxdt 
Q tJQ, 
>. aF; 
=[f 99 2 ae 


57 eR) di woe | 
-[f (oe x, ) 25 a) dxdt 


cl (Q) denotes as usual the class of functions having continuous derivatives of first order in Q 
with compact support contained in Q. 
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a I( oF - vdots)) a f Vo (x, t) - F(x, t) dxdt 
t dQ; Q 


= -{ Vox, t) - F(x, t) dxdt, 
Q 


from the divergence theorem; Q; = {x : (x,f) € Q}. Therefore, we obtain the 
equation 


/ Vo(x,t)- (€E()EQG, 1)) dxdt + | p(x, t) d(x, t) dxdt = 0, (5) 
Q Q 


valid for all @ € Cc (Q2). Notice that to write (5) we only need that €(x)E(x, f) and 
p(x, f) are locally integrable functions in Q in the Lebesgue sense; in particular, they 
might be discontinuous. In other words, the field E is a generalized solution to the 
Eq. (1) in Q if €(x)EQ, t) and p(x, t) are locally integrable functions in Q in the 
Lebesgue sense, and (5) holds for all ¢ € Cj(Q). 

Treating (2) in the same way yields 


| Vo (x, t) - (U(x)HQ, t)) dxdt = 0, (6) 
Q 


valid for all @ € Cj(Q). 
Next, multiplying (3) by ¢ € Cj(Q) and integrating yields 


[ (00. t) V x H(x, 1) — (x, 2) 0) E(x t) — d(x, 1) JG, 0) dxdt = 0. 
Q 


Applying the divergence theorem we obtain that 


0H, 0H» 


[ (x, t) V x HQ, t) dxdt =i : (x, t) (= - —) dxdt 
Q Q Oxo 0x3 


—j | (x, t) (=-=) dxdt 
Q 3 


oH, dH, 
+k i. ox, t) (= - =) dxdt 
Q 2 


= -i i (she. t)H (x, t) — we t)Ho (x, 0) dxdt 


+j i, (seo t)Hs (x, t) — oe, Hy (x, ) dxdt 
Q 0x1 0x3 
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a a 
—k [ (see t)Hp (x, t) — ae tH (x, 0) dxdt 
= -{ Vo(x, t) x H(x, t) dxdt. 
Q 


Also 


d (p(x, 1) €(@)E) 


7 (x, t) dxdt 


- (x, t) cw) EO t) dxdt = i}. 
- / €(x) E(x, 2) oO. t) dxdt 

Q ot 
=— [ €(x) Ea, f) LL t) dxdt. 

Q ot 


Therefore we can write (3) in integral form as 


| (vou, t) x H(x, t) — €(x) E(2, f) sate th+ d(x, H J(x, 0) dxdt=0, (7) 
Q 


for all ¢ € C}(Q). Once again, to write this equation we only need the fields H, 
€(x)E and J be locally integrable over Q in the Lebesgue sense. 
Finally, to write (4) in integral form multiplying by ¢ and integrating yields 


| (0. thV x EG@, 1) + 6,0) 10). 0) dxdt = 0, 
Q 


for each ¢ € Cj(Q), and proceeding as before we obtain 


| (vo, t) x E(x, t) + w(x) HG, 1) fo, 0) dxdt = 0, (8) 
Q 


forall @ € Ch(Q). 

We say that the fields E and H satisfy Maxwell’s equations in integral form if the 
set of Eqs. (5)-(8) are satisfied for all test functions @ € C)(Q). 3 

We remark that in case E, H, € and y are all differentiable, and E and H satisfy 
Maxwell equations in integral form hold, then the integration procedure described 
above can be clearly reversed and therefore E and H satisfy Maxwell equations (1)— 
(4) in the standard sense. 


3The term integral form of Maxwell equations is used sometimes to write the equations in terms 
of surface integrals, see for example [8, Chap. 1, §4], [5, Chap. 1, Sect. 3] and [3, Sect. 5.2]. This 
requires to restrict the fields and coefficients to surfaces which does not make sense in general 
when they are only Lebesgue integrable, in particular, when they are discontinuous. 
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3 Changes of Coordinates 


We consider transformations 
T:Q* 59 


given by T(x,1) = (qQ),0 = (qi@), 2), 3); x = (1, 42,43); 2, Q* are 
bounded domains in R*. We assume that 


(a) T is bijective; 
(b) T is locally Lipschitz in Q*; 
(c) T7!: Q + Q*, the inverse of T is locally Lipschitz in Q. 


Therefore, the components q;(x), i = 1,2,3 are locally Lipschitz continuous and 
by a theorem of Rademacher, [2, Theorem 2, p. 81], g; are differentiable except 
possibly on a set of Lebesgue measure zero. Clearly under these circumstances the 
functions g; are continuous but they are allowed to have kinks. 

If we let w(x,t) = $(q(x),1) with @ € C)(Q), then w is differentiable almost 
everywhere in Q* and 


av. pT ap dq 
Reds 2 5 1-0 5, @ 


for i = 1,2,3 and for almost every z € (2*. Therefore the matrix 


0q1 9q2 9q3 


0z1 al Oz 

_ | 0q1 9q2 993 
JQ =| 
0Z2 0z2 0z2 

dq1 q2 0q3 


0z3 023 0z3 


is well defined for almost every z € (Q2*, and we have 
Vw(z,t) = J(z) Vo(q@2).0), 


for a..z € Q*. 
We recall the following two results (Q, Q* are bounded domains in R*): 
(i) iff : Q* > Q and g: Q* > Q are locally Lipschitz maps with f(g(x)) = x 
and g(f(x)) = x, then 


Dg(f(x))Df (x) = Id (3 x 3 identity matrix) (9) 


74 C.E. Gutiérrez 


for almost every x € Q*, where D denotes the Jacobian matrix 


afi fi fi 
Ox, Ox. Ox3 
pf =| 2 eo 


x1 x2 0x3 
afs Ofs Of 


Ox] Ox x3 


see [2, Corollary 1, p. 84]. 
Gi) if f : Q* + Q is a locally Lipschitz map and u is a Lebesgue integrable 
function in Q, then 


| u(f(2)) | det Df()| dx = | u(y) Nyy, @*) dy 
Q* f(Q*) 


where N;(y, 2*) = #{f—!(y)NQ*},* see [2, Theorem 2, p. 99] or [4, Appendix]. 


4 Invariance Properties of (5)-(8) 


4.1 Invariance of (5) and (6) by Changes of Coordinates 


With the results (i) and (11) from Sect. 3 in hand we change variables in the Eq. (5), 
and let x = q(z). Since T is bijective and locally Lipschitz, we have Nr(y, Q*) = 1 
and then 


[,, #0a@.)- (€q@)E4@).0) |detDq(2)| ded (10) 
+ | pla@.0 (4.1) |derDq(| deat = 0. 


Notice that J(z) = [(Dq)(z)]' and so Vw(z,t) = [(Dq)(2)]' Vo(q(z), 1)” On the 
other hand, from (i) above, (Dq~!)(q(z))Dgq(z) = Id for a.e. z and so [Dq(z)]7! = 
(Dq—')(q(2)), and det Dq(z) = dae DGe)’ Therefore 


V$(q(2),t) = Da@l' Vv = [Da a@@)] Vv, (11) 


4#E denotes the number of elements in the set E if it is finite; and #E = ++oo when E has an 
infinite number of elements. 
5A? denotes the transpose of the matrix A. 
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for a.e. z € Q*. Hence the first integral in (10) equals 
[ ; [(Da')\(q@)]' Vw.) - (€(4(2))E(q(2), 1) | det Dq(z)| dzdt 
= [ VvG0- [ (Da ')(q(2))] (€(@(@))E(q(@), 1) | det Dg(z)| dzdt 
= [ Wen [orrae)] 
(e(q(2)) [Da )(a@)] [Wa @@)] ‘EQ. 1) | det Dg(z)| dzdt. 


If we set 


[Wa] €(”) [Da] 


! _ -] -t 
[| det(Dg—)(x)| E'(x,1) = [(Dq')(@)] E(x.) 


é(x) = 


and 


p(x, t) 


PO) = eeDeDOO 


then (10) can be written as 


L Vv )-(e(G@)E(q).0) dedt+ a _P'(q@).) We.) dedt =0, (12) 


showing the invariance of the notion of generalized solution given by Eq. (5). 
Similarly, we obtain that 


[90.0 (Wa) H'aG).2)) deat = 0. (13) 
with 


[Dg] HOD) [Dg] 


| det(Dg—")(x)| and H'(x, t) = [Deo] H(x, t). 


L(x) = 


4.2 Invariance of (7) and (8) by Changes of Coordinates 


Assuming the change of variables q(x) satisfies the conditions of Sect.3, with 
similar calculations we see that the new term to analyze is V(q(z), t) x H(q(z), 2). 
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By (11) we have 


Vo(q(z), 1) x H(q(z).) 
= [(Dg')(q)]' V0) x Hq). 1) 
= [(Og')(q)]' Vw. x [qa] [Wa a@)] “ HG@@).1) 
= det [(Dg~')(q2)] [Wa @)]* (Ve.9 x [De YG@)] “AG@).9). 
for a.e. z € Q* and where we have used the formula 
(Mu) x (Mv) = (detM) M~ (ux v), 


valid for any invertible matrix M and any vectors u,v, see [5, p. 120] for a proof. 
Hence 


[ V(x, 1) x A(x, 1) dxdt 

= | Vo(aG).0) x H(q(2).1) | det Daa) ded 

= [ : [Da )(a@)] (Vue, t) x [Wa a)“ H@@).9) det 
[(Dq~')(q(z))] | det Dq(z)| dzdt 


= [ [Ora]! (Vwe x [Ora] "Ha@.9) 


| det Dq(z)| 


dzdt. 
det Dq(z) ' 


Also 
| €(x) E(x, t) OO ee t) dxdt 
Q ot 
ag 
= [ _ (4) Ea). 1) 97 (10): t) | det Dq(z)| dzdt 


= [ : tg) F(t). “ee, t) | det Dq(z)| dzdt 
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~ i: [Or a@)] ' [(We"Va@)] <a@) [Wea] 


[oa Neat] Bg.) © (0) | det Dg(e)| deat 


= [ [or yar aa) 8 G@.9 26.0 deat 


Putting all together we get 


| det Dq(z)| 


——— dzdt 
det Dq(z) . 


[ [er aa] (Vwe.9 x (Bea) HAG.) 
es 0 
- [ for aay aay E ae). Leo dea 
+ | 6(q(), t) J(q@), t) | det Dg(z)|dzdt = 0, 
Q* 
which we can write as° 


i [or' ae] 


Vw xt) x H/(q(e), ) BAP 


det Dq(z) 
dzdt = 0, (14) 


0 
— €'(q(z)) E'(q(z). 1) ve, + J’ (q@).)wzt) 


where 


J(x, t) 


Hn) =[Dg)@] Had, Ie) = [det(Dq-H | 


Finally, to show the invariance of (8) we proceed in the same manner to obtain 


[ forvaer' (15) 


| det Dq(z)| v 


0 
Pvc) x BG. Se! + nO) HG). FG} ded = 0. 


| det Dq(z)| _ 
det Dq(z) 


Notice that if the change of variables preserves orientation, then the coefficient 
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4.3 Conclusion 


We show form-invariance conditions for Maxwell equations in integral form; 
they are conditions (12)-(15). The changes of variables are allowed to be non 
differentiable except on a set of Lebesgue measure zero. This is important in the 
applications for media having discontinuous refractive indices and so discontinuous 
fields. As a consequence of these invariance conditions, the result from [9] follows. 
Indeed, if E, H, € and wy are differentiable, and the change of variables x = q(x) is 
smooth and preserves orientation, then it follows from the remark made at the end 
of Sect. 2.1, that the form of Maxwell equations is preserved now with the fields FE’, 
H’, the coefficients ¢’, yz’, and p’ and J’ all defined above. 
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Chern-Moser-Weyl Tensor and Embeddings 
into Hyperquadrics 


Xiaojun Huang and Ming Xiao 


Dedicated to our friend Dick Wheeden 


1 Introduction 


A central problem in Mathematics is the classification problem. Given a set of 
objects and an equivalence relation, loosely speaking, the problem asks how to 
find an accessible way to tell whether two objects are in the same equivalence 
class. A general approach to this problem is to find a complete set of (geometric, 
analytic or algebraic) invariants. In the subject of Several Complex Variables 
and Complex Geometry, a fundamental problem is to classify complex manifolds 
or more generally, normal complex spaces under the action of biholomorphic 
transformations. When the normal complex spaces are open and have strongly 
pseudo-convex boundary, by the Fefferman-Bochner theorem, one needs only to 
classify the corresponding boundary strongly pseudoconvex CR manifolds under 
the application of CR diffeomorphisms. The celebrated Chern-Moser theory is a 
theory which gives two different constructions of a complete set of invariants for 
such a classification problem. Among various aspects of the Chern-Moser theory 
(especially the geometric aspect of the theory), the Chern-Moser-Wey] tensor plays 
a key role. However, this trace-free tensor is defined in a very complicated manner. 
This makes it hard to apply in the applications. The majority of first several sections 
in this article surveys some work done in papers of Chern-Moser [3], Huang-Zhang 
[14], Huang-Zaitsev [13]. Here, we give a simple and more accessible account 
on the Chern-Moser-Wey] tensor. We also make an immediate application of the 
monotonicity property for this tensor to the study of CR embedding problem for the 
positive signature case. 
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In the last section of this paper, we present new materials. We will show that the 
family of compact strongly pseudo-convex algebraic hypersurfaces constructed in 
[15] cannot be locally holomorphically embedded into a sphere of any dimension. 
The argument is based on the rationality result established in [15] and the Segre 
geometry associated with such a family. This gives a negative answer to a long 
standing folklore conjecture concerning the embeddability of compact strongly 
pseudo-convex algebraic hypersurfaces into a sphere of sufficiently high dimension. 
For an extensive discussion on the history on the CR embeddability into spheres, we 
refer the reader to the introduction section of a recent joint paper of the first author 
with Zaistev [13]. 


2 Chern-Moser-Weyl Tensor for a Levi Non-degenerate 
Hypersurface 


In this article, we assume that the CR manifolds under consideration are already 
embedded as hypersurfaces in the complex Euclidean spaces. We first consider the 
case where the manifolds are even Levi non-degenerate. 

We use (z,w) € C” x C for the coordinates of C’t!. We always assume that 
n = 2, for otherwise the Chern-Moser-Wey] tensor is identically zero. In that setting, 
one has to consider the Cartan curvature functions instead, which we will not touch 
in this article. 

Let M be a smooth real hypersurface. We say that M is Levi non-degenerate at 
p € Mwith signature ¢ < n/2 if there is a local holomorphic change of coordinates, 
that maps p to the origin, such that in the new coordinates, M is defined near 0 by 
an equation of the form: 


r=v—|zl¢ + oz? + |zul) = 0 (1) 


Here, we write u = Xw,v = wand < a,b >= = 2 ajbj + 
ae ajbj, |z|? =< z,Z >¢ . When £ = 0, we regard rab = 0. 

Assume that M is Levi non-degenerate with the same signature ¢ at any point 
in M. For a point p € M, a real non-vanishing 1-form 6, at p € M is said to be 
appropriate contact form at p if 6, annihilates a + TM and the Levi form 
Lg, associated with 6, at p € M has ¢ negative eigenvalues and n — € positive 


eigenvalues. Here we recall the definition of the Levi-form Lg, at p as follows: We 
first extend 6, to a smooth 1-form @ near p such that @|, annihilates ia + TOM 
at any point g ~ p. For any Xy,Xg € ime we define 


Lo, (Xa, Xp) = —i < dO|p,Xq AXp >. (2) 


One can easily verify that Lp, is a well-defined Hermitian form in the tangent space 
of type (1,0) of M at p, which is independent of the choice of the extension of the 
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1-form 6. In the literature, any smooth non-vanishing 1-form @ along M is called a 
smooth contact form, if @|, annihilates TM for any q € M. If 6|, is appropriate 
at g € M, we call 6 an appropriate smooth contact 1-form along M. Write E, for the 
set of appropriate contact 1-forms at p defined above, and EF for the disjoint union 
of E,. Then two elements in E, are proportional by a positive constant for the case 
of £ < n/2; and are proportional by a non zero constant when £ = n/2. There is 
a natural smooth structure over E which makes E into a R* fiber bundle over M 
when £ < n/2, or a R*-bundle over M when £ = n/2. When M is defined near 
0 by an equation of the form as in (1), then idr is an appropriate contact form of 
M near 0. In particular, for any appropriate contact 1-form 6 at 0 € M, there is a 
constant c # 0 such that 6) = icdr|o. And c > 0 when £ < n/2. Applying further 
a holomorphic change of coordinates (z,w) — (Jlelz, cw) and the permutation 
transformation (Z1,--+ ,Z,W) — (Zn,°*: ,Z1,W) if necessary, we can simply have 
60 = idr|o. Assign the weight of z,z to be | and that of u,v,w to be 2. We say 
A(z, Z,u) = Oy;(k) if Mew) — 0 uniformly on compact sets in (z, uv) near the 
origin. We write h“(z, w) for a weighted homogeneous holomorphic polynomial 
of weighted degree k and h“ (z,Z, u) for a weighted homogeneous polynomial of 
weighted degree k. We first have the following special but crucial case of the Chern- 
Moser normalization theorem: 


Proposition 2.1 Let M Cc C’ x C be a smooth Levi non-degenerate hypersurface. 
Let 6, € E, be an appropriate real 1-form at p € M. Then there is a biholomorphic 
map F from a neighborhood of p to a neighborhood of 0 such that F(p) = 0 and 
F(M) near 0 is defined by an equation of the following normal form (up to fourth 
order): 


1 _ = 1 ee a 
r=v—(zle+ rec Z+R(z,Z,u) = v—[z\e+ a yo 5,5%etBzy%s +R(z,Z,u) = 0. 


(3) 
Here s(z,Z) = YS pHa Bey hs ae = 5. Bad a ae siya = 58565 and 
n = 
0 B 
X Spal <0 @ 
a,p=1 
where ge” = 0 for B # a, gr = 1 for Bp > Ej? = -—l1 for B < £. Also 


R(z,Z, u) = Ow) (|(z, u)|*) N o(|(z, u)|*). Moreover, we have idr|y = (F—')*6,. 


Proof of Proposition 2.1 By what we discussed above, we can assume that p = 0 
and M near p = 0 is defined by an equation of the form as in (1). We first show that 
we can get rid of all weighted third order degree terms. For this purpose, we choose 
a transformation of the form f = z +f (z, w) and g = w+ g®)(z, w). Suppose that 
F = (fi,-++ stn, &) = (Cf, 8) maps (M, p = 0) to a hypersurface near 0 defined by 
an equation of the form as in (1) but without weighted degree 3 terms in the right 
hand side. Substituting F into the new equation and comparing terms of weighted 
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degree three, we get 
I(g @) 2i< Z, f° ) >¢) | pmuebile Z2e= Ge (z, Z, u) 


where G®) is a certain given real-valued polynomial of weighted degree 3 in (z, Z, u). 
Write G)(z,Z,u) = S{a%(2wt Ve, oe (z)Z}. Choosing g® = a (z)w and 
2 = in? (z), it then does our job. 

Next, we choose a holomorphic transformation of the form f = z+f®)(z, w) and 
g=w+g(z, w) to simplify the weighted degree 4 terms in the defining equation 
of (M, p = 0). Suppose that M is originally defined by 


r=v—(zle +A (ZZ uy) + Ow(4) = 0 
and is transformed to an equation of the form: 
r=v—(e+ N(z,Z,u) + Ow(4) = 0. 


substituting the map F and collecting terms of weighted degree 4, we get the 
equation: 


3 (g® — 23 < ZF >2) lwautia, = NOGZu) -APCGZy). 

Now, we like to make N“) as simple as possible by choosing F. Write 
AY = 3{b9(2Z) + but Ow’ + Vc (ORt YL GRe"zF}. 
i=! lo|=||=2 

Let 

XM (z,w) = BO (2) +b (2w + bOw?, —215e¥ (z, w) 

= c= ib (2)zj — 2b gw, 
y38) — (FP ee sue). 


where 5; is 1 for j > € and is —1 otherwise. Then 3 (Y“ — 23 < z,X® >,) + 
AM(z,Z,u) = —8(b)|z|¢ + Viel=l6|=2 dgctch By the Fischer decomposition 
theorem [19], write in the unique way 


SOI + DD dygetP = hb Dele + AOD. 
lol=|B|=2 
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Here h?(z,Z) and h“(z,Z) are real-valued, bi-homogeneous in (z,Z) and 
Ach“ (z,Z) = 0. Here, we write Ay = — Dee a + et Se. Notice that 
h® has no harmonic terms, we can find Z“(z) such that #(< Z,Z(z) >e) = 0 
and 8(2 <z,Z") >) = hz, Z). Finally, if we define f = z+ X%(z, w) +Z™ (z)w 
and g) = w+ Y, then (f,g) maps (M,0) to a hypersurface with R(z,Z,u) = 
Owi(4) A O(|(z, u)|>). Now suppose that the terms with non-weighted degree of 
3 or 4 in R are uniquely written as ub®(z,Z) + w?3(b(z)) + BOW + cut 
with b®)(z,Z) = 8(c(z) + lel=2,/61=1 digo), Then we need to make further 
change of variables as follows to make R = 0y;(4) N o(|(z, u)|*) without changing 
NO(z,2): 


w = w+ we? (z) + wb (2) + ibOw + ic, 


i 3i 
y=yt 8 ewb™ (2)z + 5 = Wy 5" + ewig. 
|a|=2 


Now, the trace-free condition in (4) is equivalent to the following condition : 


Aes(z,Z) = 0. 
Indeed, this follows from the following fact: Let Ay = 4 pei nk 0/0, with h nk — = pK 
for any /,k. Then 
Ans°(z,2) = 4 3 3 WPS sy: (5) 
y,d6=1a,p=1 


This proves the proposition. 

We assume the notation and conclusion in Proposition 2.1. The Chern-Moser- 
Weyl tensor at p associated with the appropriate 1-form 6, is defined as the 4th 
order tensor Sg, acting over T, ie oM® ey M® he mM ST, se "'M. More precisely, 
for each X,, Y,.Z,, Wy € ee oy , we have the following aut 


Let F be the biholomorphic map sending M near p to the normal form as in 
Proposition 2.1 with F(p) = 0, and write F.(X,) = )-_, ae c= 20.705) = 
e 


re Oo xrlo = ae F,(Z) = Da ¢ wlo := Z, and F,(W,) = DLjn1 4 zlo = 


54,(Xp.¥p.Zp Wp) = >) 805 gt DB cd, which is denoted by Sg, (Xp, Y9,Z), W°). 


(6) 
Since the normalization map F is not unique, we have to verify that the tensor 
Sg, is well-defined. Namely, we need to show that it is independent of the choice of 
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the normal coordinates. We do this in the next section. For the rest of this section, 
we assume this fact and derive some basic properties for the tensor. 
: 1,0 . : = - 
For a basis {X_}"_, of Ts )M with p € M, write (So, apyi = So, (Xa, Xp,Xy,X8). 
From the definition, we then have the following symmetric properties: 


(So, apys = (So,)y fad = So) y5ap 
(Soapys = (So,) p07 


and the following trace-free condition: 


3 g" (Se, )adys = 0. (7) 
B,a=1 
Here 
Sap = Lo|,(Xa,Xp) <= —i < (dO) |p, Xa A Xp > (8) 


is the Levi form of M associated with 6, and @ is a smooth extension of 6, as a 
proper contact form of M near p. Also, (eg) is the inverse matrix of (g,g). In the 
following, we write 6 = (F~')*(@). 

To see the trace-free property in (7), we write that F,.(Xq) = YS a Te a Then 
Bug = Ls,(Xa,Xp) = —i < (d0)|p,Xu AXp >= —i < (AF*(8)|p, Xa AXp >= 
—i < (i00r|o, Fx(Xa) A Fx (Xp) >= (80) ay Here Goa} is defined as before. 
Write G = (gug),G°? = (go)ap.4 = (a),B = =A! = (bi): Then we have the 
matrix relation: G = AG°A’. Thus Go! = (A!)-1(G°)- ven from which we have 
g’? = bf (go)bY. Thus, 


a” SuayE a bP (go) BF sts dag aly a .= (so)'sSecal ay = 0. 

We should mention the above argument can also be easily adapted to show the 
biholomorphic invariance of the appropriateness. Namely, if Fis a CR diffeomor- 
phism between two Levi non-degenerate hypersurfaces M and M of signature £. For 
0, is an appropriate contact 1-form at q € M, then F* (6, ) is also an appropriate 
contact 1-form at F~'(q) € M. 

For a smooth vector field X, Y,Z, W of type (1,0) and an appropriate smooth 
contact form along M, S,(X, Y,Z, W) is also a smooth function along M. One 
easy way to see this is to use the Webster-Chern-Moser-Weyl] formula obtained in 
[21] through the curvature tensor of the Webster pseudo-Hermitian metric, whose 
constructions are done by only applying the algebraic and differentiation operations 
on the defining function of M. Another more direct way is to trace the dependence 
of the tensor on the base points under the above normalization procedure. 
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Assume that £ > 0 and define 
Ce = {ze C": |z|? = 0}. 


Then Cy is a real algebraic variety of real codimension 1 in C” with the only 
singularity at 0. For each p € M, write CTOOM = {Up € TOOM 1 < (dO)|p, Up A 
Up >= 0}. Apparently, CTOOM is independent of the choice of 6,. Let F be a CR 


diffeomorphism from M to M’. We also have F. Oe? M) = CoT p(y! . Write 


CeT" OM = [em Ce TM with the natural projection 2 to M. We say that X is 
a smooth section of CyT“M if X is a smooth vector field of type (1,0) along M 
such that X|, € CeT!"'M for each p € M. CT“ M is a kind of smooth bundle 
with each fiber isomorphic to Cy. 

C¢ is obviously a uniqueness set for holomorphic functions. The following lemma 
shows that it is also a uniqueness set for the Chern-Moser-Weyl curvature tensor. 
(For the proof, see Lemma 2.1 of [14].) 


Proposition 2.2 (Huang-Zhang [14]) (J). Suppose that H(z,z) is a real real- 
analytic function in (z,z) near 0. Assume that A;H(z,z) = 0 and H(z,Z|e, = 
0. Then H(z,z) = 0 near 0. (II). Assume the above notation and € > 0. If 
So,(X,X, X,X) = 0 for any X € GTM, then So, = 0. 


3 Transformation Law for the Chern-Moser-Weyl Tensor 


We next show that the Chern-Moser-Weyl] tensor defined in the previous section 
is well-defined by proving a transformation law. We follow the approach and 
expositions developed in Huang-Zhang [14]. 

Let M c CMH! = {(z,w) € C”" x C} be also a Levi non-degenerate real 
hypersurface near 0 of signature £ > 0 defined by an equation of the form: 


F = IW — [a7 + o(fZ|* + [za]) = O. (9) 
Let F := (fi,--..fn,0,8) :M—> M be a smooth CR diffeomorphism. Then, as in 
[12] and [1], we can write 


Z=f(z.w) = (filzw),....fa(z,w)) = AU + aw + O(|(z, w) |?) ae 
w=g 


(z,w) = oA?w + O(|(z, w)|?). 


Here U € SU(n,£). (Namely < XU, YU >:=< X,Y >, for any X,Y € C”). 
Moreover, a € C”, A > Oando = +1 witho = 1 for @ < 7 When o = 


—1, by considering F o t,,/2 instead of F, where TH (Zien 2H ZB 41s ee Say w) = 
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(ZEA 5s s09 Sas Zl +s 12h —w), we can make o = 1. Hence, we will assume in what 
follows that o = 1. 
F apt a oy 4-25 = Peet Le 
Write rp = SIt{g,,(0)}, qZw) =14+21<ZA 7G >¢ $A 4 - ila|7)w, 


(A1(@—Aaw)U! 4-7 W) 


ey Fa) 


(11) 
Then 

Fig,w) =F e)@w) := To F(z,w) = @&w) + OG ))’) (12) 
with 2{ghn(0)} = 0. 


Assume that M is also defined in the Chern-Moser normal form up to the 4th 
order: 


ee 1, = u 
r= SW [ele + F5E2 + Onell WI") = 0. (13) 
Then M! = T(M) is defined by 
1 = 
rh = Swh — [elle + ash(al, ZB) + oue(|(zt, wh)|4) = 0 (14) 


with s#(z#, 2) = A5(AztU, AU). 
One can verify that 


£ 2 N 92 


a aztaz! 


J=l SS Jel SNS 


yst (dt cl) = 0. (15) 


Therefore (14) is also in the Chern-Moser normal form up to the 4th order. Write 
Fi(z,w) = Yeo, F*(z,w). Since F* maps M into M? = T(M), we get the 
following 


SY ghHHDE, w) — ay, < fl(z, w),Z >0} 


k>2 k>2 
(16) 


es = < ft8,w) FONG W) > + Use) — 982.) + mld) 


over Sw = |z|?. Here, we write F4(z, w) = (f"(z, w), g#(z, w)). 
Collecting terms of weighted degree 3 in (16), we get 


{4 (z, w) — 21 < fFOQO(z, w),Z >c} = 0 on Sw = lz|?. 
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By Huang [12], we get 249 = 0, f80 =0. 
Collecting terms of weighted degree 4 in (16), we get 


S{g#O(z, w) — 25 < PO, w),Z >2} = (st z) —s*(z,2)). 


Similar to the argument in [12] and making use of the fact that 2t{ a (0)} = 0, 


we get the following: 


gO = =0, POG w) = 5a (ew, 
(17) 
< a (z),Z >¢ lzle =F 6st, 2) —s#(z,2)) = Flot 2) —A-25(AzU, AzU)). 


Since the right hand side of the above equation is annihilated by A, and the left 
hand side of the above equation is divisible by [zz We conclude that f#(z, w) = 0 
and 


s(z,Z) = A~75(AZU, AzU). (18) 
Write 6) = idrlo and A = idro. he F*(0)) = A269. For any X = 


Djn1 27g lo. Fe (X) = Melo. ine |o)U. Under this notation, (19) can be 
written as 


Sip Gy XXX. X) = S-(Fa(X), Fa (X), F(X), Fe). 
This immediately gives the following transformation law and thus the following 
theorem, too. 


(X.Y, Z,W) = SP(Fs(X), Fx(Y), F(Z), Fx(W)), for X, ¥,Z,W € TM. 
(19) 


Theorem 3.1 (/). The Chern-Moser-Weyl tensor defined in the previous section is 
independent of the choice of the normal coordinates and thus is a well-defined fourth 
order tensor. (2). Let F be a CR diffeomorphism between two Levi non-degenerate 
hypersurfaces M,M’ Cc C"*!. Suppose F(p) = q. Then, for any appropriate 


Sim &) 


contact I-form 0, of M at q and a vector v € cM, we have the following 
transformation formula for the corresponding Chern-Moser-Weyl tensor: 


Sg, (Fs (v1), Fa (v2), Fx (v3), Fe (v4) = Spx Gy (1, Ua, V3, Va). (20) 
Proof Let @, be an appropriate contact form of M at p, and let F), Fy be two 


normalization (up to fourth order) of M at p. Suppose that F\(M) and F2(M) are 
defined near 0 by equations r, = 0 and 7 = 0 as in (1), respectively. Write 
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® = F,0 F,! and 6} = idr, 02 = idr. We also assume that FT(6}) = 6, 
and FX(6) = 6,. Then for any Xp, Yp, Zp, Wp € TOM, we have 


Sh, (Xps ¥ps Zps Wp) = Sys (Fi) (Xp), Fin Yp)s (Fi) Zp), (Fd) 
if we define the tensor at p by applying F2. We also have 
54, (Xp. Yp, Zp, Wp) = Sip ((Fa)x (Xp), (F2)«(Yp), (F2)* (Zp), (F2)«(Wp)), 


if we define the tensor at p by applying F>. Since 65 = *(6)), and 
®,((F1)«(Xp)) = (F2)«(X,), by the transformation law obtained in (19), we 
see the proof in Part I of the theorem. The proof in Part II of the theorem also 
follows easily from the formula in (19). 


4 A Monotonicity Theorem for the Chern-Moser-Weyl 
Tensor 


We now let My C C"*! bea Levi non-degenerate hypersurface with signature £ > 0 
defined in the normal form as in (3). Let F = (fi,:-- , fy, g) be a CR-transversal CR 
embedding from My into Hy +! with N > n. Then again as in Sect. 3, a simple linear 
algebra argument [14] shows that after a holomorphic change of variables, we can 
make F into the following preliminary normal form: 


z=f(z,.w) = (fi(z,w),....fw(z,w)) = AZU + aw + O(|(z, w)|”) a 
w= 2 


(z,w) = od?w + O(|(z,w)]’). 


Here U can be extended to an N x N matrix U € SU(N, £). Moreover, a@ € 


CY, A> O0ando = +1 witho = 1 for 0 < > When o = —1, qs discussed 


before, by considering F'ot,,/2 instead of F’, where Ta (Z1,... s Rai BE bie sss 3 S05 w) = 
ZBALy ees Sn Za ees ,24,—W), we can make o = 1. Hence, we will assume that 
o=1. 


Write ro = SHB iy (O)}, qZ, Ww) = 1421 <%,A-7G op tA4*(r — ila|7)w, 


(A —A-av)U—!, A.) 


i iw) 


(22) 


Then 


F*(z,w) = (f*, 9")(z, w) = To F(z,w) = (z,0,w) + O(\(z, w)|*) (23) 
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with Rfee,(0)} = 0. Now, T(H//t') = H/t!. With the same argument as in the 
previous section, we also arrive at the following: 


I 
g® = gg = 0, fO(Zw) = 54 @w, 
(24) 
<a), 2 >¢ |Z? = POP +356, 2). 


In the above equation, if we let z be such that |z|¢ = 0, we see that s(z,Z) < 0. Now, 
if F is not CR transversal but not totally non-degenerate in the sense that F does not 
map an open subset of C” into Hy’ (see [14]), then one can apply this result on a 
dense open subset of M [2] where F is CR transversal and then take a limit as did in 
[14]. Then we have the following special case of the monotonicity theorem for the 
Chern-Moser-Wey] tensor obtained in Huang-Zhang [14]: 


Theorem 4.1 ({14]) Let My Cc C"*! be a Levi non-degenerate real hypersurface 
of signature ¢. Suppose that F is a holomorphic mapping defined in a (connected) 
open neighborhood U of M in C"*! that sends M, into Hy c CNt!. Assume that 
FU) ¢ Hy! Then when € < 4, the Chern-Moser-Weyl curvature tensor with 
respect to any appropriate contact form 0 is pseudo semi-negative in the sense that 
for any p € M, the following holds: 


So), (Ups Up Ups Vp) < 0, for vp € CeT!M. (25) 


When £ = 3, along a certain contact form 0, Sg is pseudo negative. 


5 Counter-Examples to the Embeddability Problem 
for Compact Algebraic Levi Non-degenerate 
Hypersurfaces with Positive Signature into Hyperquadrics 


In this section, we apply Theorem 4.1 to construct a compact Levi-nondegenerate 
hypersurface in a projective space, for which any piece of it can not be holomorphi- 
cally embedded into a hyperquadric of any dimension with the same signature. This 
section is based on the work in the last section of Huang-Zaitsev [13]. 

Let n, £ be two integers with 1 < ¢ < n/2. For any e, define 


n+1 


l 
ee {io enti] © Pt! : fel? (-E 1 > s"] +e (lzil*lentI*) 7 7 


j=0 j=l+1 
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Here |z|? = pan |zi|? as usual. For € = 0, M, reduces to the generalized sphere 
with signature z, which is the boundary of the generalized ball 


n+1 
Byt! = 4 {Izv znpi] € PY? : -Dbe + > bP <0 
j=e+l 


The boundary 0 Br ' is locally holomorphically sual to the hyperquadric 
Hit! c C"*! of signature ¢ defined by Szn41 = ar Ig? + et lel? 
where (z1,-** ,Zn-+1) is the coordinates of C’T!. 

For 0 < € << 1, M, is a compact smooth real-algebraic hypersurface with Levi 
form non-degenerate of the same signature £. 


Theorem 5.1 ({13]) There is an €9 > 0 such that for 0 < € < €, the following 
holds: (i) M; is a smooth real-algebraic hypersurface in P"*! with non-degenerate 
Levi form of signature € at every point. (ii) There does not exist any holomorphic 
embedding from any open piece of Mz into sli 


When 0 < € << 1, since M, is a small algebraic deformation of the generalized 
sphere, we see that M. must also be a compact real-algebraic Levi non-degenerate 
hypersurface in P"*! with signature ¢ diffeomorphic to the generalized sphere which 
is the boundary of the generalized ball By Phe pert, 


Proof of Theorem 5.1 The proof uses the following algebraicity of the first author: 


Theorem 5.2 ({11], Corollary in Sect. 2.3.5) Let M, C C” and My C CN with 
N > n = 2 be two Levi non-degenerate real-algebraic hypersurfaces. Let p © M, 
and U, be a small connected open neighborhood of p in C” and F be a holomorphic 
map from U, into C% such that F(U, M1) C M2 and F(U,) ¢ Mb. Suppose 
that M, and My) have the same signature ¢ at p and F(p), respectively. Then F is 
algebraic in the sense that each component of F satisfies a nontrivial holomorphic 
polynomial equation. 


Next, we compute the Chern-Moser-Wey] tensor of M, at the point 


= [ED +: , cei ’ & = Oforj #0,€4+ 1, & = 1, ery =1, 
and consider the coordinates 


nj 7 l—o nj 
= 1, a , =1,:--,£, — : , = 
&o § 1 J Ee+1 Hl E41 


J=Hlt lec yn. 
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Then in the (7, 0)-coordinates, Py) becomes the origin and M, is defined near the 
origin by an equation in the form: 


£ 


p=—4Ro — So |njl?+ D5 Inj? + admit —Iml*) + onl) = 0, (26) 
j=l j=lt+l 


for some a > 0. Now, let Q(7,7) = —a(|ni|* — |nn|*+) and make a standard ¢- 
harmonic decomposition [19]: 


O(n, 7) = NE? (nH) + ACP, MI NI2- (27) 


Here N?(n,n) is a (2,2)-homogeneous polynomial in (7,7) such that 
A,N@)(n, 7) = 0 with Ag as before. Now N@) is the Chern-Moser-Wey] tensor 
of M, at 0 (with respect to an obvious contact form) with N°) (7,7) = Q(n, 7) for 
anyn EC TOM, Now the value of the Chern-Moser-Wey] tension has negative 


and positive value at X; = oT + Tonle and X, = S + jelo. respectively. If 


£ > 1, then both X; and X> are in Cr ie. We see that the Chern-Moser-Weyl 
tensor can not be pseudo semi-definite near the origin in such a coordinate system. 

Next, suppose an open piece U of M, can be holomorphically and transversally 
embedded into the HY *! for N > n by F. Then by the algebraicity result in 
Theorem 5.2, F is algebraic. Since the branching points of F and the points where 
F is not defined (poles or points of indeterminacy of F) are contained in a complex- 
algebraic variety of codimension at most one, F' extends holomorphically along 
a smooth curve y starting from some point in U and ending up at some point 
p* (= 0) € M,¢ in the (7, 0)-space where the Chern-Moser-Wey] tensor of M, is not 
pseudo-semi-definite. By the uniqueness of real-analytic functions, the extension 
of F must also map an open piece of p* into HY +1. The extension is not totally 
degenerate. By Theorem 4.1, we get a contradiction. 


6 Non-embeddability of Compact Strongly Pseudo-Convex 
Real Algebraic Hypersurfaces into Spheres 


As discussed in the previous sections, spheres serve as the model of strongly 
pseudoconvex real hypersurfaces where the Chern-Moser-Wey] tensor vanishes. An 
immediate application of the invariant property for the Chern-Moser-Wey] tensor is 
that very rare strongly pseudoconvex real hypersurfaces can be biholomorphically 
mapped to a unit sphere. Motivated by various embedding theorems in geometries 
(Nash embedding, Remmert embedding theorems, etc), a natural question to pursue 
in Several Complex Variables is to determine when a real hypersurface in C” can be 
holomorphically embedded into the unit sphere S*~! = {Z € C¥ : ||Z||? = 1}. 
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By aholomorphic embedding of M Cc C” into M’ c C%, we mean a holomorphic 
embedding of an open neighborhood U of M into a neighborhood U’ of M’, sending 
M into M’. We also say M is locally holomorphically embeddable into M’ at p € M, 
if there is a neighborhood V of p and a holomorphic embedding F : V > C% 
sending MN V into M’. 

A real hypersurface holomorphically embeddable into a sphere is necessarily 
strongly pseudoconvex and real-analytic. However, due to results by Forstnerié [9] 
(See a recent work [10] for further result) and Faran [7], not every strongly pseudo- 
convex real-analytic hypersurface can be embedded into a sphere. Explicit examples 
of non-embeddable strongly pseudoconvex real-analytic hypersurfaces constructed 
much later in [23]. Despite a vast of literature devoted to the embeddability problem, 
the following question remains an open question of long standing. Here recall a 
smooth real hypersurface in an open subset U of C” is called real-algebraic, if it has 
a real-valued polynomial defining function. 


Question 6.1 Js every compact real-algebraic strongly pseudoconvex real hyper- 
surface in C" holomorphically embeddable into a sphere of sufficiently large 
dimension? 


Part of the motivation to study this embeddability problem is a well-known 
result due to Webster [22] which states that every real-algebraic Levi-nondegenerate 
hypersurface admits a transversal holomorphic embedding into a non-degenerate 
hyperquadric in sufficiently large complex space. (See also [17] for further study 
along this line.) Notice that in [13], the authors showed that there are many 
compact real-algebraic pseudoconvex real hypersurfaces with just one weakly 
pseudoconvex point satisfying the following property: Any open piece of them 
cannot be holomorphically embedded into any compact real-algebraic strongly 
pseudoconvex hypersurfaces which, in particular, includes spheres. Many other 
related results can be found in the work of Ebenfelt-Son [6], Fornaess [8], etc. 

In [15], the authors constructed the following family of compact real-algebraic 
strongly pseudoconvex real hypersurfaces: 

M- = {(z,w) € C? : €9(|z|® + cRelz|7z°) + |wl? + [z|!° + lz|?7—1 = 0}, O<e <1. 

(28) 
Here, 2 <c < ie. €9 > 0 is a sufficiently small number such that M, is smooth 
for all 0 < € < 1. An easy computation shows that for any 0 < € < 1,M,; is 
strongly pseudoconvex. M, is indeed a small algebraic deformation of the boundary 
of the famous Kohn-Nirenberg domain [16]. It is shown in [15] that for any integer 
N, there exists a small number 0 < e(N) < 1, such that for any 0 < € < e(N), 
M, cannot be locally holomorphically embedded into the unit sphere S*”—! in CY. 
More precisely, any holomorphic map sending an open piece of M, to S*’~! must 
be a constant map. We will write 


Pe = Ppe(Z,W,Z,W) = ao(Iz|* + cRelz|72°) + |wl? + |z|"° + €lz|? — 1. 
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We first fix some notations. Let M Cc C” be a real-algebraic subset defined by 
a family of real-valued polynomials {p,(Z,Z) = 0}, where Z is the coordinates of 
C”. Then the complexification M of M is the complex-algebraic subset in C” x C” 
defined by py (Z, W) = 0 for each a, (Z, W) € C” x C”. Then for p € C”, the Segre 
variety of M associated with the point p is defined by QO, := {Z € C”: (Z,p) € M}. 
The geometry of Segre varieties of a real-analytic hypersurface has been used in 
many literatures since the work of Segre [18] and Webster [20]. 

In this note, fundamentally based on our previous joint work with Li [15], we 
show that M, cannot be locally holomorphically embedded into any unit sphere. The 
other important observation we need is the fact that for some p € M-, the associated 
Segre variety Q, cuts M, along a one dimensional real analytic subvariety inside M,. 
The geometry related to intersection of the Segre variety with the boundary plays 
an important role in the study of many problems in Several Complex Variables. (We 
mention, in particular, the work of D’ Angelo-Putinar [5], Huang-Zaitsev [13]). 

This then provides a counter-example to a long standing open question— 
Question 6.1. (See [13] for more discussions on this matter). 


Theorem 6.2 There exist compact  real-algebraic strongly pseudoconvex 
real hypersurfaces in C?, diffeomorphic to the sphere, that are not locally 
holomorphically embeddable into any sphere. In particular, for sufficiently small 
positive &9,€,M, cannot be locally holomorphically embedded into any sphere. 
More precisely, a local holomorphic map sending an open piece of M, to a unit 
sphere must be a constant map. 


Write D. = {p< < 0} as the interior domain enclosed by M_. Since M, is a small 
smooth deformation of {|z|!° + |w|? = 1} for small eo and €. This implies M. is 
diffeomorphic to the unit sphere S* for sufficiently small ¢9 and €. Consequently, 
M. separates C” into two connected components D, and C? \ Dz. 


Proposition 6.3 Let pp = (0,1) € Me. Let Qp, be the Segre variety of Me 
associated to po. There exists € > 0 such that for each0 < € < © On OM: is 
a real analytic subvariety of dimension one. 


Proof of Proposition 6.3 It suffices to show that there exists gq € Q,, such that g € 
D,. Note that Q,, = {(z, w) : w = 1}. Set 


w(z, €) = €o(|z|® + cRelz|7z°) + |z|!° + el’, O< € <1. 


Note g = (Uo,1) € D. if and only if w(uo,€) < 0. Now, set @(A,€) = 
eoA8(1 — c) + Al? + €A?,0 < © < 1. First we note there exists small A’ > 0, 
such that @(A’,0) < 0. Consequently, we can find € > 0 such that for each 
0<€ <€,o(A',€) < 0. Write yp = A’e'%. It is easily to see that W(j9,€) < O if 
0 < e€ <€. This establishes Proposition 6.3. ll 


Proposition 6.4 Let M := {Z € C" : p(Z,Z) = O},n = 2, be a compact, 
connected, strongly pseudo-convex real-algebraic hypersurface. Assume that there 
exists a point p © M such that the associated Segre variety Q, of M is irreducible 
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and Q, intersects M at infinitely many points. Let F be a holomorphic rational map 
sending an open piece of M to the unit sphere S°X—' in some CN. Then F is a 
constant map. 


Proof of Proposition 6.4 Let D be the interior domain enclosed by M. From the 
assumption and a theorem of Chiappari [4], we know F is holomorphic in a 
neighborhood U of D and sends M to S?~!. Consequently, if we write S as the 
singular set of F,, then it does not intersect U. Write 0, for the Segre variety of 
SV! associated to g € C’. We first conclude by complexification that for a small 
neighborhood V of p, 


F(Qp1V) C Ofip): (29) 


Note that SM Q, is a Zariski close proper subset of Q,. Notice that Q, is connected 
as it is irreducible. We conclude by unique continuation that if p € Q, and F is 
holomorphic at p, then F(p) € QF,,). In particular, if € QO, M, then F(p) € 
Ohep) VSN! = {F(p)}. That is, F) = F(p). 

Notice by assumption that Q, 1 M is a compact set and contains infinitely many 
points. Let p be an accumulation point of Q, M M. Clearly, by what we argued 
above, F is not one-to-one in any neighborhood of p. This shows that F is constant. 
Indeed, suppose F is not a constant map. We then conclude that F is a holomorphic 
embedding near p by a standard Hopf lemma type argument (see [11], for instance) 
for both M, and S*4~! are strongly pseudo-convex. This completes the proof of 
Proposition 6.4. Hl 


Proof of Theorem 6.2 Pick po = (0,1) € M,. Notice that the associated Segre 
variety Q,, = {(z, 1) : z € C} is an irreducible complex variety in C’. Let €, €0 
be sufficiently small such that Proposition 6.3 holds. 

Now, let F be a holomorphic map defined in a small neighborhood U of some 
point g € M, that sends an open piece of M, into S2N—', N € N. It is shown in [15] 
that F is a rational map. Then it follows from Proposition 6.4 that F is a constant 
map. We have thus established Theorem 6.2. li 
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The Focusing Energy-Critical Wave Equation 


Carlos Kenig 


To Dick Wheeden with friendship and appreciation. 


Abstract We survey recent results related to soliton resolution. 


Classification: 35L15 

Since the 1970s there has been a widely held belief that “coherent structures” 
describe the long-time asymptotic behavior of general solutions to nonlinear 
hyperbolic/dispersive equations. 

This belief has come to be known as the soliton resolution conjecture. This 
is one of the grand challenges in partial differential equations. Loosely speaking, 
this conjecture says that the long-time evolution of a general solution of most 
hyperbolic/dispersive equations, asymptotically in time decouples into a sum of 
modulated solitons (traveling wave solutions) and a free radiation term (linear 
solution) which disperses to 0. 

This is a beautiful, remarkable conjecture which postulates a “simplification” of 
the very complicated dynamics into a superposition of simple “nonlinear objects,” 
namely traveling wave solutions, and radiation, a linear object. 

Until recently, the only cases in which these asymptotics had been proved was for 
integrable equations (which reduce the nonlinear problem to a collection of linear 
ones) and in perturbative regimes. 

In 2012-2013, Duyckaerts—Kenig—Merle [14, 15] broke the impasse by establish- 
ing the desired asymptotic decomposition for radial solutions of the energy critical 
wave equation in three space dimensions, first for a well-chosen sequence of times, 
and then for general times. 
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This is the equation 


oe 23 ale N 
d;u— Au ee 2u=0, (xd — x1 (NLW) 
ujimo = Uo CH’, dul =o =u EL’, 
N = 3,4,5,6... Here, / is an interval, 0 € J. 
In this problem, small data yield global solutions which “scatter,” while for large 


data, we have solutions u € C(/; H' x L?), with a maximal interval of existence 
(T_(u), T+ (u)) andu € ve (R™ x 1’) for each I’ € I. 
N—=2 


The energy norm is “critical” since for all A > 0, ua (x,t) = ATT u(x/A, t/A) is 
also a solution and ||(uo,,, “1.a) lA1x72 = Ilo. 41) Il fiy2- The equation is focusing, 
the conserved energy is 


1 N-2 Bi 
Blur) = 5 f [Vuol? + bal? fugit 


It is easy to construct solutions which blow-up in finite time say at T = 1, 
by considering the ODE. For instance, when N = 3, u(x,t) = eye ems 
is a solution, and using finite speed of propagation it is then easy to construct 
solutions with T+ = 1, such that lim,p7, ||(u(2), 0,u(2)) Ilzyixz2 = 00. This is called 
type I blow-up. There exist also type II blow-up solutions, i.e. solutions for which 
Ty < 00, and supp cer, | (u(t), 0;u(4)) || 41422 < 00. Here the break-down occurs 
by “concentration.” The existence of such solutions is a typical feature of energy 
critical problems. 

The first example of such solutions (radial) were constructed for N = 3 by 
Krieger—Schlag—Tataru [27], then for NV = 4 by Hillairet—Raphael [19], and recently 
by Jendrej [20] for N = 5. 

For this equation one expects soliton resolution for type I solutions, i.e. solutions 
such that supg<;<r, || (uO), 0,u(2)) || 7172 < 00, Where T; may be finite or infinite. 

Some examples of type II solutions when T; = oo are scattering solutions that 
is: 

Definition 1 A scattering solution is a solution such that T, = ov, and 
A(ug ut) € H! x L?, such that 


Tim, |] UO), Ae) — (SOUT uP). SOUS 47) |g 2 = 0 


where S(\(ug uy) is the solution to the associated linear equation with data 
(a ts 


For example, for (uo, u1) small in H'x L?, we havea scattering solution. 
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Other examples of type II solutions of (NLW) with T, = oo are the stationary 
solutions, that is the solutions Q 4 0 of the elliptic equation AQ+ |Q|*/“ Q = 0, 
O € H' (we say O€ 3). 

For example, 


2 \-*e 
wa) = (1+ 75) 


is such a solution. These stationary solutions do not scatter (if u scatters then 
Side | V..,u(x, t)|?dx — 0 as t > 00). W has several important characterizations: 
up to sign and scaling it is the only radial, non-zero solution. Up to translation and 
scaling it is also the only positive solution. 

However, there is a continuum of variable sign, non-radial Q € & [8-10]. W 
also has a variational characterization as the extremizer for the Sobolev embedding 
FIL, > < Cy||Vf\|z2. It is referred to as the “ground state.” 

In 2008, Kenig—Merle [23] established the following “ground state conjecture” 
for (NLW). For u a solution of (NLW) with E(uo,u,) < E(W,0), the following 


dichotomy holds: if ||Vuo|| < ||VW|| then Ty = oo, T. = —on, and u scatters 
in both time directions, while if ||Vuo|| > ||WW]|, then Ty < co and T_ > —o0o. 
The case ||Vuo|| = ||VW]| is vacuous because of variational considerations. The 


threshold case E(uo, u;) = E(W, 0) was completely described by Duyckaerts—Merle 
[11] in an important work. 

The proof of the “ground state conjecture” was obtained through the 
“concentration-compactness/rigidity theorem” method, introduced by Kenig—Merle 
for this purpose, which has since become the standard tool to understand the 
global in time behavior of solutions, below the ground-state threshold, for critical 
dispersive problems. 

Other non-scattering solutions, with T; = oo, are the traveling wave solutions. 


They are obtained as Lorentz transforms of Q € &. Let fe RY ; é | < 1. Then, 
Oz(x, th= Or(x — tl,0) 
—t 1 1 > > 
—— + =| = - 1] f-x|@€+x 
vi-le FP \ ya -ler 


is a traveling wave solution of (NLW). 

When Kenig—Merle introduced the “concentration-compactness/rigidity theo- 
rem” method to study critical dispersive problems, the ultimate goal was to establish 
the soliton resolution conjecture. 


=@Q 
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As I said earlier, for (NLW) one expects to have soliton resolution for type II 
solutions. Thus, if uw is a type II solution, one would want to show that: 


Ae NU {0}, Oj = 1,...,J,0; € 5, G € RY, |G| < 1,1 <j < N, such 
that, if t, + T+ (which may be finite or infinite), there exist Ajn > 0, xjn € RY, 


o 9 Air a i/n Loe SE . 5 . 
j =1,...,J, with a tae + a —, 00 forj # J’ (orthogonality of 


the parameters) and a linear solution v, (x, f) (the radiation term) such that 


(u(tn) > 0;U(tn)) 


J 
1 re oe 1 3 X— Xj 

-¥ (taro, ("52.0) -<tnno, (52.0) 
a ee iA Te i eaeied Ajn 


j=l jn 


aia (u(x, ifae 0,vz,(x, tn)) + On(1) 
asSn>> Ww. 


This has been proven in the radial case, N = 3 (DKM 12’, 13’) [14, 15], and in 
the general case, VN = 3,5 when T; < oo and u is “close” to W, (DKM 12’) [13]. 
The “orthogonality of parameters” in such decompositions shows that the profiles 
are “decoupled.” Such orthogonality conditions originate, in the elliptic setting in 
the work of Brézis—Coron [2], see also Gérard [18]. For dispersive settings they 
originate in work of Bahouri—Gérard [1] and Merle—Vega [28]. 

Let me discuss now the radial results. In DKM 12’ [14], the decomposition was 
proved for a well-chosen sequence of times {t,},, while in DKM 13’ [15] it was 
proven for any sequence of times {t,},. 

Let me first quickly describe the proof of the 13’ result. The key new idea was 
the use of the “channel of energy” method introduced by DKM, which was used to 
quantify the ejection of energy as we approach the final time of existence T [12]. 

The main new fact shown was that if u is a radial, type I, non-scattering solution, 
nota rescaled W, Arp > 0, n > 0, anda small (in H'xL? norm) radial global solution 
u, with u(r, t) = u(r, 1), for r > ro + |t|, t © Inax(u), such that Wt > 0 or Vt < 0, 


/ | Vicia(x, t)|?dx > 7. 
llEld+ro 


The key tool for proving this is what I like to call “outer energy lower bounds,” 
which are valid for solutions of the linear wave equation. Let N = 3, for 79 > 0, 
P= {(ar"', 0):aEeR r= ro} be a subspace of H! x L’(r > ro). Let a. be the 
orthogonal projection onto the orthogonal complement of P,,. 
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Then: for v a radial solution of the linear wave equation, Vt > 0 or Vt < 0, we 
have [12] 


2. 


Viuvl? = [774 (vo, v |, ; 1 
T ossen' ore wv os 01) H!xI?(r>ro) (1) 
We remark that ||77;"(vp, 9) eae = J @r(rv9))? + rv? dr (see [24]). 


In the non-radial case, we have for VN = 3,5,7,... for v a solution of the linear 
wave equation, Vt > or Vt < 0 [13] 


/ |Vuxs|\-dx > c f [v0 + |v; |"dx. (2) 
|x|> Ir 


When 7p = 0, the two inequalities coincide. 

The inequality (1) has an interesting application in connection with the strong 
Huygens principle. We recall that this principle states (in odd dimensions) that if 
(vo, v1) is supported in the ball of radius p, then for t > 0 (u(x,t), 0,u(x, 1) is 
supported in {t — p < |x| < t+ p}. Let 


p(vo, v1) = inf{r > 0: |{s > r: (vo(s), v1 (s)) 4 (0, 0)}| = OF, 


i.e. the radius of the essential support of (vo, vi). Inequality (1) gives that if (vo, v1) 
is compactly supported, either for t > 0, ort < 0, 


p(u(t), dv) = It] + p(vo. v1). 


The fact that p(v(t), 0,v(t)) < |t| + (vo, v1) is an immediate consequence of the 
strong Huygens principle (or even just finite speed of propagation). The strong 
Huygens principle gives p(v(t), 0,v(t)) = |t] — e(vo, v1). Inequality (1), as we will 
see, implies that, for t > 0, or for t < 0, 


p(v(t), 0;v(t)) = |t| + p(vo, v1). 


To see this, we can assume that 0 < po = p(Uo, V1) < 00, Le. (Up, v1) F (0,0) 
and is compactly supported. Note that, for A > 0, 


po po 
i (8-v9)°r-dr = | (9,(rvo))° dr + Avg (A). 
A A 


7(po —A) < = (po — A) [f°(8;v9)?r’dr. Hence we can choose Ap > po/2 
such that for p9 > A > Ao, we have i (8,(rv9))? dr + i Ure = 


Consider py > A > po/2. Then Avj(A) = A (fi? d,vodr)” < A([(0,v9)*rdr) 
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5 [0 [(0,v0)? + v7] dr > 0. Thus, if (say) (1) holds for ¢ > 0, we have 


/ |Viuv(x, t)|?dx > 0, 
r>t+A 


which gives p(vu(t), 0;v(t)) => t + A. Letting A > po, we obtain p(v(t), 0,v(1)) = 
t+ po and so 


p(v(t), 0:v(t)) = t+ p(vo, v1) fort > 0, 


as claimed. This means that the support of v(t) expands at exactly speed 1 for either 
t > Oort < 0 [according to (1)]. 

For the proof in DKM 13’ [15], say when T; = 1 (the case 7+ = oo is similar) 
we first consider (vo, v1) = weak limit of (u(t), d;u(t)) as t ¢ 1, in H! x L?, which 
can be shown to exist. Then, vz is the linear solution with data (vo, v1) at time 1, the 
“radiation” term. We let v be the nonlinear solution with data (vo, v;) at time 1, so 
that, with v(t) = (v(t), 0,0(2)), 11) = (v(t), AVL), ||UCO) — tO. > 0 
as t — 1. It is easy to see, from finite speed of propagation, that for ¢ near 1, 
supp(u(x, t) — v(x, 1) C {|x| < 1— 12}. We then break up a(f,) — U(t,) into a sum of 
“blocks” (technically, nonlinear profiles U/ associated to a Bahouri—Gérard profile 
decomposition) plus a “dispersive” error w,, which is small in a weaker “dispersive” 
norm [1]. 

If one of the “blocks” U/ is not +W, by (1), it will send energy outside the light 
cone at t = 1 (case t > 0) , a contradiction to the support property of u — v, or 
arbitrarily close to the boundary of the inverted light cone, at t = 0 (case t < 0), 
also a contradiction. Finally, one uses (1) again to show that the dispersive error has 
to be small in energy, by a similar argument. 

The argument in DKM 12’ [14], for a well-chosen sequence of times, was 
different. The first step, say again in the case T, = 1, was to show that “no self- 
similar blow-up” is possible. This means to show, for each 0 < A < 1, that 


lim |Vi.u(x, t)|?dx = 0. 
Hl Jad—n <|x|<1—1 


The proof of this used (1). 
One then combines this with virial identities: if 2* = 2N/(N — 2), and g is a 
suitable cut-off, we have: 


a, f euduax =f \aulax— [val - |u|>" ]dx + error, (3) 


N N-2 * 
a, [ ox: Vududs a <5 f aula + A [tiara |u|? Jdx 


+error. (4) 
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When NV = 3, adding $(3) + (4), we obtain (using no self-similar blow-up) 


Or (/ gud,udx + |e Yui) a -{ |0,u|?dx + error 


which gives us 


1 1 
lim —— / / |d,u|’dxds = 0. 
mil—-ty, |x|<1—s 


Using this fact, one can show that each nonlinear block U! is time independent, 
and hence +W, and that the dispersive error w, has time derivative going to 0 in L”, 
for a well chosen sequence of times. One can then use (2) to show w, — 0 in H. 

We next turn our attention to higher dimensions and the non-radial case. Before 
doing so, let me mention that the techniques just explained have found important 
applications to the study of equivariant wave maps and to the defocusing energy 
critical wave equation with a trapping potential, in works of Céte, Lawrie, Schlag, 
Liu, Jia, Kenig, etc. 

Now we should mention an important fact, proved by Céte—Kenig—Schlag 13’ 
[4]: (1) and (2) fail for all even N, radial solutions. However, (2) holds for N = 
4,8,12,... for (vo, v1) = (vo, 0) and for N = 6,10, 14,... for (vo, v1) = (0, v1), 
but not necessarily otherwise. 

Moreover, Kenig—Lawrie—Liu—Schlag [25] have shown that an analogue of (1) 
holds for all odd N, u radial, and applied this to a stable soliton resolution for exterior 
wave maps on R? [26]. 

In 14’, Casey Rodriguez [29] used this analogue of (1) for all odd N to prove the 
radial case of soliton resolution along a well-chosen sequence of times for (NLW) 
in all odd dimensions, following the argument in DKM 12’. 

What to do for N even, radial case, non-radial case? We start by discussing the 
radial case for N = 4, which is very close in spirit to co-rotational wave maps from 
RR? into the sphere S*. The first obstacle is that, due to the failure of (1), we did not 
know that self-similar blow-up is ruled out, which is the first thing to do in order to 
implement the strategy of DKM 12’ for a well-chosen sequence of times. 

This was not a difficulty in the work of Céte—Kenig—Lawrie—Schlag 13’ [5, 7] 
on co-rotational wave maps, due to classical results of Christodoulou, Shatah, and 
Tahvildar—Zadeh from the 90s, who showed it by integration by parts, exploiting 
the finiteness of the flux, a consequence of the fact that the energy density is non- 
negative [3, 30]. 

This obviously does not hold for (NLW) and is a major difficulty. This difficulty 
was overcome by Céte—Kenig—Lawrie—-Schlag 14’ [7], by reversing the usual 
analogy with co-rotational wave maps. 
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We observed that if u is a radial solution to the energy critical wave equation on 
R*, then wir, t) = ru(r, t) solves 


= 0. 


3 
ay — ay ——a.y + Yo" 
r r 


We let f(W) =v —wW, F(w) = fe’ fla)da = [1 = +, and the “energy” is 


1 
- aj 
>| | Oa)? + GW) + 


2F P| par 
which is conserved. Note that if |y| < /2, F(w) > 0. 

Now recall that we have the “radiation” v such that supp(u(t)—v(t)) Cc {O<r< 
1—1} and since v is a “regular” solution at t = 1, v > 0, forr = 1—t,t > 1. Thus, 
the same holds for u, which shows that, for Ao close to 1, Ag(1—1t) < r < (1-2) we 
have the non-negativity of F(w), and the classical argument applies, also yielding 
that now w > 0 onr = Ag(1 — 2). 

An iterative argument in 49 now gives the lack of self-similar blow-up. Hence 
we could start the process in DKM 12’, and use the fact that on R* (2) holds for 
data of the form (vo, 0), which is the type that we have for the dispersive error, and 
everything works. 

What do we do when N = 6, when the good data in (2) are of the form (0, v,)? 
This was the same difficulty one encountered for 2-equivariant wave maps into the 
sphere, and for radial Yang—Mills in R*. 

All of this was overcome in recent work of Hao Jia—Kenig [22], who proved the 
analog of DKM 12’ for a well-chosen sequence of times in all dimensions, and also 
dealt with all equivariant classes for wave maps and radial Yang—Mills in R*. This 
was done by not using the “channels of energy.” 

The first step is to prove lack of self-similar blow-up. The argument I sketched in 
IR* in fact applies to all dimensions, yielding a decomposition with blocks that are 
+W and a dispersive error, for a well-chosen sequence of times fh. 

We then use again the second virial (4) which now gives 


lim — Vul* — |u|> Jdxds = 0. 
im ef [9a = lah 


On static solutions, f [| VQ|? — |Q|?" ]dx = 0, and thus we obtain, by real variable 
arguments that, for a possibly different, well-chosen sequence of times i, we 
have lim f'[|Vw,|? — |w,|?’ ]dx < 0. But, for the dispersive error [ |w,|? dx > 0, 
which concludes the argument. 

I would like to conclude with some recent results in the non-radial setting. In the 
summer of 2015, Hao Jia [21] was able to extend the analogy with wave maps to 
the non-radial setting and in particular control the flux, when T; < oo, i.e. the type 
II blow-up case. 
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This allowed him to obtain a Morawetz type identity (adapted from the wave 
maps one), to find a well-chosen sequence of times t, — T1 < ov, so that the 
desired decomposition holds in the non-radial case when T; < oo, with an error 
tending to 0 in the dispersive sense. Here he also used the idea of combining virial 
identities I just explained. 

In the case Ty} = ov, one new difficulty is the extraction of the linear radiation 
term. This has been done recently by DKM 16’ [16]. Moreover, very recently, in 
the joint work of D-Jia-—K—M 16’ [17] we have obtained the soliton resolution for a 
well-chosen sequence of times, for general type IT solutions, both in the case T, < 
oo and T; = oo. The result is: 


Theorem 2 Let u € C((0, 7+), H! x L?(R")), 3 < N < 6, be such that 


sup ||(u(), u(t) lize SM. 
O<t<T+ 


Case 1: Ty. < 00. Consider the singular set S, which is a finite set of points, and 
x* € §. Then J* € N,J > 1,7* > 0,v € A! x V’ a regular solution near Tx, ty t 
T+, scales ¥,,0 < N, «& (T+ —t,), positions ci, € R™ such that ci, € Bar, —t,)(X"), 


n? 


B € (0,1) with (= = lim,(c/, — x*)/(T4 — t,) well defined and traveling waves Q. 
for 1 <j <J* such that in the ball B,«(x*) we have 


U(tn) = (tn) 
+Y(o1 “Fo, (Se aly ta, (". )) 


+ Ofiyp(l) asn— oo, 


and M fat + MM, + |e — of |/M >, 00,1 <j #7 < J". 
Case 2: Ty = 00. Ja linear solution u" such that 


lim |V(u — uX)|(x, t)? + |0,(u — u“)|(x, t)?dx = 0, 
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for all A > 0. Moreover, U* € N,t, + 00,4,0 < ui, < batt € R® such that 


n? 


cl, € Bgi, (0), B € (0, 1) with G = lim, o/ ty well defined and traveling waves Q. 
for 1 <j <J* such that 


(tn) = (th) 
+D(o TO(S 


+ Onyx) asn— oo, 


“1. 9). a) F801 (FS 


and MM +/+ | — F/M, an 00, 1 Sf Ai <I*. 
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The passage to arbitrary time sequences seems to require substantially different 


arguments. 
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Densities with the Mean Value Property 
for Sub-Laplacians: An Inverse Problem 


Giovanni Cupini and Ermanno Lanconelli 


Dedicated to Richard L. Wheeden 


Abstract Inverse problem results, related to densities with the mean value property 
for the harmonic functions, were recently proved by the authors. In the present paper 
we improve and extend them to the sub-Laplacians on stratified Lie groups. 
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1 Introduction 


Let Q be an open subset of R”, n > 3, R” \ Q # OW and let w: Q > [0, cc] bea 
lower semicontinuous function such that int{w = 0} = @. We say that w is a density 
with the mean value property for nonnegative harmonic functions in Q if 


(i) w(Q) := i w(y) dy < oo, 
(ii) there exists a point x) € Q such that 


1 
uo) = 7 u(y) dy 


for every harmonic function u in Q, u > 0. 
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For the sake of simplicity, if w is a density with the mean value property for the 
harmonic nonnegative functions in Q2, we say that 


(Q, w, xo) is a A-triple; 


as usual A denotes the classical Laplace operator in R”. 
A basic example of A-triple is (B(x), 1,xo), where B,(xo) is the Euclidean ball 
with center x and radius r. Indeed, by the Gauss Theorem, 


u(xo) = u(y) dy, Vu € H(B,(xo0)), u = 0, 


|B-(x0)| JB, (x9) 


where |B,(xo)| stands for the Lebesgue measure of B,(xo) and H(B,(xo)) denotes 
the space of the harmonic functions in B,(x9). 

More general A-triples can be obtained using the densities with the mean value 
property for harmonic functions constructed by Hansen-Netuka [10] and Aikawa 
[2, 3], see also [6]. In particular, for every bounded C!<-open set Q, and for every 
Xo € Q, there exists a (non-unique) density w such that (Q, w, xo) is a A-triple. 

The problem of the best harmonic L'-approximation of subharmonic functions, 


see [9], suggests the following inverse problem: 
(IP) if (2, w, xo) and (D, w’, xo) are A-triples, such that 
w w! ; 
————— inQnD, 
w(Q) ~ w’(D) 


is it true that Q = D? 


Positive answers to (IP), in the case Q is a Euclidean ball, were given by Epstein 
[7], Epstein-Schiffer [8], Kuran [12]. In our language, their results can be stated as 
follows: 

let D C R" be an open connected set with finite Lebesgue measure. If (D, 1, xo) 


1 
is a A-triple and r > 0 is such that — then D = B,(x0). 


1 
[Dl 1B,Go)l’ 
Notice that the Euclidean balls play a privileged role here; indeed (B,(x0), 1, xo) 
is not only a A-triple, as previously observed, but it has the following extra-property: 
if we denote by I the fundamental solution with pole at 0 of the Laplace operator 
in R", n > 3, then 


T(x —-x T'(y —x) dy for all x € B,(xo) \ {xo}. (1) 


ee 
|B,(xo)| By(xo) 


Moreover, the Euclidean balls also have some trivial, but important for our aims, 
topological properties: B,(xo) = int B,(x9) and R” \ B,(xo) is connected. 
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These properties of the Euclidean balls lead us to give the following definition. 


Definition 1.1 Let 9 be an open set in R", n > 3. We say that (Q, w, xo) is a strong 
A-triple if 
(a) (Q,w, x9) is a A-triple, 
1 
(b) P(x — x) > = | T'(y — x)w(Qy) dy, for every x € Q \ {xo}. 
w(2) Jo 
Moreover, we say that Q is solid, if Q = int Q and R”\ Q is aconnected, not empty 


set. 


In the very recent paper [6], we proved a result (Theorem 1.1) implying, as a 
corollary, the following theorem. 


Theorem 1.2 Let Q, D be bounded, open sets in R", n => 3. Assume that 


(i) (Q,w, xo) is a strong A-triple and x [ l'(y — x)w(y) dy is continuous, 
R" 
(ii) on w —— is a A-triple, 


(iti) inQnD, 
On FO) 
(iv) Q is a solid set. 
D 
Then D = Qandw' = we) Ur 
W(Q) 


In the present paper we will prove a more general version of [6, Theorem 1.1], 
see Theorem 3.4, so also obtaining a more general result than Theorem 1.2, see 
Theorem 3.1. Precisely, we will improve the results in [6] in two directions: the 
involved operators will be not only the classical Laplacian, but any sub-Laplacian 
on a stratified group; moreover, the boundedness assumptions on Q and D, and the 
continuity assumption in (i) will be removed. 

The plan of the paper is the following. In the next section, we will introduce 
the sub-Laplacian operators £ and we will recall some of their fundamental 
properties. Moreover, we will give the definitions of £-triples, strong £-triples and, 
correspondingly, I’-triples and strong I’-triples, with T’ the fundamental solution of 
L. We will also exhibit examples of strong £-triples, see Theorem 2.4. In Sect. 3 
we will state our results on the inverse problem (Theorem 3.1, Corollary 3.2, 
Theorem 3.4 and Corollary 3.5) and in Sect.4 we will prove them. In Appendix, 
for reader’s convenience, we will recall the definition and list some properties of the 
£-superharmonic functions as presented in [5, Chap. 8]. 
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2 Sub-Laplacians and Related Triples 


A sum of squares operator 


m 


£=>-%, Q) 
i=1 


is a sub-Laplacian in R” if the following conditions hold. 


(H1) The X;’s are smooth vector fields in R” and generate a Lie algebra a satisfying 
rank a(x) = dima = nat any point x € R". 

(H2) There exists a group of dilations (6,), 0 in R” such that every vector field X; 
is 6,-homogeneous of degree one. 


A group of dilations in R” is a family of diagonal linear functions (6,), 0 of the 
kind 


ba(Xq, 2-25 Xn) = (AM, A Xn), 


where the o;’s are natural numbers. 

Due to the rank condition in (H1), the operator £ is hypoelliptic, see [11], so that 
the £-harmonic functions, i.e., the solutions to £u = 0, are smooth. 

Conditions (H1) and (H2) imply the existence of a group law o making G = 
(IR", 0, 5,) a stratified Lie group on which every vector field X; is left translation 
invariant, see [4]. The natural number Q := 0; +...+ oy is called the homogeneous 
dimension of G. If Q@ = 2, G is the Euclidean group and CL, up to a linear 
transformation, is the usual Laplace operator. From now on, we assume, without 
further comment, that Q > 3. 

One of the main features of a sub-Laplacian L is the existence of a gauge function 
playing for it the same role played by the Euclidean norm for the classical Laplace 
operator. A £-gauge is a continuous function d : G — [0, co[, G-symmetric, i.e., 
d(x!) = d(x) for every x € G, strictly positive and smooth outside the origin, 
which is 6,-homogeneous of degree one, and such that 


1 
y@):= Teo 
is £-harmonic in G \ {0}. 
The d-balls B(x) := {y €G:d(x'loy)< r} support averaging operators 
which characterize the £-harmonic functions the same way as the usual mean 


value operators on Euclidean balls characterize classical harmonic functions. To 
be precise, define in G \ {0} 


wv = \Ved|’, Ve = (X, tee ,Xm); (3) 
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and 
_ Md -l, 
mance) = Ty foyer ord @) 
where 
mg = O(O — 2)Ba 
and 
Ba = 00-2 | woyar (5) 
BY (0) 


Then a continuous function uv : O — R,O C G open, is smooth and satisfies 
Lu = 0 in O if and only if 


u(x) = M,(u)(x) VB4(xo) € O. 


This is Gauss-Koebe’s Theorem for L, see [5, Theorem 5.6.3]. 
The fundamental solution of £ with pole at the origin is 


rs Bay, 


see [5, Theorem 5.5.6]. 
We now give some definitions: £-triples, strong £-triples and, correspondingly, 
T’-triples and strong [’-triples. 


Definition 2.1 Let Q be an open subset of G, such that G \ Q # @ and let w : 
Q — [0, co] be a lower semicontinuous function with int{w = 0} = @. 
We say that (Q, w, xo) is a £-triple if 


(i) w(Q) := ff, wO) dy < 0, 
(ii) there exists x9 € Q such that 


1 
uo) = L uly) dy 


for every £-harmonic function u in Q, u > 0. 
If, moreover, 
1 
(iii) TQ! o x9) > | T(x! oy)w(y) dy, for every x € Q \ {xo}, 
w(Q) Jo 


then we say that (Q, w, x9) is a strong C-triple. 
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A variant of the notion of £-triple is the following definition of T’-triple. Before 
stating it, we recall that if Q is an open subset of G, jz is a nonnegative Radon 
measure in G, ju(Q°) = 0, then the I’-potential of jz is defined as follows: 


Try) = [ ro" oy duo) rec, 


Definition 2.2. Let Q be an open subset of G, x9 a point of Q and let ww be a 
nonnegative Radon measure in G, w(Q) = | and w(Q*) = 0. 
We say that (Q, 4, xo) is a T'-triple if 


ry.) = T(x! ox) Vx Ee QS, (6) 
If, moreover, 
T(x) < T(x"! 0 x9) VxeEQ \ {xo}, (7) 


then we say that (Q, j4, xo) is a strong T--triple. 


Remark 2.3 Let (Q, w, xo) be a £-triple. Extend w to G by letting w be 0 in Q° and 
define jz the measure 


Then (Q, 4,x0) is a I’-triple. Indeed, w(Q) = 1 and, fixed x € Q°, (ii) in 
Definition 2.1, applied with u(y) := I'(x7! 0 y), implies (6) in Definition 2.2. 

We stress that the present definition in the case of £ = A, the classical Laplacian, 
is more general that the one given in [6]: indeed, we don’t require anymore the 
boundedness of Q and the continuity of T,,. 

The Gauss-type Theorem for sub-Laplacians recalled above implies that 
(B4(x0), Wag! 0 -),Xxo) is a £-triple. Actually, it is a strong £-triple; as a matter of 
fact, more general strong £-triples can be defined on every d-ball, as the following 
theorem shows. 


Theorem 2.4 Let f :|0, co[—]0, oo| be a continuous function, such that 


F() = [ flo) dp < f)dp=co Yr €]0, 00), 
Define 


_ f(dQ)) 
“ d(yye! 


where w is the function in (3). 


wey) vO), yeG\ {0}, (8) 
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Then int{wy = 0} = @ and, for every x) € G and r > 0, 


(BA (xo), we (xp ° *), Xo) 


is a strong £-triple. 


We agree to say that the function 
yrow@e) yeG\ {ro}, 


with wy defined in (8), is £-radially symmetric with respect to Xo. 


Proof of Theorem 2.4 We first observe that {we = 0} = {wy = 0} and this last set 
has empty interior as proved in [5, p. 262]. 

Let us now prove that (B4(xo), wy (x9 '9.), xo) is a strong L-triple. The proof relies 
on [5, Theorem 9.5.2] and the coarea formula. 

Let us first prove that (B4 (x0), wr OG o-),Xo) is a £-triple. 

By formula [5, (9.22)], for every £-harmonic nonnegative function u in Be (xo) 
and for every p <r, 


u(xo) = M,(u) (xo), (9) 


where M, is the surface average operator defined in [5, (5.46)]; ie., 


Mo(u) (x0) = do(y), (10) 


pe} 


o—he f u(y) Leo» 
AB4 (x0) | Vd, ° y)| 


with Bz as in (5). 
Let us multiply (9) by fe and integrate w.r.t. p on ]0,r[. By the coarea formula 
we get 


1 is 
Hoa) = [ F(D)M,(u) 0) do 


=o r d(x,! 0 d 
_ Q-2)fa i i spy AS ON gig COO). Nye 
0 aB4 (xo) 


Fw) da? oy) [Vd@ onl 
_ (Q—2)Ba “1, 
-o | sag tre 99) dy (11) 


If we take u = 1 in the previous identities, we obtain 


(Q—2)Ba -1 
1 => ———_ fe) . 
F(r) es ee 
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F 
wr (xo ° B“(xo)) = oo < Ow. (12) 


Therefore, (B4(xo), we(xp! © -), Xo) is a £-triple. 

To show that this triple is strong, we only need to prove that wy satisfies (iii) in 
Definition 2.1. 

For every x € G let us define 


ux(y) = P(x! oy) yeG. 
We remark that u, is a £-superharmonic function and 
Lu, = —b, in the sense of distributions, 


where 6, is the Dirac measure at {x}. By Poisson-Jensen’s formula [5, Theo- 
rem 9.5.2], for every p > 0, 


isle) =Mylusytao) +f (P@5! oy) = Tp) 48,6), (13) 


(x0) 


where M, is the surface average operator in (10). We have 


= ifd(x)!ox)>p 
= (Tap" oy) —F(p)) 48-0) = if T(xs! ox) —P(p) if0 < dx! ox) <p. 


Therefore, (13) and the equality [(x7! 0 x9) = Taq! ©), give 


u(x) = I’! © xp) ifd(xy' ox)>p 


T'(p) <P Q@g! ox) if0 < dQp!ox) <p. 


Mo(ux)(x0) = 


Let us now consider x € B(x) \ {xo}. 
By (11), (14) and (12), 


| Ror eyute eHaS i FO MiGaGHap 
B4(x9) 


(Q- o= 8 


_ {10 r f(p) 
~~ [ (O- me dp+ = (2a _ Dy Vt ux) eo) dp 


<P! ox) aE, [ F(p) dp = P(e"! 0.x) wy" © BY(x0)). 


This concludes the proof. oO 
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3 Results on the Inverse Problem for £ 


In this section we state and prove our main results regarding the analogue of 
the inverse problem (IP) for the sub-Laplacian, see Theorems 3.1 and 3.4. As an 
application, we show that the d-balls are the only open sets supporting £-radially 
symmetric densities with the mean value property for £, see Corollary 3.2 and the 
related Corollary 3.5. 


Theorem 3.1 Let Q, D be open sets in G, such that (Q U D) # 0. 
Assume that 


(i) (Q,w, xo) is a strong £-triple, 
(ii) (D, w’, xo) is a £-triple, 
/ 


w 
ip oe OAD. 
(iil) w(Q) wD) in 
(iv) Q is a solid set. 
/ 
D 
Then D = Qandw' = aL 


If we apply this theorem to the strong £-triples given by Theorem 2.4, we obtain 
the following £-harmonic characterization of the d-balls. 


Corollary 3.2 Let D be an open set in G such that D’ is unbounded. Let wy be the 
L-radially symmetric function in (8) and assume that, for some xo € D, 


(a) wp (xo | oD) <a, 


1 
(b) u(xo) = ———— | u(y) we (xq o y) dy for every nonnegative £L-harmonic 
w(x 0D) Jp 


( 


function in D. 


Then 
D = Bex), 
where r is the only real positive number such that 
w(Xo! 0 D) = we(xp | 0 B4(x0)). (15) 


Remark 3.3 The unique number r such that the equality (15) holds is, by (12), the 
only real positive number such that 


7 Flo) dp = (Q — 2)Baws(x5! © D). (16) 


In the particular case of f(o) = p27! and D a bounded set, Corollary 3.2 is 
Theorem 1.1 in [13]. Moreover, if G is the Euclidean group R", d is the Euclidean 
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norm, £ is the classical Laplace operator and D is a connected set with finite 
Lebesgue measure, then Corollary 3.2 was proved in [12]. 

Theorem 3.1 above is a consequence of a result on I’-triples, that, even in the 
case of the Laplacian, is more general than the analogue [6, Theorem 1.1]. 

Before stating it, we recall that the support of a measure jz can be defined as 
follows: 


supp 4 := {x €G : (A openset,x € A) = p(A) > O}. 


Theorem 3.4 Let Q and D be open sets in G containing xo, (Q U D) ZY. 
Assume that 


(i) (Q, 4, x0) is a strong V-triple, 
(ii) (D, v, x9) is a D'-triple, 
(iii) WL (QN D) = vi (Q ND), 
(iv) dD C supp v, 

(v) Q isa solid set. 


Then D = Qandv = w. 


Examples given in [6] for the Laplace operator show that the assumptions are 
essentially sharp: the request that (Q2, jz, xo) is a strong I'-triple cannot be weakened 
by assuming that (Q, j4,x9) is simply a T’-triple and neither (iii) nor (iv) can be 
removed. 

If we apply this theorem to the strong I’-triples given by Theorem 2.4 and 
Remark 2.3 we obtain the following characterization of the d-balls. 


Corollary 3.5 Let D be an open set in G such that D. is unbounded. Let we be the 
L-radially symmetric function in (8) and assume that, for some xo € D, 


(a) We (Xq! oD) <a, 


1 
(b) TQ! ox) = wate D) [ T(x"! o y)we(xp! oy) dy for every x ¢ D. 
0 


Then 
D = Bi (x0), 
where r is the only real positive number such that 
w(x" oD)= wy(xp! fe) B4(x0)). (17) 
In the particular case of f(o) = p27! and D is a bounded set, Corollary 3.5 is 
Theorem 1.2 in [13]. Moreover, if G is the Euclidean group R", d is the Euclidean 


norm, L is the classical Laplace operator and D is bounded, then Corollary 3.5 is a 
result by Aharonov-Schiffer-Zalcman in [1]. 
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4 Proofs of the Results on the Inverse Problem 


In this section we prove the results stated in Sect. 3. 
Proof of Theorem 3.4 We split the proof in four steps. 
STEP 1. Let us prove that T',, < Ty, in G \ {xo}. 


Assumption (i) and (ii) imply 


Ty) < Tix! ox) <0o VxeG\{xt, TV@=T@!lox) Vee D. 
(18) 


Then, since x9 ¢ D*, 
T(x) < Ty@) Vxe DS. 


It remains to prove that [’,, < I, in D \ {xo}. 
We first remark that, by the first chain of inequalities in (18), 


T,, — I, is well defined and < oo inD \ {xo}. 
Moreover, by using (iii), one easily recognizes that 
r.@)-T@) =f rarteyyauo)—f/ Parteyyavy)  ¥xe D\ tua. 
Q\D D\Q 
(19) 
Hereafter we agree to let an integral be equal to zero, if the integration domain is 


empty. 
The functions 


h(x) := i Tax! oy) duly), xeD 
and 
v(x) := l. T(x! oy) dv(y), xeD 


are, respectively, £-harmonic and £-superharmonic in D, see Appendix. As a 
consequence, 


u:= h—v is £-subharmonic in D; 
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moreover, keeping in mind (19), 
uw=T,—-T, inD\ {xo}. 


On the other hand, by the first item in (18) and the lower semicontinuity of I’, for 
every x € OD, 


lim sup #(y) = lim sup(T, — T',)(Q) < limsup(T'(y7! © x9) — T,.(y)) 


D3y—>x D>3y—>x D3y—>x 
<T@! ox) -I,@ =0, 
since (D, v, xo) is a '-triple and x ¢ D. Moreover, 


lim sup #(y) < lim sup(T'(y! 0 x9) — I, (y)) < limsupI'(y! 0 x9) = 0. 
yoo 


D3y>oo D3y—>oo 


By the maximum principle for subharmonic functions (see [5, Theorem 8.2.19 (i1)]) 
we get uw < Oin D; hence T,, < T, in D \ {xo}. 


STEP 2. Let us prove that dD C Q. 


By contradiction, assume there exists a point x € 0D such that x ¢ Q. Then x € 
supp v (by assumption (iv)) and G \ Q is an open set containing x. As a consequence 


v(G\ 2) > 0. (20) 


Since ju has its support contained in Q, I’, is £-harmonic in G \ Q, see Appendix, 
so that 


Tr, —Ty is £-subharmonic in G \ Q. 


On the other hand, by what we proved in Step 1, T,, —T, < 0inG\ Q. Moreover, 
since (i) and (ii) imply 


Cie Ly inQ°nD*, 
then (I, —T,)(@) = 0. 
By (v) G \ Q is a connected set, so, the strong maximum principle for 
subharmonic functions (see in [5, Theorem 8.2.19 (i)]) imply 
rY.-l,=0 inG\Q, 


so that 


L,-T,)=0 inG\®. 
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On the other hand, in G \ 2, £(T,, — Ty) = v. Therefore, v(G \ Q) = 0, in 
contradiction with (20). 


STEP 3. Let us prove that D C Q. 
We have 


G\Q = (DUD)\ 2 = (D\ Q) U (AD\ QU DAMN) = (D\ QVU Mu)’. 


By assumption, (D U Q)° is not empty. Moreover, D \ Q and (D U Q)° are open, 
disjoint sets. The set G \ Q is connected by (v), then D\ Q must be empty. Therefore 
D CQ. By (v) we have that int Q = Q, thus we obtain D C Q. 


STEP 4. Let us prove that 2 C D. We argue by contradiction; i.e., we assume 
that there exists x € Q \ D. In particular, x 4 xo. By Step 3, D € Q. Therefore, 
by (i), (iii) and (ii), we have 


Pat om) > Tue) = f To oyduoy + [ Pom! oy) du(y) 
D Q\D 
= [ror ovduoy = f PE 099d) = Pu) = PO! om), 
D D 
This is an absurd. 
We have so proved that D = Q and, consequently, that yz = v. a) 
As a corollary of Theorem 3.4, we get Theorem 3.1 
Proof of Theorem 3.1 Let us extend w and w’ with 0 to all G and define the measures 


Lt, v as follows: 


wO) pone Oy 


duly) = way” wD) 


By (i), (ii) and Remark 2.3, (D,v,x9) is a T'-triple and (Q, jz, xo) is a strong T- 
triple. By (iii), wL(Q ND) = vi_(Q ND). Moreover, by definition of £-triple, since 
intly €¢ D : w(y) = 0} = 9, then 0D C suppv. The conclusion follows by 
Theorem 3.4. oO 


We now are ready to prove Corollary 3.2. 


Proof of Corollary 3.2 In order to apply Theorem 3.1 it is convenient to introduce 
the following notation: 


Q := B4(x) with r > 0 given by (16), 
w(y) = we (Xo _ cy), ye, 


w'(y) = we(xploy) yeD. 
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Since D’ is unbounded, then (QU D)° # @. Moreover, 


(i) (Q,w, xo) is a strong £-triple (by Theorem 2.4) 
(ii) (D, w’, xo) is a £-triple (by hypotheses (a) and (b)), 
/ 
(ii) ea = nay in QND (since w = w' in QND and, by (15), w(Q) = w'(D)), 
(iv) Q is a solid set. 


. . . . . . id nee 0 Dd fan Ve 
As far as (iv) is concerned, it is quite obvious that B4(x9) = int B¢(xo); the second 


condition, G \ Bé(xo) is connected, can be proved as follows. Without loss of 
generality we can assume xp = O. 
Let B be an Euclidean ball containing B¢(xo). Then for every x, y € G \ Bé(x0), 


(G\ B) Ut) A> YUL): AZT 


is a connected subset in G \ B¢(xo) and it contains x and y. 
Then, all the assumptions of Theorem 3.1 are satisfied; hence D = Q; i.e., 


D = B4 (x0). 


We now turn to the proof of Corollary 3.5. 
Proof of Corollary 3.5 Define 


wp (xq! 0 Y) 


ae wr(xp! 0 D) 


Xo(y) dy. 


By (a) and (b) (D, v, xo) is a triple. Since by Theorem 2.4 intty € D : we (xp! fe) 
y) = 0} = @, then dD C D = supp (v). 
Let us choose r > 0 such that (17) holds and define 


Wr (xp! oy) 


400) = 1 Galo Béla) 


X Bd (x0) (y) dy. 


In particular, (111) in Theorem 3.4 holds. 

By Theorem 2.4 (B4(xo), we(xp! © -),xX0) is a strong L-triple, therefore, by 
Remark 2.3, (B4(xo), (4, Xo) is a strong I’-triple. Taking also into account that B“(x) 
is a solid set (see the proof of Corollary 3.2) we have that all the assumptions of 
Theorem 3.4 are satisfied with Q = B4(x). The conclusion follows. Oo 
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Appendix: £-Superharmonic Functions 


In this section we recall the definition and list some properties of the L- 
superharmonic functions, as presented in [5, Chap. 8]. 

Let Q C G be open and let u : Q —]— 00, co] be lower semicontinuous. We say 
that wis £-superharmonic in QQ if 


(a) u € Li. (Q) and L(u) < 0 in Q in the weak sense of distributions, 


loc 
(b) wis M,-continuous; i.e., 


u(x) = lim M,(u)(x) Vx EQ. 
root 


Here M, denotes the average operator in (4). 

A function v : Q — [-oo, co[ is £-subharmonic if —v is £-superharmonic. We 
say that v is £-harmonic if v is smooth and Lu = 0. 

Let T be the fundamental solution of £ and let jz be a nonnegative Radon 
measure in G. The I’-potential of jz is defined as follows 


ri = [re oy) du(y), xeG. 


Obviously, if (2 is an open set such that 4.(Q°) = 0, 


T(x) = i Ta! oy)duo), xEeQ., 


The function I",, is nonnegative and lower semicontinuous; it is £-superharmonic in 
G if and only if there exists z € G such that I’,,(z) < ov, see [5, Theorem 9.3.2]. 
In this case, see [5, Theorem 9.3.5], 
LY, =—p in the sense of distributions 
and 


T,, is £-harmonic in G \ supp pL. 


For our purposes, the following remark is crucial. 


Remark Let (Q, 4, xo) be a [’-triple (see Definition 2.2) and let A C Q be a Borel 
set. Then the function 


GaxeTy@:= pre oy) duly) 
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is the ’-potential of jz4 := LA and satisfies 
Ty) < Ty) = Tie lox)<0co Wren. 
Moreover, I’,,, is £-superharmonic in G and 
I’, is £-harmonic in O 


for every open set O C A®. Indeed O C A‘ implies O C A€ (supp [a)°. 
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Abstract Let o and w be locally finite positive Borel measures on R”, let T* 
be a standard a-fractional Calderén-Zygmund operator on R” withO < a < 
n, and assume as side conditions the A$ conditions, punctured AJ conditions, 
and certain a-energy conditions. Then the weak boundedness property associated 
with the operator T* and the weight pair (o,@), is ‘good-A’ controlled by the 
testing conditions and the Muckenhoupt and energy conditions. As a consequence, 
assuming the side conditions, we can eliminate the weak boundedness property 
from Theorem | of Sawyer et al. (A two weight fractional singular integral theorem 
with side conditions, energy and k-energy dispersed. arXiv: 1603.04332v2) to obtain 
that T% is bounded from L? (a) to L? (w) if and only if the testing conditions hold 
for T® and its dual. As a corollary we give a simple derivation of a two weight 
accretive global Tb theorem from a related T1 theorem. The role of two different 
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1 Introduction 


The theory of weighted norm inequalities burst into the general mathematical con- 
sciousness with the celebrated theorem of Hunt et al. [5] that extended boundedness 
of the Hilbert transform to measures more general than Lebesgue’s, namely showing 
that H was bounded on the weighted space L? (IR”; w) if and only if the A> condition 


of Muckenhoupt, 
1 1 1 
— d. — dx) <1, 
( [ro ») i ere ") . 


holds when taken uniformly over all cubes Q in R”. The ensuing thread of investi- 
gation culminated in the theorem of Coifman and Fefferman [3] that characterized 
those nonnegative weights w on R” for which all of the ‘nicest’ of the L? (R”) 
bounded singular integrals T above are bounded on weighted spaces L? (R"; w), 
and does so in terms of the above Az condition of Muckenhoupt. 

Attention then turned to the corresponding two weight inequalities for singular 
integrals, which turned out to be considerably more complicated. For example, 
Cotlar and Sadosky gave a beautiful function theoretic characterization of the 
weight pairs (o,@) for which H is bounded from L? (R;o) to L? (R;@), namely 
a two-weight extension of the Helson-Szegé theorem, which illuminated a deep 
connection between two quite different function theoretic conditions, but failed 
to shed much light on when either of them held.! On the other hand, the two 
weight inequality for positive fractional integrals, Poisson integrals and maximal 
functions were characterized using testing conditions by one of us in [24] (see 
also [6] for the Poisson inequality with ‘holes’) and [23], but relying in a very 
strong way on the positivity of the kernel, something the Hilbert kernel lacks. In 
a groundbreaking series of papers including [16, 18] and [19], Nazarov, Treil and 
Volberg used weighted Haar decompositions with random grids, introduced their 
‘pivotal’ condition, and proved that the Hilbert transform is bounded from L? (R; a) 
to L? (R; @) if and only if a variant of the Az condition ‘on steroids’ held, and the 
norm inequality and its dual held when tested locally over indicators of cubes—but 
only under the side assumption that their pivotal conditions held. 

The last dozen years have seen a resurgence in the investigation of two weight 
inequalities for singular integrals, beginning with the aforementioned work of NTYV, 
and due in part to applications of the two weight T1 theorem in operator theory, 
such as in [14], where embedding measures are characterized for model spaces 
Kg, where @ is an inner function on the disk, and where norms of composition 
operators are characterized that map Kg into Hardy and Bergman spaces. A 
T1 theorem could also have implications for a number of problems that are 
higher dimensional analogues of those connected to the Hilbert transform (rank 


‘However, the testing conditions in Theorem | are subject to the same criticism due to the highly 
unstable nature of singular integrals acting on measures. 


Two Weight Boundedness 127 


one perturbations [20, 32]; products of two densely defined Toeplitz operators; 
subspaces of the Hardy space invariant under the inverse shift operator [15, 32]; 
orthogonal polynomials [21, 22, 33]; and quasiconformal theory [1, 2, 8, 11]), and 
we refer the reader to [28] for more detail on these applications. 

Following the groundbreaking work of Nazarov, Treil and Volberg, two of us, 
Sawyer and Uriarte-Tuero, together with Lacey in [12], showed that the pivotal 
conditions were not necessary in general, and introduced instead a necessary 
‘energy’ condition as a substitute, along with a hybrid merging of these two 
conditions that was shown to be sufficient for use as a side condition. The resurgence 
was then capped along the way with a resolution—involving the work of Nazarov, 
Treil and Volberg in [19], the authors and M. Lacey in the two part paper [9, 13] and 
T. Hyt6nen in [6]—of the two weight Hilbert transform conjecture of Nazarov, Treil 
and Volberg [32]: 


Theorem 1 The Hilbert transform is bounded from L? (R: 0) to L? (R;@), ie. 


IZ (foyllamo) SW flame, f<L’ (Ro), () 


if and only if the two weight A condition with holes holds, 


Ola (x / sod «)) + (= sodo «)) Ila, = 
|Q| \ JQ] Jrve |O| Jiro |O| 
uniformly over all cubes Q, and the two testing conditions hold, 

| 19H (190) | eign a ILollzzec) = Val, » 
| 1oH™ (19) lew) S [ellaceo) = Vial. 


uniformly over all cubes Q. 


Here Hf (x) = i dy is the Hilbert transform on the real line R, and o and w 
are locally finite positive Borel measures on R. The two weight A2 condition with 


holes is also a testing condition in disguise, in particular it follows from 
[7 (Soo) | p2ces0) S llsellaace;oy » 


tested over all ‘indicators with tails’ sg (x) = of intervals Q in R. Below 


£(Q) 
£(Q)+|x—co| 
we discuss the precise interpretation of the above inequalities involving the singular 
integral H. 

At this juncture, attention naturally turned to the analogous two weight inequal- 
ities for higher dimensional singular integrals, as well as qa-fractional singular 
integrals such as the Cauchy transform in the plane. A variety of results were 
obtained, e.g. [10, 14, 26] and [27], in which a T1 theorem was proved under certain 
side conditions that implied the energy conditions. However, in [28], the authors 
have recently shown that the energy conditions are not in general necessary for 
elliptic singular integrals. 
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The aforementioned higher dimensional results require refinements of the various 
one-dimensional conditions associated with the norm inequalities, namely the A» 
conditions, the testing conditions, the weak boundedness property and energy 
conditions. The purpose of this paper is to prove in higher dimensions that the 
weak boundedness constant WEP (0, w) that is associated with an a-fractional 
singular integral T” and a weight pair (o,@) in R”, is ‘good-A’ controlled by the 
usual testing conditions L7« (o,w), LFu (a, @) and two side conditions on weight 
pairs, namely the Muckenhoupt conditions 25 (o,w) and the energy conditions 
ie (o,@), i (o, @): more precisely, for every 0 < A < we have the 
Good-A Lemma: 


1 
2 


1 - 
WBP 7 (0,@) < Cy (5% + Tyo + Tha + ELMS 4 ESOnE Liste ) 


The first instance of this type of conclusion appears in Lacey and Wick in [10])—see 
Remark | in Sect. 2.1 below. 

Applications of the Good-A Lemma are then given to obtain both T1 and Tb 
theorems for two weights. We now turn to a description of the higher dimensional 
conditions appearing in the above display. As the Good-A Lemma, along with its 
corollaries, hold in the more general setting of quasicubes, we describe them first. 
But the reader interested only in cubes can safely ignore this largely cosmetic 
generalization (but crucial for our ‘measure on a curve’ T1 theorem in [26]) by 
simply deleting the prefix ‘quasi’ wherever it appears. 


1.1 Quasicubes 


We begin by recalling the notion of quasicube used in [27]—a special case of the 
classical notion used in quasiconformal theory. 


Definition 1 We say that a homeomorphism Q : R” — R" is a globally biLipschitz 
map if 


Q (x) — Q 
I2ny = sop ILO=LOI 
x,yER” I|x ~~ yII 


oo, (2) 


and [27 leap < 00. 


Notation 1 We define P” to be the collection of half open, half closed cubes in 
RR” with sides parallel to the coordinate axes. A half open, half closed cube Q 


in R" has the form Q = Q(c,f) = I] [ck - § Ck + 5) for some £ > 0 and 
k=1 

c = (c1,.--,Cn) € R”. The cube Q(c,£) is described as having center c and 

sidelength €. 
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Definition 2 Suppose that Q : R” — R” is a globally biLipschitz map. 


(1) If E is a measurable subset of R", we define QE = {Q (x) : x € E} to be the 
image of E under the homeomorphism Q2. 


(a) In the special case that E = Q is a cube in R”, we will refer to QQ as a 
quasicube (or &2-quasicube if Q is not clear from the context). 

(b) We define the center cog = c (QQ) of the quasicube 2Q to be the point 
Qcg where cg = c (Q) is the center of Q. 

(c) We define the side length £ (QQ) of the quasicube QQ to be the sidelength 
£ (Q) of the cube Q. 

(d) For r > 0 we define the ‘dilation’ rQQ of a quasicube QQ to be QrQ 
where rQ is the usual ‘dilation’ of a cube in R” that is concentric with Q 
and having side length ré (Q). 


(2) If K is a collection of cubes in R”, we define QK = {QQ: Q € K} to be the 
collection of quasicubes QQ as Q ranges over K. 
(3) If F is a grid of cubes in R”, we define the inherited quasigrid structure on QF 
by declaring that QQ is a child of QQ’ in QF if Q is a child of Q’ in the grid 
SF; 
Note that if QQ is a quasicube, then Reveyg ~ io|* = £(Q) = £(QQ). 
For a quasicube J = QQ, we will generally use the expression |/ | in the 


various estimates arising in the proofs below, but will often use £ (J) when defining 
collections of quasicubes. Moreover, there are constants Rpjg and Rynay Such that we 
have the comparability containments 


Q+ QX9 Cc RpigQQ and Rsmay82Q C O+ QX9 ; 
Example I Quasicubes can be wildly shaped, as illustrated by the standard example 


of a logarithmic spiral in the plane f. (z) = z|z|°"" = ze". Indeed, f. : C > C is 
a globally biLipschitz map with Lipschitz constant 1 + Ce since a (w) =w || 78 


and 
Ofe Ofe ei ° gi ei 
Vi = (+4) = (ie? + ie |z|? ies Z|” ). 
dz OZ Z 


On the other hand, f, behaves wildly at the origin since the image of the closed unit 
interval on the real line under f; is an infinite logarithmic spiral. 


1.2 Standard Fractional Singular Integrals and the Norm 
Inequality 


Let 0 < a@ < n. We define a standard a-fractional CZ kernel K* (x,y) to be a 
real-valued function defined on R” x R” satisfying the following fractional size and 
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smoothness conditions of order 1 + 6 for some 6 > 0: For x ¥ y, 
|K* (x, y)| < Ccz |x— yl" and |VK* (x, y)| < Cez|x—y|"-"™, 


=5//\" —x| 1 
|x | kar ; |x x | < =. (3) 
|x —y| |x—y| ~ 2 


|VK* (x,y) — VK" (x,y) | < Coz ( 


and the last inequality also holds for the adjoint kernel in which x and y are 
interchanged. We note that a more general definition of kernel has only order of 
smoothness 6 > 0, rather than 1 + 6, but the use of the Monotonicity and Energy 
Lemmas in arguments below, which involve first order Taylor approximations to 
the kernel functions K* (-, y), requires order of smoothness more than 1| to handle 
remainder terms. 


1.2.1 Defining the Norm Inequality 
We now turn to a precise definition of the weighted norm inequality 


IT2fllaw <r WIflee, fel). (4) 


For this we introduce a family {ng 4 ’ of nonnegative functions on [0, 00) 
")0<d<R<oo 
so that the truncated kernels Ky, (x,y) = N§ p (x — y|) K% (x, y) are bounded with 


compact support for fixed x or y. Then the truncated operators 
Teaaf = [ Kigco)f0)doQ), xR" 
R2 


are pointwise well-defined, and we will refer to the pair (Re {ng at , ) 
Z <d<R<oo 


as an a-fractional singular integral operator, which we typically denote by T%, 
suppressing the dependence on the truncations. 


Definition 3 We say that an qa-fractional singular integral operator T* = 
(xe, {ne} ) satisfies the norm inequality (4) provided 
“) 0<b<R<oo 


[ose law) <M Wf lle) FEL (),0<8 <R<o. 


It turns out that, in the presence of Muckenhoupt conditions, the norm 
inequality (4) is essentially independent of the choice of truncations used, and 
we now explain this in some detail. A smooth truncation of T*~ has kernel 
ns.r (|x — y|) K® (x,y) for a smooth function 73,2 compactly supported in (6, R), 
0 <6 <R < o, and satisfying standard CZ estimates. A typical example of an 
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a-fractional transform is the a-fractional Riesz vector of operators 
Raikes etent: 0<a<n. 


The Riesz transforms R/“ are convolution fractional singular integrals Ri °f = 
Ky * f with odd kernel defined by 


¢ 
an _ Ww — Qe (w) 1 
Ky (1) = atiae = Type w= (w',...,w"). 


However, in dealing with energy considerations, and in particular in the Mono- 
tonicity Lemma below where first order Taylor approximations are made on the 
truncated kernels, it is necessary to use the tangent line truncation of the Riesz 
transform R;” whose kernel is defined to be Qe (w) W¥p (\w|) where Ws'p is 
continuously differentiable on an interval (0,5) with 0 < 6 < R < S, and where 
Wp (r) =" if 6 < r < R, and has constant derivative on both (0, 5) and (R, S) 
where Ws‘, (S) = 0. Here S is uniquely determined by R and a. Finally we set 
W5'p (S) = 0 as well, so that the kernel vanishes on the diagonal and common point 
masses do not ‘see’ each other. Note also that the tangent line extension of a C!? 
function on the line is again C!* with no increase in the C!* norm. 

It was shown in the one dimensional case with no common point masses in [13], 
that boundedness of the Hilbert transform H with one set of appropriate truncations 
together with the A} condition without holes, is equivalent to boundedness of H 
with any other set of appropriate truncations, and this was extended to R®” and 
more general operators in higher dimensions, permitting common point masses as 
well. Thus we are free to use the tangent line truncations throughout the proofs of 
our results. 


1.3 Quasicube Testing Conditions 


The following ‘dual’ quasicube testing conditions are necessary for the boundedness 
of T* from L? (oc) to L? (@), 


v7, = sup : | io (190) |" o <0, 
gear |Q|, Jo 
1 
(Ce) = sep af |@* oa)? <0 
gear |Q|., Jo 


and where we interpret the right sides as holding uniformly over all tangent line 
truncations of T%. Equally necessary are the following ‘full’ testing conditions 
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where the integrations are taken over the entire space R”: 


Sa eda (190) |" @ <0, 


sup —— 
o<eaP" |Qly Jie 


(BT%0)° = Re aak (1gw)|’ o <o, 


sup 
oeaP" |Q\y Jie 


1.4 Quasiweak Boundedness and Indicator/Touching Property 


The quasiweak boundedness property for T* with constant C is given by 


<WBPr« 101, 1O'le: (5) 
1 £@) © 


for all quasicubes Q, O’ with — < 


c~ £0) 
and either 0 Cc 30’ \ O' or O' c 30\ Q, 


| T* (1go) dw 
Q 


and where we interpret the left side above as holding uniformly over all tangent 
line trucations of T*. This condition is used in our T1 theorem with an energy 
side condition in [27], but will be removed in our T1 theorem with an energy side 
condition obtained here as a corollary of the Good-A Lemma. 

We say that two quasicubes Q and Q’ in QP” are touching quasicubes if 
the intersection of their closures is nonempty and contained in the boundary of 
the larger quasicube. Finally, let Jr~2 = J7« (o,w) be the best constant in the 
indicator/touching inequality for the bilinear form corresponding to T 


[7* (lo, Jo’) 
for all touching quasicubes Q, Q’ € P", 


S Ire (6, @) [Lolliae) Wella > (6) 


and either 0 c 30’ \ O' or O' C 30\ OC. 


1.5 Poisson Integrals and Aj 


Let y be a locally finite positive Borel measure on R”, and suppose Q is an Q- 
1 
quasicube in R”. Recall that |QO|" ~ £ (Q) for a quasicube Q. The two a-fractional 
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Poisson integrals of 44 on a quasicube Q are given by: 


1 
||” 


P*(Q, 4) = ia (io! A [= aa (x), 
Pe Qn = | al" du (x), 


n 1 2 
(iol + x xol) 


where we emphasize that |x — xg| denotes Euclidean distance between x and xg and 
|Q| denotes the Lebesgue measure of the quasicube Q. We refer to P® as the standard 
Poisson integral and to P® as the reproducing Poisson integral. 

We say that the pair K, K’ in P” are neighbours if K and K’ live in a common 
dyadic grid and both K c 3K’ \ K’ and K’ C 3K \ K, and we denote by NV” the set 
of pairs (K, K’) in P” x P” that are neighbours. Let 


QN” = {(QK, QK’) : (K,K’) ¢ N"} 
be the corresponding collection of neighbour pairs of quasicubes. Let o and w be 


locally finite positive Borel measures on R”, and suppose 0 < a < n. Then we 
define the classical offset AJ constants by 


Ql, IQ. 
(2,0)€2.N* |Q|'~" |Q|~ 


Aj (0,@) = 


(7) 


Since the cubes in P” are products of half open, half closed intervals [a, b), the 
neighbouring quasicubes (Q,Q’) € QN™ are disjoint, and any common point 
masses of o and @ do not simultaneously appear in each factor. 

We now define the one-tailed Aj constant using P*. The energy constants 
introduced below will use the standard Poisson integral P®. 


strong 
fy 


Definition 4 The one-tailed constants A¥ and A}™* for the weight pair (0, @) are 
given by 


A; = sup P* (Q,1eea) —*y : 
QEQPn |Q| n 
a,* OL Ol, 
Ay* = sup P (Q, 1g-w) | er 
QEQP" |O| 


Note that these definitions are the analogues of the corresponding conditions 
with ‘holes’ introduced by Hyténen [6] in dimension n = 1—the supports of the 
measures 1g-o and 1gw in the definition of A} are disjoint, and so the common 
point masses of o and w do not appear simultaneously in each factor. Note also that, 
unlike in [29], where common point masses were not permitted, we can no longer 
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assert the equivalence of AS with holes taken over quasicubes with A with holes 
taken over cubes. 


1.5.1 Punctured A} Conditions 


The classical A} characteristic supgeg on 12lo__I2lc fails to be finite when the 


lol'~* |al* 
measures o and w have a common point mass—simply let Q in the sup above shrink 


to a common mass point. But there is a substitute that is quite similar in character 
that is motivated by the fact that for large quasicubes Q, the sup above is problematic 
only if just one of the measures is mostly a point mass when restricted to Q. 

Given an at most countable set B = {p,}72, in R”, a quasicube Q € QP", anda 
locally finite positive Borel measure ju, define as in [27], 


1 (Q,°B) = |Ql,, — sup tH (Px) : Pk €E ON PF, 


where the supremum is actually achieved since Laer on Lt (pk) < co as 1 is locally 
finite. The quantity jz (Q, 8) is simply the jz measure of Q where 77 is the measure ju 
with its largest point mass from ‘8 in Q removed. Given a locally finite measure pair 
(o,), let Biow) = {pete be the at most countable set of common point masses 
of o and w. Then the weighted norm inequality (4) typically implies finiteness of 
the following punctured Muckenhoupt conditions (see [27]): 


@ >P(o,@ a 
sa) ap 2B) 
ocom |gi* gl 
>* ,punc o o ? Oo, 
At p ‘(6, w) = |Q| (OQ pty ) 


. T= 1-2 
QEQP” |Q| n |Q| n 


Now we turn to the definition of a quasiHaar basis of L? (1). 


1.6 A Weighted QuasiHaar Basis 


We will use a construction of a quasiHaar basis in R” that is adapted to a measure 
Lt (c.f. [18] for the nonquasi case). Given a dyadic quasicube Q € QD, where D is 
a dyadic grid of cubes from P”, let i, denote orthogonal projection onto the finite 
dimensional subspace 16 (2) of L? (jz) that consists of linear combinations of the 
indicators of the children € (Q) of Q that have jz-mean zero over Q: 


Ww) = f= Y aple sag eR, | fan =0 


O’e€(Q) 2 
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Then we have the important telescoping property for dyadic quasicubes Q; C Qo 
that arises from the martingale differences associated with the projections AS: 


b& 


Ig @){ Yo AGF) |] = 10, & ( 


Q€101.02] 


of EGA), O€€(O1), fel (uy). 
(8) 


We will at times find it convenient to use a fixed orthonormal basis {10°} ver of 


Ib (i) where T,, = {0, 1}” \ {1} is a convenient index set with 1 = (1,1,..., 1). 


[La 
Then {ho Jae T,, and Q9EQD 
that we add the constant function 1 if jz is a finite measure. In particular we have for 


an infinite measure 


Iflliaqy = 2. |Ac legs = Ds i 
QEQD ae, 


is an orthonormal basis for L” (2), with the understanding 


= » V. no") , 
acl, 


where the measure is suppressed in the notation f. Indeed, this follows from (8) and 
Lebesgue’s differentiation theorem for quasicubes. We also record the following 
useful estimate. If J’ is any of the 2” QD-children of J, and a € T,,, then 


(9) 


C 
x 
N 

| 

C 
= 


1.7 The Strong Quasienergy Conditions 


Given a dyadic quasicube K € QD and a positive measure fz we define the 


quasiHaar projection PE = plea See ra on K by 
2 
Pep= > Y (pale) alt so that | Pef liq) = a OS Kr. ane 
JEQD: ICK AETy, JEQD: ICK aETy, 


and where a quasiHaar basis {ni Ne eI, and JEDQ adapted to the measure fz was 
defined in the subsection on a weighted quasiHaar basis above. 

Now we define various notions for quasicubes which are inherited from the same 
notions for cubes. The main objective here is to use the familiar notation that one 
uses for cubes, but now extended to (&2-quasicubes. We have already introduced 
the notions of quasigrids QD, and center, sidelength and dyadic associated to 
quasicubes Q € QD, as well as quasiHaar functions, and we will continue to extend 
to quasicubes the additional familiar notions related to cubes as we come across 
them. We begin with the notion of deeply embedded. Fix a quasigrid QD. We say 
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that a dyadic quasicube J is (r, ¢)-deeply embedded in a (not necessarily dyadic) 
quasicube K, which we write as J G,. K, when J C K and both 


£(J) <27*L(K), (10) 


1 
qdist (J, 9K) > 5¢ (J) £ (Ky, 


where we define the quasidistance qdist (E, F’) between two sets F and F to be the 
Euclidean distance dist (Q7'E, Q7'F) between the preimages Q7'E and Q7'F of 


E and F under the map Q, and where we recall that £ (J) ~ |J| . For the most part 
we will consider J G,,- K when J and K belong to a common quasigrid QD, but an 
exception is made when defining the strong energy constants below. 

Recall that in dimension n = 1, and for a = 0, the energy condition constant 
was defined by 


2 
eee : 


oo 2 
= up — > (a , =) |Pex 
I=UI, i bi II,-| ' 
where J, J, and J are intervals in the real line. The extension to higher dimensions 
we use here is that of “strong quasienergy condition’ defined in [27] and recalled 
below. 

We define a quasicube K (not necessarily in QD) to be an alternate QD- 
quasicube if it is a union of 2” Q‘D-quasicubes K’ with side length £ (K’) = st (K) 
(such quasicubes were called shifted in [29], but that terminology conflicts with 
the more familiar notion of shifted quasigrid). Thus for any (QD-quasicube L there 
are exactly 2” alternate (2D-quasicubes of twice the side length that contain L, and 
one of them is of course the QD-parent of L. We denote the collection of alternate 
QD-quasicubes by AQD. 

The extension of the energy conditions to higher dimensions in [29] used the 
collection 


My.e—deep (K) = {maximal dyadic J E,,. K} 


of maximal (r,¢€)-deeply embedded dyadic subquasicubes of a quasicube K (a 
subquasicube J of K is a dyadic subquasicube of K if J € QD when QD is a 
dyadic quasigrid containing K). This collection of dyadic subquasicubes of K is of 
course a pairwise disjoint decomposition of K. We also defined there a refinement 
and extension of the collection M (r,c)—deep (K) for certain K and each ¢ > 1. For an 
alternate quasicube K € AQD, define M (r,«)—deep,2D (K) to consist of the maximal 
r-deeply embedded (2D-dyadic subquasicubes J of K. (In the special case that K 
itself belongs to QD, then M ()—deep,ap (K) = M r,c)—deep (K).) Then in [29] for 
£ > 1 we defined the refinement 


NA oid (K)= {J € Mes)—deep, 2D (x‘K’) for some K’ € €gp (K): 


J C Lfor some L € M(r2)—deep (K)} F 
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where €gp (K) is the obvious extension to alternate quasicubes of the set of QD- 
dyadic children. Thus Me «)—deep.2D (K) is the union, over all quasichildren K’ of 


K, of those quasicubes in M (¢,¢)—deep (°K’ ) that happen to be contained in some 
L € M)—deep,2D (K). We then define the strong quasienergy condition as follows. 


Definition 5 Let 0 < a < n and fix ‘goodness’ parameters (r, ¢). Suppose o and 
@ are locally finite positive Borel measures on R”. Then the strong quasienergy 
constant €;"°"" is defined by 


a fie P7110) \ yoo 
(ce “y= sup Te se (=1) Peele) 


1 
1=Ul; r=1 JEM y.c—deep Ir) lJ| ‘ 
1 P* (J,1,0)\ 
» 1/0 2 
+sup sup sup — > eT ae PPx| 3%) ‘ 
aD 1eAQD t>0 lo MG 
JEM ( ¢)—deep. op 


Similarly we have a dual version of €:°°"* denoted €)°°""*, and both depend 
on r and € as well as on n and a. An important point in this definition is that the 
quasicube / in the second line is permitted to lie outside the quasigrid QD, but only 
as an alternate dyadic quasicube J € AQD. In the setting of quasicubes we continue 
to use the linear function x in the final factor | Pex|'. (o) of each line, and not the 
pushforward of x by Q. The reason of course is that this condition is used to capture 
the first order information in the Taylor expansion of a singular kernel. 


2 The Good-A Lemma 


The basic new result of this paper is the following ‘Good-A Lemma’ whose utility 
will become evident when we pursue its corollaries below. Set fraktur Aj to be the 
sum of the four A conditions: 


ye = As ee A an A af yc 
Lemma 1 (The Good-A Lemma) Suppose that T* is a standard a-fractional 
singular integral in R", and that o and w are locally finite positive Borel measures 
on IR". For every 4 € (0, 3); we have 
WBP 7x (0,0) (1) 


1 ok stron; stron: 
<Cy (+ yas (0,0) + (Tre + Tha) (o,@) + (ES + ESM *) (o,0) + A ANe (6, 0) : 
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Thus the effect of the Good-A Lemma is to ‘good-A replace’ the quasiweak 
boundedness property with just the usual testing conditions in the presence of 
the side conditions of Muckenhoupt and energy on the weight pair. However, in 
dimension n = | a much stronger inequality can be proved (see e.g. [19] and [12]): 


WBP re < Cy (J 25 + Tre + The). 


2.1 Corollaries 


Now we come to the corollaries of the Good-A Lemma. We first remove the 
hypothesis of the quasiweak boundedness property from the conclusion of part (1) 
of Theorem 1| in [27]. 


Remark I In [10], Lacey and Wick have removed the weak boundedness property 
from their T1 theorem by using NTV surgery with two independent grids, one 
for each function f and g in (Tf, g), in the course of their argument. The use of 
independent grids for each of f and g greatly simplifies the NTV surgery, but does 
not accommodate our control of functional energy by Muckenhoupt and energy 
conditions. 


Theorem 2 Suppose 0 < a < n, that T® is a standard a-fractional singular 
integral operator on IR", and that w and o are locally finite positive Borel measures 
on R". Set T¢f = T* (fo) for any smooth truncation of T?. Let Q : R" > R" be 
a globally biLipschitz map. Then the operator T® is bounded from L? (a) to L? (a), 
ie. 


ITF llr) S Mere flaw » 


uniformly in smooth truncations of T*, and moreover 
Ny < Cy ( /25 + Lye + Le + EGS + geet ) 


provided that the two dual A$ conditions and the two dual punctured Muckenhoupt 
conditions all hold, and the two dual quasitesting conditions for T’ hold, and 
provided that the two dual strong quasienergy conditions hold uniformly over all 
dyadic quasigrids QD C QP", i.e. Eg 8 + Eg "** < 00, and where the goodness 
parameters x and ¢ implicit in the definition of the collections M (y,c)—deep (K) and 
Maude (K) appearing in the strong energy conditions, are fixed sufficiently 
large and small respectively depending only on n and a. 


Proof Let Ts’, be a tangent line approximation to T” as introduced above. Then 
Mrz, < 00, indeed Ny, < Cnos.r Al by an easy argument, and by part (1) of 
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Theorem | in [27] applied to the a-fractional singular integral T;‘, we have 


Mryy < Ca (VHF + Ty, + Thy, + EMM + EMM + WEP ry) 
with Cy, independent of 5 and R. We obtain from the Good-A Lemma applied to 


T§.5.p in place of T*, 


1 * stron, strong, * 
WBPrx, < Cy (5 v% tin ie Per ee Yixr,) 


8.R — 


and then combining inequalities gives 
1 4 
/ Qa 1 stron: strong, * 
Nre, <C, (5v8 ae a ee Listes, 


with Cc independent of 6 and R. Since MNre, < oo, we can absorb the term 


Cc, VANE on the right hand side above into the left hand side for A > 0 sufficiently 
small. Since TS is an arbitrary tangent line approximation to 7*, the proof of 
Theorem 2 is complete. 5) 


The first case of the following T1 theorem was proved in [26], and the second 
case is a corollary of Theorem 2 above and Theorem 2 in [27]. 


Theorem 3 Suppose 0 < a < n, that T® is a standard a-fractional singular 
integral operator on IR", and that w and o are locally finite positive Borel measures 
on R". Set T2f = T° (fo) for any smooth truncation of Tt. Let Q : R" > R" bea 
globally biLipschitz map. Then 


Mire & JAZ + Tre + Tw , 


in the following two cases: 


(1) when 7° is a strongly elliptic standard a-fractional singular integral operator on 
IR”, and one of the weights o or w is supported on a compact C! curve in R”, 

(2) when T% = R% is the vector of a-fractional Riesz transforms, and both weights 
o and are k-energy dispersed where 0 < k < n — | satisfies 


n—-k<a<n,a4¢n-—-1 if l1<k<n-2 
O<a<n,aA¢l,n-1 if k=n-I1 


There is a further corollary that can be easily obtained, namely a two weight 
accretive global Tb theorem whenever a two weight T1 theorem holds for strictly 
comparable weight pairs. We say that two weight pairs (0, w) and (G, @) are strictly 
comparable if © = ho and ® = hw where each h; is a function bounded 
between two positive constants. The simple proof of the following accretive global 
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Tb theorem uses only the statement of a related T1 theorem. We say that a complex- 
valued function b is accretive on R" if 


0 < cp < Reb(x) < |bD@|<Cyo<c, xeER’. 
Theorem 4 Suppose 0 < a <_n, that T% is a standard a-fractional singular 


integral operator on IR", and that w and o are locally finite positive Borel measures 
on RR" for which we have the ‘T1 theorem’ for strictly comparable weight pairs, i.e. 


Mere (o, o) x \V Ay (G, @) + Za (c, @) ++ Soe (o, @) ’ (12) 


whenever (o,@) and (,@) are strictly comparable. Finally, let b and b* be two 
accretive functions on RR". Then the best constant Nira = re (0,@) in the two 
weight norm inequality 


IToFllna(wy S Me If lew » 


taken uniformly over tangent line truncations of T“, satisfies 
b*, 
Nye ~ JUS + The + Tye, (13) 


where the two dual b-testing conditions for T” are given by 
oy 2 b 
| |T$ (1gb) |" dw < Te |O|, , for all cubes Q, 
Q 
- ese (1gb*) |” do < ge |Q|.,, . forall cubes Q, 
Q 


and where we interpret the left sides above as holding uniformly over all tangent 
line truncations of T”. 


Note that Theorem 4 applies in particular to both cases (1) and (2) of Theorem 3. 


Proof We first note that since the kernel K® is real-valued, 
ile (19 Reb) |’ dw = ) |Re Te (108) do < | \rs (1gb) |? do < Thu |Ole 
Q Q Q 
ee (19 Reb”) |” do = i |Re TS* (196*)|*do = f \r3* (19b*) |’ do < 3h." lOl. - 
Q Q Q 


and if we now define measures 


@ = (Reb*) w and@ = (Reb)o, 
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we see that the operator 7” and the weight pair (o, @) satisfy (12). But it follows that 
Tru (6,0) < Ty (o, w) and T*, (F,@) < cia (o, w), and since the Muckenhoupt 
A» conditions are clearly comparable for strictly comparable weight pairs, we have 
the equivalence 


Nie FD) © /AY (0, ) + The (0, ) + The” (0,0). 


Finally, since 0 < c < Reb, Reb* < C, we see that Styx (6,@) © Vre (0, @), and 
this completes the proof of (13). oO 


Note that the presence of a (b, b*)-variant of the weak boundedness property here 
would complicate matters, since in general, 


Re | T* (levbo) b*dw # | T* (1g Re bo) Reb*da. 
Q Q 


To remind the reader of the versatility of even a global Tb theorem, we reproduce a 
proof of the boundedness of the Cauchy integral on C!* curves. 


2.1.1 Boundedness of the Cauchy Integral on C!* Curves 


Here we point out how the above 7b theorem can apply to obtain the boundedness 
of the Cauchy integral on C!* curves in the plane (which can be obtained in many 
other easy ways as well, see e.g. [31, Sect. 4 of Chap. VI]). Recall that the problem 
reduces to boundedness on L? (R) of the singular integral operator C, with kernel 


1 


kiln) = TAG =A 


where the curve has graph {x + iA (x) : x € R}. Now b (x) = 1 + iA’ (x) is accretive 
and we have the b-testing condition 


| Ca (Urb) (a)? de < 54, [I 


and its dual. Indeed, if 7 = [a, 6], then 


Ca (1yb) (x) = 


[ 1+ iA’(y) 3 
ly 


x—y+i(A@)—A()) 
= —log(x—y +i(A(x) —A())) [2 


= tog (SEH =A) 
x—B+i(A@)—A(B)) J’ 
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gives 


|C4 (1yb) (x)? © eer x€I=[a, 6], 


and it follows that 


fies (1;b) (x)|? dx ~ | ae fo 


1 
= (Ba) | In w|? dw = Cll. 
0 


2 2 


dx 


x—-aQ 


Bp-x 


x 
In 


In 
—a 


Since the kernel K, is C!, the Tb theorem above applies with T = Cy ando = 
w = dx Lebesgue measure, to show that C, is bounded on L? (R). Of course this 
proof just misses the case of Lipschitz curves since our two weight Tb theorem does 
not apply to kernels that fail to be C!*. 


3 Proof of the Good-A Lemma 


We will prove the Good-A Lemma by first replacing the quasiweak boundedness 
constant on the left hand side of (11) with the indicator/touching constant introduced 
in (6) above. To control the indicator/touching constant, we will need to tweak the 
usual good/bad technology of NTV a bit in the following subsection. 


3.1 Good/Bad Technology 


First we recall the good/bad cube technology of Nazarov, Treil and Volberg [32] as 
in [25], but with a small simplification introduced in the real line by Hyt6nen in [6]. 
This simplification does not impact the validity of the arguments in [30], but will 
facilitate the use of NTV surgery in later subsections. 

Following [6], we momentarily fix a large positive integer M € N, and consider 
the tiling of R” by the family of cubes Dy = {7 \ ezn having side length 2™ and 
given by [M = JM +. 2a where I’ = [0,2™)". A dyadic grid D built on Dy is 
defined to be a family of cubes D satisfying: 


(1) Each J € D has side length 2~* for some £ € Z with £ < M, and / is a union of 
2"“—9 cubes from the tiling Dy, 

(2) For £ < M, the collection Dz of cubes in D having side length 2-€ forms a 
pairwise disjoint decomposition of the space R”, 

(3) Given J € Dj and J € Dj with j < i < M, it is the case that either] J = @ or 
IcJ. 
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We now momentarily fix a negative integer N € —N, and restrict the above grids 
to cubes of side length at most 2~”: 


DY = {I € D: side length of / is at most at : 


We refer to such grids D” as a (truncated) dyadic grid D built on Dy of size 
2-". There are now two traditional means of constructing probability measures on 
collections of such dyadic grids. 

Construction #1: Consider first the special case of dimension n = 1. Then for 
any 


B= {Bihiey € oy = (0,1), 


where Zi, = {€€Z:N <& <M}, define the dyadic grid Dg built on Dy of size 
2-" by 


Dp =42 1. +k+ So 27S; 


i: 0<i<M N<C<M, keZ 


Place the uniform probability measure pj, on the finite index space w}, = {0, 12, 
namely that which charges each 8 € wy, equally. This construction is then extended 
to Euclidean space R” by taking products in the usual way and using the product 
index space 2, = (w/)" and the uniform product probability measure y, = 
N N 
Puy X -+ +X Pare 
Construction #2: Momentarily fix a (truncated) dyadic grid D built on Dy of 
size 2~". For any 


Y= (M5005 Yn) € Ty = {2 Z4 |v) <2}, 
where Z, = N U {0}, define the dyadic grid DY built on Dy of size 2~" by 


DY =D+y. 
Place the uniform probability measure vi’ on the finite index set IY, namely that 
which charges each multiindex y in TY equally. 


The two probability spaces ({Ps} seax si) and ((P%3,<rg ; vy) are isomor- 
phic since both collections {Dp} pean and {D"} ery describe the set A4), of all 
(truncated) dyadic grids DY’ built on Dy of size 2~’, and since both measures iy 
and vi are the uniform measure on this space. Indeed, it suffices to verify this in 
the case n = 1. The first construction may be thought of as being parameterized 
by scales—each component f; in B = Bitien € wy amounting to a choice 
of the two possible tilings at level i that respect the choice of tiling at the level 
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below—and since any grid in Ai, is determined by a choice of scales , we see 
that {Dz} peay = Aj, The second construction may be thought of as being 
M 


parameterized by translation—each y € iy amounting to a choice of translation of 
the grid D fixed in construction #2—and since any grid in AN is determined by any 
of the cubes at the top level, i.e. with side length 2~", we see that {D’} ery a Ay 
as well, since every cube at the top level in AY has the form Q + y for some y € I'ty 
and Q € D at the top level in AY (i.e. every cube at the top level in At is a union 
of small cubes in Dy, and so must be a translate of some Q € D by an amount 2-4 
times an element of Zi). Note also that in all dimensions, #2", = ary = 2"(M—N) | 
We will use Hon to denote expectation with respect to this common probability 


measure on Ajy. 

The usual NTV probabilistic reduction to ‘good’ cubes will be implemented 
below for each positive integer M and each negative integer N assuming that the 
functions f and g are supported in a large cube L with [, do =0= 1 7 edo, and 
moreover assuming that —N is sufficiently large compared to ¢ (L) that the small 
probability estimates claimed below hold (—N > € (L) + r will work where r is the 
goodness constant), and finally assuming that f and g are constant on each cube Q 
in the tiling Dy. Recall that we can always reduce to the case J, fdo =0= i gdw 
by simply subtracting off averages and controlling the resulting error terms by the 
testing conditions (see e.g. [32]). 


Notation 2 For purposes of notation and clarity, we often suppress all reference to 
M and N in our families of grids, and in the notations Q and T for the parameter 
sets, and we will use Pg and Eg to denote probability and expectation, and instead 
proceed as if all grids considered are unrestricted. The careful reader can supply 
the modifications necessary to handle the assumptions made above on the grids D 
and the functions f and g regarding M and N. In fact, we will exploit the integers M 
and N explicitly in the subsubsections on NTV surgery below. 


In the case of one independent family of grids, as is the case here, the main result 
is the following conditional probability estimate: for every I € P”, 


Pg {D :1isabad cube in D | 1 € D} < C2-*. (14) 


Provided we obtain estimates independent of M and N, this will be sufficient for our 
proof—this follows the procedure with two independent grids initiated by Hyt6nen 
for the Hilbert transform inequality in [6]. The key point of introducing the two 
different parameterizations above of the same probability space, is that construction 
#1 is well-adapted to the reduction to good cubes in a single independent family of 
grids, as used in the proof of the main theorem in [30], which is in turn needed below, 
while construction #2 facilitates the use of NTV surgery below when combined with 
the construction of Q-good grids, to which we next turn. 
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3.1.1 Q-Good Quasicubes and Q-Good Quasigrids 


We first introduce these notions for usual cubes, and later pass to quasicubes. Let 
Q € P" be an arbitrary cube in R” with sides parallel to the coordinate axes. For 
technical reasons associated to our application below, we also want to consider the 
‘siblings’ of Q, i.e. the ‘triadic children’ of 3Q. 


Definition 6 We say that a cube J € P” is Q-good if either ¢ (1) > 27° € (Q), or for 
every sibling Q’ of Q, we have 


dist (I, 00’) > 5! vas (a’)* 


when € (J) < 27°£ (Q). We say I € P” is Q-bad if I is not Q-good. 


Note that for a fixed cube Q € P”, we do not have a conditional probability 
estimate Po {D: 1 € Dand/ is Q-bad} < C2™* since the property of a cube 
I being Q-bad is independent of which grids D it belongs to. To rectify this 
complication we will introduce below a second independent family of grids— 
but this second family will also be used to simultaneously Haar-decompose both 
fe (o)andge Ll (a)? 

We next wish to capture the idea of a grid D being “Q-good’ with respect to this 
fixed cube Q, and the idea will be to require that Q is /-good for all sufficiently 
larger cubes J in the grid D. Here we will obtain a ‘goodness’ estimate in Lemma 2 
below. 


Definition 7 Let r and € be goodness constants as in [25]. For Q € P” we declare 
a grid D to be Q-good if for every sibling Q’ of Q and for every J € D with ¢ (J) > 
2°£ (Q), the following holds: the distance from the cube Q’ to the boundary of the 
cube / satisfies the ‘deeply embedded’ inequality, 


dist (Q', a1) > 5! (yew. 


We say the grid D is Q-bad if it is not Q-good. 


Note that Q is fixed in this definition and it is easy to see, using the translation 
parameterization in construction #2 above, that the collection of grids D that are Q- 
bad occur with small probability. Indeed, if J > Q has side length at least 2" times 
that of Q, then the translates of J satisfy Q EG, J with probability near 1. 


Lemma 2 Fix acube Q € P". Then Pg {D : D is Q-bad} < C27*. 


?Traditionally, two independent grids are applied to f and g separately, something we avoid since 
the treatment of functional energy in the arguments of [27, 30] (which we use here) relies on using 
a common grid for f and g. 
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The following is our tweaking of the good/bad technology of NTV [32]. Fix a 
cube Q € P” and let D be randomly selected. Define linear operators (depending 
on the grid D), 


Veo: Tis r-good in‘D Atif if D is Q-good 
0 if Dis Q-bad 


’ 


Poseooal = 


Po:baat =f- Poseeil 3 


and likewise for P6. soa and PG.paa8- 


Proposition 1 Fix a cube Q € P”. Then we have the estimates 


mf) | Porpaat I 12/0) S cr7 IF llzz(o) > 


ba || Posvaa8l ay) < C2? llallzey- 


Proof We have from (14) and Lemma 2 that 


20 ||Poaaf 


ca) + Eg (sono > larli) 


IED 


ie) = Ee (110. Q-good } pa Agr 


IED is bad 


< CI D> AP | fop) HEe (1evis ora) D> [AP i¢0) S C27" UW lle) - 


IED IED 


oO 


From this we conclude that there is an absolute choice of r depending on 0 < 
e < 1 so that the following holds. Let T : L?(o) — L*(w) be a bounded linear 
operator, and let Q € P” be a fixed cube. We then have 


IT lh22(0) +12) <2 sup sup tal TPSgoodt Po. z0018} | : (15) 
Wl acqy=1 Nall pay =! 0 


Indeed, we can choose f € L?(c) of norm one, and g € L?(@) of norm one so that 
IT 22,6) > 22() = (Tf, 2). 
S tal{ TPS; good Pe seo0i8) | = tal{TPospaat PS coo) | 


- tall TPossooah: Posena8) sl fal{TPH.baal» PS .bad8),, | 


s fall TPS ;cooat’ PS so088) +3C-2°% IT 22) ’ 


And this proves (15) for r sufficiently large depending on ¢ > 0. 
Clearly, all of this extends automatically to the quasiworld. 
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Implication: Given a quasicube Q € QP", it suffices to consider only Q-good 
quasigrids and Q-good quasicubes in these quasigrids, and to prove an estimate 
for ||To||12(¢)-+12(w) that is independent of these assumptions. 


3.2. Control of the Indicator/Touching Property 


Recall the indicator/touching constant 37« defined in (6) above. Here we will prove 
that 


1 
Tre < Cy (5 VAS + Tra + Tha + ESOME 4 EsSMONE* + Yistw ) , (16) 


from which it easily follows that we have the same inequality for the weak 
boundedness property constant WWBP a defined in (5) above, 


1 
WBPre < Cy (,v% 4 te eT, HEE gy ce Vine) . ayn 


Indeed an elementary argument shows that WBP ye < Jy« + sg + Ya. For the 
proof of (16) we assume the reader is already familiar with the proof of the main 
theorem in [30] or [27], and we now review the parts of this proof that are pertinent 
here. 

We first recall the basic setup in [30]. Let QD? = QD® be a quasigrid on R”, 


and let {h7“} and {ugk be corresponding quasiHaar bases, 


IEQD*, aeTy, JEQD®, bETy 
so that f € L’ (a) and g € L’ (w) can be written f = fgooa +foad and g = Seooa + Sbad 
where 


f= > Ajfandg= >” APs, 
IEQD? JEQD® 
Feood = > Arf and &go00d = ~~ AGE ; 
IEQD? JEQD? 


good good 


and where De ood = QD goog iS the (r, €)-good subgrid, and where the quasiHaar 
projections Af foooa and A? go0q vanish if the quasicubes J and J are not good in 
QD? = QD*. Note that we use a single independent family of grids QD? = QD® 
and only include the different superscripts 0 and w to emphasize which measure the 


grid is being used with in a given situation. 


Remark 2 In [27] and [30], the quasiHaar projections AT fgooa and A? ggood are 
required to vanish if the quasicubes / and J are not t-good in QD? = QD”, where 
a quasicube / is t-good in a quasigrid QD if J together with its children and its 
ancestors up to order t are all good. This more restrictive condition doesn’t affect 
what is done here. 
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For future reference note that the argument in [30] applies just as well to the 
smaller projections Po: eooas and Po: good in place of food ANd Yeooa respectively. We 
fix f = foood and ZY = Ygooa- For now we continue to work with general functions 
f and g and the projections fgooq and Zgooa, but keeping in mind that in order to 
prove (16), we will later specialize to the cases of indicator functions f = 1g and 
g = lp, and we will then also include the restriction to Q-good grids QDg;e004 and 
projections Po ecodl and Pose for a fixed quasicube Q - the quasicube Q in the 
projection Po: good! is chosen to coincide with the quasicube Q in the indicator 1g in 
order to achieve the three critical reductions in Sect. 3.2.1 below. Continuing with 
[27, 30], we then proved there the bilinear inequality 


IT* (ff. 9) = > yal (20d eee (18) 


LEQD yo04 and JEQD?. 


‘good 


S Cu (VBE + Tre + The + EMM + EM + WEP re) Mf lire) llalli2e): 


uniformly over grids D, and we now discuss the salient features of this proof for us. 
As in [27, 30] let 


NTV a = Vv AS + Se + Tha + WBP Ta Fy 
See Pee Ae aa A a 


and recall the following brief schematic diagram of the decompositions involved in 
the proof given in [30], with bounds in -; 


lal Ble 


Be, (f.s) + B,a(f.8) 


Toiagonal (f, g) + Thar below (f, g) + Thar above (f, g) + Taisjoint (f, g) 
+ 1 
1 


Bé, (f, g) aon he g) - Teeige Us; 8) 


! 


\ 
Bron f. 8) a De iesadin f, 8) + Bias f, 8) 


With reference to this diagram, we now make a sweeping and crucial claim. 
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The only two places in our proof of the main theorem in [30] where the weak 
boundedness property W5?P ze is used, is 


(1) in proving the estimates for terms A; and A» involving Che (A7f) ; Ae) that 
arise in estimating the form B » (f, g) at the top right of the schematic diagram, 
and 

(2) and in the estimates for the inner products es (A? f) » AF 8). in the form 

a below (f+ &) for which / are J are close in both scale and position, 

(3) and even then in these two cases, only for certain child quasicubes Ig and J 
when they touch, i.e. their interiors are disjoint but their closures intersect (even 
in just a point). In all other instances where ’7 Vy appears in the schematic 
diagram, the weak boundedness property is not used. 


In order to make the application of the quasiweak boundedness property in these 
arguments clear, we reproduce the relevant portions of the arguments from [30] that 
deal with the forms By (f, g) and T?,,pelow (f, g)- Recall also that the parameters 
p,t,¥rin [30, Definition 12 on p. 40] were fixed to satisfy 


t>randp>t+r. 


1: Here is the beginning of the proof of (6.1) on page 28 dealing with B » (f, g) 
in the statement of Lemma 9 in [30]. 

Extract from pages 28 and 29 of [30]: 

Note that in (6.1) we have used the parameter p in the exponent rather than 
r, and this is possible because the arguments we use here only require that there 
are finitely many levels of scale separating I and J. To handle this term we first 
decompose it into 


» > + » l(72 (APF). AY8),,| 


CANEQD? xQOD®: JC3I T,JEQD?xQD®: IC3J TJEQD? xQD” 
IP L(T) <C(J) <2 L(1) IPL <LI) <2PU(T) 2 PL(T) < (J) <2 L(I) 
JGZ3I and 1Z3J 


=A, +A.+A3. 


The proof of the bound for term A3 is similar to that of the bound for the left side of 
(6.2), and so we will defer the bound for Az until after (6.2) has been proved. 

We now consider term A, as term A2 is symmetric. To handle this term we will 
write the quasiHaar functions hy and h? as linear combinations of the indicators 
of the children of their supporting quasicubes, denoted Ig and Jg respectively. Then 
we use the quasitesting condition on Ig and Jg: when they overlap, i.e. their interiors 
intersect; we use the quasiweak boundedness property on Ig and Jg when they 
touch, i.e. their interiors are disjoint but their closures intersect (even in just a 
point); and finally we use the AS condition when Ig and Jg: are separated, i.e. their 
closures are disjoint. We will suppose initially that the side length of J is at most 
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the side length I, i.e. €(J) < £(1), the proof for J = mI being similar but for one 
point mentioned below. So suppose that Ig is a child of I and that Jg is a child of J. 
Tf Jeg C Ig we have from (9) that, 


(72 (AFF) ty, A? eh] S sup tae aa 


aa’ Ely Io o . ° Vv Jorles 


1 


< sup MA Ar) | (/ |T; (1,,)I° aw) (ene) | 


aa’ ET; Io o 


Ae 
< sup Met bel eg Mole (s. ny) | 
aa’ Ely Ig a o 
S sup Tr, [AAP | (ee) |. 


The point referred to above is that when J = ml we write (e (1;,) ily, i = 
(ingks * (1,,,)),, and get the dual quasitesting constant Tr, . If Jar and Ip touch, 
then £ (Jo) < £ (Ig) and we have Jg: C 31g \ Ig, and so 


an lear") 
1, ATF) Vy S Fy NF Cte)» May ad 
NP (ln AFA) Lay AP 8h] S sup = [Fe Oe) Leal FE 19) 
ie (sn) 
< Bt OW BP re V/lI|q orl gp ——— 
web. lg NM Me Ta, 


= sup WBPre |(f. hy“), 


aa ely 


(sn) |. 


The only place where the quasiweak boundedness property WBP ye was used 
above was in the second line of the display (19) when we invoked 


(75 (Lie) Wsyr),,| S$ WBP re Vitel, Worl, 


for quasicubes Jp € € (J) and Jg € € (J) that touch. 

2: Here is the beginning of the proof on page 41 that controls the form 
Trarbelow (f, 8) in [30]. 

Extract from page 41 of [30]: 

The far below term Tia below (f, g) is bounded using the Intertwining Proposition 
and the control of functional energy condition by the energy condition given in the 
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next two sections. Indeed, assuming these two results, we have from t < p that 


Thar below (f, 8) = > pa (Ty (Arf) ’ (Ava), 


ABEA TEC, and JEce shift 
BSA JEpel 


=) >d y eG), 


BEA AGA: BSA TEC, and sec st 
JEp el 


=) >d A) 9e)), 


BEA AGA: BSA JeC, and JeCEshilt 


-e Le Ltr (rs). (A78)), 


BEA AGA: BSA eC, and Jech-shitt 
JEpel 


= Th below (f, 8) ~ Taehsiew (f. 8) . 


Now Tia below (f: 8) is bounded by NTVy by Lemma 9 since J is good if A?g # 0. 
The only place where the quasiweak boundedness property WBP ya was used 
above® was in bounding the inner products ( (A?f) , (A%s)),, by Lemma 9 of 
[30] when in addition J and J were close in both scale and position, and this reduces 
to the previous extract from pages 28 and 29 of [30] treated above. 
Thus we may split the sum in (18) as follows: 


II 


T* (f,g) > T* (Aff, APs) 


Te QD ood and JEQD Sood 


II 


a > T* (Ath AF) 


CNEQDS, ~XQD%4: ICT LA EQDY, gXQD2, 42 ICS 


good good 


2 PLT) <L(J) <2? (1) 2 PET) <L(J) <2? (1) 
+R Cf, 2) 


= {Ai (f,8) + Ao(f.8)} + R* Ff.8), 


where we are including in the terms A (f, g) + Az (f, g) the corresponding inner 
products from the form T2 (f, g) to which Lemma 9 of [30] was applied. Then 


far below 


3On page 41 of [30], there was a typo in that J G;, 7 appeared in the fourth line of the display 
instead of J €,.- J as corrected here. 
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the remainder form R° (f, g) satisfies the estimate 


(R* (FB) < Cu (VBE + Tre + The + Es + EZ") I fllirey lire) - 
(20) 


The key point here is that the quasiweak boundedness constant WBP7.« does not 
appear on the right hand side of this estimate, and this is because the arguments 
in [30] that are used to bound R* (f, g) do not use the quasiweak boundedness 
property at all, as a patient reader can verify. This constitutes the deepest part of our 
argument to prove (16). 

We now turn to the ‘good-A’ argument that will substitute for the use of the 
quasiweak boundedness property in (18) in order to prove (16). First we observe 
that the constant C in (6) can be taken to be 2°, and then an application of the 
inequality 


ee (1;,) ? 15;;).,| < Tra lel, Joes 


to the display in (19) above, shows that 


[P24 7.) Ay A | ap ME ua \(75 (ip) «Aaer) Mel") 
© aa’ Ely ole o Worle 
Ae \(s. ny) 
<S sup Ar ly me 
aa’ €Ty | 6le | "le 
= sup Jr (Fhe). | (s,n9*") |. 
aa’ ET, 


From this we obtain the following crude estimate valid for any f € L? (o) and 
gel’ (a): 


JA (f, 8) + Aa (F.8)] S Ca (VOE + Tre + Te + Irv) Mller lgllirey 
(21) 


Definition 8 We say that two quasicubes K and L have n-comparable side lengths, 
or simply that £ (K) and £ (L) are n-comparable, if 
2-1 (K) < £(L) < 2"€(K). 


Furthermore, we say that K and L are n-close if they have n-comparable side 
lengths, and if they belong to a common quasigrid QD and are touching quasicubes 
that satisfy either K C 3LorL C 3K. 


Now consider the special indicator case f = 1g and g = 1p where Q and R are 
p-close in some Q2D. For this case we will be able to do much better than (21). In 
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fact, foreachO <A < 5 we claim that the following ‘good-A’ inequality holds: 


1 
[Ai (1g. 1x)|-+]A2 (Io. 1x)| < Ca (+a + Tre + The + ix ) Lola) Wallac - 
(22) 


With (22) proved, we can use it and (20) to complete the proof of the estimate for 
the indicator/touching property (16) by taking expectations Eg as usual: 


Te (A71o. 41) 
IEQD®? and JEQD® 


De (|Ai| + |Aa|) + Ee [R® (1g, 1r)| 


LQ 


IA 


IA 


1 oK 
ie (5 v% foie es 4 Vix ) loll ,2¢6) lILallz2~) 


tan (v DS + Tre + Thy + EME + ES") | Loll-2¢6) all 20) 


1 * stron, strong,* 
< Cy (5 V 25 + Tra + Vra + oe g + ob ig, + Lise Voll p2¢) rllz2w) ; 


which gives (16) upon taking the supremum over such Q and R to get 


1 


5 fe Spe Sy ETE Ce op Lise 


Tre < Gel 


Notation 3. The remainder of this paper is devoted to proving (22) for touching and 
p-close quasicubes Q and R. To simplify notation and geometric constructions, we 
consider only the case of ordinary cubes in P", and note that the extension to the 
quasiworld is then routine. 


To prove the claim (22) we use the parameterization by translation introduced 
above. Essentially this approach was used in the averaging technique employed in 
[23], which in turn was borrowed from Fefferman and Stein [4], later refined in [6], 
and further refined here in this paper. It suffices to prove that 


1 | cue 
[7* (le) soos» 2) go0a)| $ Ce (( ve Dye + Tipu + EM + EOE + or) 


X ollie) Wrlli2e) » 


for all Q,R € P” that are p-close, uniformly over Q-good grids, and where 


i ( (Lo) soot ’ (Li) good) = > T° (Af lo, A? IR) - 


TEDO: wo0d and JED GE: .00d 
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The grids DO.cooa = PO:gooa ate those arising in the projections Posscod! and 
errs above. Moreover, due to the key observation above regarding where the 
weak boundedness property arises in the proof of the main theorem in [30], it 
suffices to prove 


:  - (7 (A710). 71R),| 


TDEDG. gooa*P 6: e004" JO3I CNEDG-e00d%P 0: 2000" 1C3J 
2-PE(T) <l(J)<2P (I) 2 PE(T) <€(J)<2? C(I) 


5G, (FVM + Se +h + Ae) Molla, Mela) 
under the assumption that we sum over only Q-good cubes J and J that belong 
to Q-good grids in the above sums, and where we recall that we may realize the 
underlying probability space as translations of any fixed grid, say the standard 
dyadic grid. Note that R is contained in 3Q, and this accounts for our inclusion 
of siblings in Definition 7 above. 

By symmetry it suffices to prove for all0 <A < 5 that 


ba zs |(7¢ (A?10) APR), (23) 
U.N EDO- e00a%*P 0: 2000" JO3I 
2 PLT) <L(J) <2" (1) 
Zand J touch 


1 
< Cy (5 V5 + Tra + Cr + Vian) Lolz) Dell z2(w) * 


for all cubes Q,R € P” that are p-close (we are including the testing conditions 
here because we are including children J and Jg in the display (19) that coincide 
as well). 


3.2.1 Three Critical Reductions 


Now we make three critical reductions that permit the application of NTV surgery, 
and lie at the core of the much better estimate (22). 


(1) We must have that J ‘cuts across the boundary’ of Q, i.e. |J Q| > O and 
[ZN O°| > 0 (orelse Af 1g = 0), 

(2) We must have that J ‘cuts across the boundary’ of R, i.e. |JAR| > O and 
[J R*| > 0 (or else AP 1p = 0), 

(3) By the assumed ‘Q-goodness’ in Definition 7, together with reductions (1) and 
(2) above, we cannot have either £ (1) > 2° (Q) or £ (J) > 2°€ (R). 
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From these reductions, we are left to prove 


bo oe \(72 (AZ1g) .A% 12), | (24) 


ENEDS, poa® DP cuod: TCA 


T and J are p-close 
£(1) <2" €(Q) and €(J)<2" €(R) 


—— . oe 
< Cy (5 WS + Tra + oy "a + Liste ) Dollie) allr2w) ’ 


for all p-close Q,R € P”. 

The small pairs of cubes (/, J), i.e. those with both £ (1) < 2~T€ (Q) and £ (J) < 
2° (R), pose a difficulty and our next task is to further reduce matters to proving 
the more restricted estimate: 


7 cl o 0) 
2 2 (Te (A710). APR}, (25) 
C.D €EDG.- e00d%P 6: 2000" JO3I 

T and J are p-close 
£(1) and €(Q) are r-comparable 
£(J) and €(R) are r-comparable 


1 ok 
ac, (5 v% +p + The t Six ) olle2(e) Weller) » 


for all Q,R € P" that are p-close. The difference between (25) and (24) is that 
in (25), we do not permit small pairs of (/, J), i.e. those with (J) < 27° (Q) or 
L(V) <2 (RQ). 


3.2.2 Elimination of Small Pairs 


To eliminate the small pairs from (24), we apply for a second time our proof from 
[30] as outlined above, but this time to each inner product ( (A719) ; AP IR), 
appearing in the sum in (24) inside the expectation Eg. In other words, for fixed /, 
J, Q and R, we take f = A719 and g = Af 1p, and we obtain that 


EgEg, 


(TS (Aro) AV IR),,| 


= Ca ( V2 Paretiw te, tes 2" Nps) WA Lollra¢) [5 Lal p>, 


w) 


+EgEq’ > (72 AX (A719). A? (AP1R)), 
(KK L)EDO- 604% PO: g00a: LC3K 
K and L are j-close 
(K) <2" (1) and £(L) <2" €UR) 


’ 


where here the expectation Eg, is taken to be independent of Eg. 
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But now we may further assume that the pair of grids (D,D’), for which 
(I,J) € Dx D and (K,L) € D! x D’, are mutually good.* Thus we cannot have 
£(K) < 27° (1) because K is I-good, and this eliminates the inclusion of small 
pairs (K, L), i.e. those with €(K) < 27°£(/). Note that the term 2~*)ty« arises 
from the bad Haar projections A and A? of Af 1g and A? 1, respectively. Finally, 


we note that f = A‘ 1g is constant on the children of J and that | Af lo ° 


Po) — 
Vreew Jr 


, , 2 : : ; 
i 1o — i710 do. Thus it suffices to prove the following estimate, 


bay os DS Mrs Ag (EF AF 1g] 4) AP ((E% A? te] 17), 
(K, DED: 004% Po: 200d: LO3K ECD) 
K and L are p-close VEC) 


£(K) and €(/) are r-comparable 
€(L) and £(J) are r-comparable 


1 
2c, (vm + StU. + VANe - 


JE? AZ 1o| |E% A? te] Arlee Welle) » 


ree’) 
ECV) 
which we can write simply as 
x "Ol oO oO 
a’ 2 (Te Ag Ar). A? Gy). 
(K.LEDG- 204% PO: g000: LC3K 


K and L are p-close 
£(K) and £(1’) are r-comparable 
€(L) and £(J’) are r-comparable 


1 * 
< Ca (5 VIE + Tre + Tw + Liv [Mr lliacey lav) 


for each I’ € €(/) and J’ € €(J). Now relabel J’ and J’ as Q and R respectively 
(and then also K and L as J and J respectively) to obtain (25). 


3.2.3 NTV Surgery 


Now in order to prove (25), we invoke the technique of NTV surgery as used in 
[7, 17] and [10]. GivenO0 < A < 3, define 


Jy = {xe J: dist (x, VJ) > AL(J)}. 
Then we write 


(7 (A710) AFAR), < |(Zo (A710) In AP Ie),,| + (Te (A710) Inn AF Ir), | 
=A, +A). 


4Both I and J belong to the common grid D, while K and L belong to the independent common 
grid D’—in contrast to the traditional use of two independent grids where J € D and J € D’. 
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Now we use first the fact that J and J, are separated by a distance at least A£ (J) > 0 
in order to bound the first term A; by 


A, = |(T¢ (Iv AF 1g) 1), A? 12),,| (26) 


1 1 
SZ VAEMAT olla) [APR 20) S VME Molle Mellire - 


We further dominate the square of the second term A by 


A} = |(TE(ATI0) av, A? 1a), |” (27) 
2 
— (x: > 1y Ag 1g ln; > 1y aim) 
ree) Jeli) a 
pS (7 (le AF Do) Lins, AP Te), 
VEC) ELS) 
we SS Wie [ler AP Lollza(6) [Lun AP Le es 
VEC(I ECV) 
< N, olla) a | Ty, AS Ip on =o loll 72,6) :. |AS1e| do 5 
a 


JEL) 


Then we note the fact that, using the translation parameterization of Q indexed 
by y € TI’, we have 


fa |RO[U +7) \U+y)]l, < Cor lRle : (28) 


which follows upon taking the average over certain translates Dp + y where Do is 
a fixed grid containing J. This is of course equivalent to taking instead the average 
over the same translates w + y of the measure w, and it is in this latter form that (28) 
is evident. 

Now we will apply (28), together with an argument to resolve the difficulty 
associated with the appearance of J in both J'\ J, and A? 1p, to obtain the following 
key estimate for every 0 <1 < 3: 


ia | |AP1R| do <CaV2 IRI,» (29) 
INI, 


for the expected value of the final integral on the right hand side of (27). With (29) 
and (26) in hand, we will obtain that 


3a (72 (AZ 19) . A? ta), 


3a |(TE (AZ 1g) 1, AF Ie), |’ + Eo do DS N28 Ge A7 19) tun, AP AR), | 


VEC) ECV) 


eA 
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1y At lol ia) | 1y\7, AP Ir ae 


< LAE [tol ai Walia) Eo J) oth 


Vee) Jee) 


72(0) Wall z2(0) FV AM 


C Die 
< Ca Ta 2 tol; lol, on WLellz2cuy 
as required. Thus the proof of (16), and hence also that of the Good-A Lemma, will 
be complete once we have proved the estimate (29), to which we now turn. 


Remark 3 In the third line above we have used the norm inequality | (7 f, 8)eo| < 
Nreo | fllr2¢y gllz2@y) with f = Iv Af 1g and g = 1p, AP 1p, and where g is a 
constant multiple of an indicator of a ‘rectangle’ J’ \ J,. This prevents us from using 
the smaller bound 137. in place of ANZ. 


In order to illuminate the main ideas in the proof of (29), we first prove the 
simplest case of dimension n = 1. So let 


J \ Jy = a: U hee 


where J" = J_ \ Jy and Fight = J; \ Jy, and write 


‘a | |AG1R| do = ca | |AS1R| do+E |, |A9 1] deo = Left-+Right. 
INSy pee Te ght 
(30) 


Now we recall the parameterization of the expectation by translations y € Ty) of 
step size 2™, and let 7 = A2™ where A is the side length of the interval J’ \ Jj. 
Then, by using the ‘average of an average’ principle, we can rewrite the expectation 
in terms of the larger step size 72~”. We continue to use y to denote the new step 
size 72’. Then we further decompose the expectation Left in (30) as 


7 2 7 
Left = ca [ |APIR|° do = al 
seen +yyee 


2 
Afeyla| do 


2 
Ady la| dw 


ZQl gee leftcR : 
fy: Wa } W+yyict 


2 
APeyla| do 


+ iQ] left if 
(J+y), lies to the left of R , 
eee } U+y)x" 
=A,+A,, 


where because of our change of step size, we have that \V + yy is a pairwise 
y 


disjoint covering of the top interval containing J that has side length 2~" (see the 
beginning of Sect. 3.1 above). 
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For term A3 we use the elementary estimate 


Jaz yLa| - | Lty)_1r — Eutyde| < 1 


together with the estimate in (28), to obtain 


A; = 


2 
APeyla| do 


ZQl J+ left R ; 
(ndtv); } U+yyict 


< Eg IR ngey 


<CQAIRI, - 


For term A, we proceed as follows. We suppose that (J + yet lies to the left of 
R, since the case when (J + yi lies to the right of R is similar. We have 


0) 2 5 a 2 
/ left Ay la| dw =i ie Luty)_1r - u+y) Lr dw 
U+y)x U+y)k 
= [ IRN +Y)-ly RAT + lol’ 
genet | IF +”) -le Rae ca a 
IRAVJ+y)-l,\7 
<2|u+ ne ( ® 
: I + y)—le 
IRAT+y)lo \? 
42 lo+ ‘a (aaa 
a lo FF Yl 


We now estimate the sum of the first terms above since the sum of the second terms 
can be estimated with the same argument. 
For the sum of the first terms we write 


> + |, 


y: I+y)k# is left of R 


(= (J+ Yola) 
IJ + vy). 


left 
lu+ Wa , IRAT+y)-l, 


< Wav... IR|., » 
me ee (els IP els 
y: U+y)," is left of R 
and let J + y; be the leftmost translate of J such that 
e+) angen 
= o>, (31) 


IG +M-lo I+ Yl 
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where 5 > 0 will be chosen later to be /A. We suppose the translations y are 
ordered to be increasing. Note that we have both 


S |R a) (Tp youl 


a) 
IF + ile 


and 
V+tyecUtye_. 


if both y > y; and (J + yen is left of R. 


Thus we compute that 


Eg i, 
W+y)," 


A%syle| do =— 4 + > (32) 


yy yoy: (+y)s" is left of R 


2 
AG IR} dw (33) 
— Ivy | 
left 
1 U+y | IRAG+Y)-l 1 
ae » lot ne 


=e 
ysyl yoy G+y)"" is left of R 


1A 


1 1 11 
—$# en <$(R. +—— (RNG 
7 ty <b lRlo + FIG + Y—lo = IRlo + 75! J+ vi—le 


1A 


i 
(s aie 5) \R|,, =2VA RI,» 


if we choose 6 = /A. This completes the proof of (29) in dimension n = 1. 


3.2.4 Higher Dimensions 


In the case of n > 1 dimensions we decompose the ‘corner-like’ pieces J’ \ J, for 
each child J’ € € (J) into faces S + y of width A (when n = | there are only two 
such faces S + y, namely the intervals (J + y)*" and (J + vie. Then we apply 
the above argument for (J + yet to S+ y for each face S$ of width A in J’ \ Jy, but 
using only translations perpendicular to the face S, and finally apply the ‘average of 
an average’ principle, to obtain (29). We illustrate the proof in the case n = 2 since 
the general case n > 2 is no different. 

For a square K in the plane, let K_ denote the lower left child of K. Now fix 
squares J and R in the plane with p-comparable side lengths and such that J C 3R. 
For y € Hj, where Hy, is the set of horizontal translations y of step size A with 
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ly| < Cé(R), denote by (J + y)~""""" the L-shaped ‘corner’ 


IG+y = Fty_\h, 


left lower left 


and by (J + y),. the vertical portion of the L-shaped set (J + y); 
of the faces S + y introduced above). We will show that 


aL 
#H) 2 utyyiet 


(this is one 


2 
Agyle| do < VI, (34) 


where #H, ~& oe and then by the ‘average of an average’ principle we 
obtain (29). To prove (34) we will apply the one-dimensional argument from 
the previous subsubsection, but with modifications to accommodate the fact that 
J+ ve can now spill out over the 10D of R as well as to the left of R (recall that in 
the one-dimensional setting, (J + y) i * occurred to the left of the interval R if it was 
not contained in R). As in dimension n = 1, let J + y; be the leftmost horizontal 


translate of J such that 


left 
+E RAV tM 


——— é, 35 
Can, a a 


so that we have 


_ RAG +y-lo 
(J + YD—le 


Then with notation analogous to the case n = 1 we have a similar calculation to 
that in (33): 


2 
Aisle] deo 


a ee 


YSVL yey: Wty)" CVn) 


+e) RAG+Y) We I 
Fe ya AE > Jot ne), 
y<"1 = yy iia 
1 1 
= Zoey < vs lRlo + FIG + le = 8 lRle + <3 IRNVJV+y)-l. 
< (8+) IR, = 2V7IRL,. 


if we choose 8 = JA. Thus we have so far successfully estimated the sum over 
translations y that satisfy either y < y; or (J + yc CVU+yi)_. 
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Now we simply repeat the last step considering only the remaining horizontal 
translations. Since the side lengths of J and R are comparable, there are at most a 
fixed number of such steps left, and adding up the results, and using the ‘average of 
an average’ principle, then gives 


U+y)et 


This completes the proof of (29) in the case of dimension n = 2, and as mentioned 
earlier, the above two-dimensional argument easily adapts to the case n > 3. 


2 
Afeyle| do < CoV. 
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Appendix 


We assume notation as above. Define the bilinear form 


B(f.g) = (Tef.g),. fElo).gel(o), 


restricted to functions f and g of compact support and mean zero. For each dyadic 
grid D we then have 


Bie) = ye AGF APs) 


JED 


Now define the bilinear forms 


Cp (f.8) = > (Te At Ff, AGe), feo). geo). 


I,J€D: I and J are r-close 


Thus the form Cp (f, g) sums over those pairs of cubes in the grid D that are close 
in both scale and position, these being the only pairs where the need for a weak 
boundedness property traditionally arises. We also consider the subbilinear form 


Sp (f.8) = > (72 AFF. Ags), |. fELO).geLo), 


I,J€D: I and J are r-close 


which dominates Cp (f,g), i.e. |Cp (f,2)| < Sp (f.g) for all f € L’ (0), € 
L? (w). The main results above can be organized into the following two part 
theorem. 
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Theorem 5 With notation as above, we have: 


(1) For f and g of compact support and mean zero, 


ba |B(f, 8) — Co (Ff. 8)| 
< Cu (VOR + Tre + The + ESE $ EME 4 I tye) UL fllirey lalla) 


+CuEgSp (f,g). 


(2) For f and g of compact support and mean zero, and for 0 < A < 4, 


1 * 
Bap (f.8) < Ca (5 VE + Fm + The + VAN ) Ulla) lela) 


The reason for emphasizing the two estimates in this way, is that a different 
proof strategy might produce a different bound for Eg |B (f, g) — Cp (f, g)|, which 
can then be combined with the bound for EgSp (f, g) to control |B (f, g)|. Note 
also that the term CyEgSp (f, g) is included in part (1) of the theorem, to allow for 
some of the inner products in the definition of Cp (f, g) to be added back into the 
form B (f, g) —Cp (f, g) during the course of the proof of estimate (1). Indeed, this 
was done when controlling the form Tz, pe1oy (fg) above. 
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Intrinsic Difference Quotients 


Raul Paolo Serapioni 


Abstract An alternative characterizations of intrinsic Lipschitz functions within 
Carnot groups through the boundedness of appropriately defined difference quo- 
tients is provided. It is also shown how intrinsic difference quotients along 
horizontal directions are naturally related with the intrinsic derivatives, introduced 
e.g. in Franchi et al. (Comm Anal Geom 11(5):909—944, 2003) and Ambrosio et al. 
(J Geom Anal 16:187—232, 2006) and used to characterize intrinsic real valued C! 
functions inside Heisenberg groups. Finally the question of the equivalence of the 
two conditions: (1) boundedness of horizontal intrinsic difference quotients and (2) 
intrinsic Lipschitz continuity is addressed in a few cases. 
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1 Introduction 


The aim of this paper is to contribute to the theory of intrinsic Lipschitz functions 
within Carnot groups. 

We provide here an alternative characterizations of intrinsic Lipschitz func- 
tions through the boundedness of appropriately defined difference quotients. We 
show also how intrinsic difference quotients are strictly related with the intrinsic 
derivatives, introduced in [3, 15] and used by Serra Cassano et al. to characterize 
intrinsic real valued C! functions inside Heisenberg groups. Finally in the last 
section we attach the related question when the boundedness of only horizontal 
intrinsic difference quotients yields intrinsic Lipschitz continuity. 

For a first description of Carnot groups we refer to the beginning of next 
section and to the literature there indicated. We anticipate here that we identify 
a Carnot group G with R” endowed with a non commutative polynomial group 
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operation denoted as - (see (1) and (2)). Moreover (non commutative) Carnot groups, 
endowed with their natural Carnot-Carathéodory distance (see Definition 2.1) are 
not Riemannian manifolds being also non Riemannian at any scale [26]. 

In the last years, there has been a general attempt aimed to carry on geometric 
analysis in non-Euclidean structures, and, in particular, to develop a good notion 
of rectifiable sets in sub-Riemannian metric structures and, specifically, in Carnot 
groups. For different notions of rectifiability in these general settings see [1, 2, 4, 
14, 18, 23-25] and the references therein. 

We recall that in Euclidean spaces, rectifiable sets are obtained, up to a negligible 
subset, by ‘gluing up’ countable families of graphs of C! or of Lipschitz functions. 
Hence, understanding the objects that, within Carnot groups, naturally take the 
role of C! or of Lipschitz functions seems to be preliminary in order to develop 
a Satisfactory theory of intrinsic rectifiable sets. It has been clear for a long time 
that considering Euclidean notions, even in the simplest Carnot groups i.e. the 
Heisenberg groups, may be both too general and too restrictive (see [22] for a 
striking example). More intrinsic definitions are necessary. 

Observe that, the adjective “intrinsic” is meant to emphasize the role played 
by the algebra of the group, in particular by its horizontal layer, and by group 
translations and dilations. In other words, “intrinsic” notions or properties in G are 
those depending only on the structure of its Lie algebra g. In particular, an intrinsic 
geometric property, such as e.g. being an intrinsic graph, or an intrinsic regular 
graph, or an intrinsic Lipschitz graph, must be invariant under group translations 
and group dilations. By this we mean that, after a translation or a dilation, they keep 
being graphs or regular graphs or Lipschitz graphs. 

The notion of graph within Carnot groups is somehow more delicate than in 
Euclidean spaces, since Carnot groups in general are not cartesian products of 
subgroups (unlike Euclidean spaces). A notion of intrinsic graph fitting the structure 
of the group G is needed. 

An intrinsic graph inside G is associated with a decomposition of the ambient 
group G as a product G = M- H of two homogeneous complementary subgroups 
M, H (Definition 2.2) and the idea is the following one: let M, H be complementary 
homogeneous subgroups of a group G, then the intrinsic (left) graph of f : A C 
M — His the set 


graph (f) = {g- f(g) : g € A}. 


Intrinsic graphs appeared naturally in [5, 17, 19] in relation with the study of non 
critical level sets of differentiable functions from G to R*. Indeed, implicit function 
theorems for groups [14, 15, 18] can be rephrased stating precisely that non critical 
level sets are always, locally, intrinsic graphs. 

What are then appropriate intrinsic notions of Lipschitz functions or of dif- 
ferentiable functions when dealing with functions acting between complementary 
subgroups? 

Both these notions were originally given in a somewhat indirect way as intrinsic 
geometric properties of the graphs of the functions in question. Precisely, a function 
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acting between complementary subgroups is an intrinsic Lipschitz function when its 
graph does not intersect appropriately defined cones (see Definitions 3.2 and 3.3). 
Analogously, a function is an intrinsically differentiable function when its graph 
admits an appropriately defined tangent homogeneous subgroup at each point (see 
[5, 20, 27]). 

Both these notions, are invariant under group translations and dilations, hence 
they are intrinsic and seem to be the right ones to be considered inside groups (see 
e.g [24]). 

On the other hand, in the Euclidean setting, the most common and elementary 
definition of Lipschitz function is through the boundedness of the difference 
quotients of the function itself and the natural definition of a differentiable function 
is through existence and continuity of its partial derivatives. 

As anticipated before, we introduce here an analogous definition of intrinsic 
difference quotients (see Definition 3.7). These intrinsic difference quotients, though 
their form may be algebraically complicated, can be explicitly computed given the 
group G and the couple of complementary subgroups M and H. Moreover it is 
easy to characterize intrinsic Lipschitz functions as intrinsic functions with bounded 
intrinsic difference quotients (see Proposition 3.11). 

The problem of characterizing intrinsic differentiable or intrinsic C! graphs 
in terms of intrinsic differentiability properties of their underlying functions, is 
definitely much more complicated. The available results are up to now limited 
to the case of hypersurfaces inside Heisenberg groups that is to the case of ‘real 
valued’ functions inside Heisenberg groups. By this we mean precisely that G is an 
Heisenberg group and that the target space H, in the decomposition G = M - H, is 
1-dimensional and horizontal. 

Moreover the actual form of the intrinsic derivatives (in many significant cases 
they are first order non linear differential operators) was obtained in the above 
mentioned cases, in a rather indirect way through the use of Dini theorem. We 
observe here as, in perfect analogy with Euclidean calculus, intrinsic derivatives of 
functions acting between complementary subgroups of G can be obtained as limits 
of intrinsic difference quotients along horizontal directions (when these limits exist). 
So we provide an explicit way of computing the form of intrinsic derivatives, given 
the group G and the couple of complementary subgroups M and H. 

Finally we observe that it is not clear when informations on boundedness or 
continuity of intrinsic derivatives of f : M — Hare sufficient to yield that the graph 
of f is intrinsic Lipschitz or intrinsic differentiable in G. Related to this is the fact 
that in many significant instances the homogeneous subgroup M, though a stratified 
group, is not a Carnot group. The validity of an intrinsic Lipschitz continuity result, 
such as in Theorem 3.21, that does not have up to now a corresponding result in 
term of continuity or boundedness of intrinsic derivatives, might suggest that also in 
this case such a result might hold true. 

Finally it is a pleasure to thank for their interest in this work and for many 
pleasant and useful conversations Bruno Franchi, Francesco Serra Cassano and 
Sebastiano Nicolussi Golo. 
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2 Notations and Definitions 


2.1 Carnot Groups 


We recall here only the notions about Carnot groups that will be used in the 
following of this paper. For general accounts on Carnot groups, see e.g. [10—12, 21]. 

A graded group of step x is a connected, simply connected Lie group G whose 
finite dimensional Lie algebra g is the direct sum of k subspaces g;, 9 = 91 ®-:-®Qx, 
such that 


[gi9)] Cgitj, forlsij<e, 


where g; = 0 fori > «. We denote as n the dimension of g and as n; the dimension 
of gj, forl <j<k. 

A Carnot group G of step « is a graded group of step x, where g; generates all 
of g. That is [g:, gi] = git1, fori = 1,...,K. 

Let X1,...,X, be a base for g such that X1,..., Xm, is a base for gi and, for 1 < 
JK, Xmj-i+ls nee Xm, is a base for gj. Here we have mo = 0 and mj — mj- = nj, 
forl<j<k. 

Because the exponential map exp : g > G is a one to one diffeomorphism from 
g to G, any p € Gcan be written, in a unique way, as p = exp(p1X1 +--+ + pnXn) 
and we identify p with the n-tuple (p1,...,pn) € IR” and G with (R”,-), ie. R” 
endowed with the product -. The identity of G is denoted as 0 = (0,...,0). 

If G is a graded group, for all A > 0, the (non isotropic) dilations 6, : G > G 
are automorphisms of G defined as 


Ba(Pi,--++Pn) = A™ pi, AM p2,...,A°™Pn), 
where a; = j, if mj—; < i < mj. We denote the product of p and gq € Gas p- gq (or 


sometimes as pq). The explicit expression of the group operation - is determined by 
the Campbell-Hausdorff formula. It has the form 


P-q=pt+4qt QWp,q), for all p,q € R’, (1) 


where O = (Q),..., Q,) : R” x R” — R". Each Q; is a homogeneous polynomial 
of degree a; with respect to the intrinsic dilations of G. That is 


O;(Sap, 61g) =A” QOi(p,q), forall p,g ¢ Gand > 0. (2) 


We collect now further properties of Q following from Campbell-Hausdorff for- 
mula. First of all Q is antisymmetric, that is 


Oi( p,q) = —Qi(—q, —p), forall p,g € G. 
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Each Q;(p, g) depends only on a section of the components of p and gq. Precisely 


Q1(p,4q) SS Qm, (P,Q) =0 


(3) 
Oi(p. 9) = Qi(P1.-- +s Pimps Us +++ Imp) 


if mj, < j < m;, and 2 < i. By Proposition 2.2.22 (4) in [10], form, < i < n we 
can write 


Q;(P.g) = D> Rin P, Ded — Pade)» (4) 
kh 


where the functions Ri , are polynomials, homogenous of degree a; — ay — of, with 
respect to group dilations, and the sum is extended to all h, k such that a, + a, < Qj. 
From (4) it follows in particular that 


Qi(p,0) = Q(0,q) =90 and Qi(p,p) = Qi(p,—p) = 0. (5) 


Finally, it is useful to think G = G' @ G* @--- @G*, where G' = exp(g;) = R"” 
is the ith layer of G and to write p € Gas (p!,..., p“), with p' € G'. G! is denoted 
as the horizontal layer of G. 

Accordingly we also denote Q = (Q!,..., O*) where OQ! = Oandfor2 <i<k 
each Q! is a vector valued polynomial homogeneous of degree i with respect to the 
intrinsic dilations of G. With this notation (1) becomes 


pqg=(p'+q.p+¢+Q'(p.9q)..-..pX tq +2(p.q)),  forallp,g €G. 


(6) 
An homogeneous norm in G is a function ||-|| : G — R* such that for all 
p,q € Gand for all A > 0 
IIP-all < lpi + lal. ISapll =A llpll. 
Homogeneous norms exist. A convenient one (see [16, Theorem 5.1]) is 
ALi K 
lp|| := a |p’ ik for all p = (p',...,p*) €G, (7) 


where €; = 1, and €2,...&, € (0, 1] are suitable positive constants depending on G. 


Definition 2.1. An absolutely continuous curve y : [0,7] — G is a sub-unit 
curve if there exist measurable real functions ci(s),...,Cm,(s), 5 € [0, T] such that 
YG < land 


my 


y(s) = » cj(s)Xj(y(s)), for a.e. s € [0, 7]. 


j=l 
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If p,q € G, we define their Carnot-Carathéodory distance as 
d-(p,q) := inf {T > 0: there exists a sub-unit curve y with y(0) = p, y(T) = q}. 


By Chow’s Theorem, the set of sub-unit curves joining p and g is not empty, 
furthermore d, is a distance on G that induces the Euclidean topology (see Chap. 19 
in [10]). 

More generally, given any homogeneous norm ||-||, it is possible to define a 
distance in G as 


d(p.q) =d(q"'-p,0)=||q7'-pl|, ——forallp,qg eG. (8) 


The distance d in (8) is comparable with the Carnot-Carathéodory distance of G and 


d(g-p.g-q)= (p,q) . d(b,(p),63(q)) = Ad(p, q) (9) 


for all p,g,g € Gandall A > 0. 


2.2 Complementary Subgroups and Graphs 


From now on G will always be a Carnot group, identified with R” through 
exponential coordinates. 


Definition 2.2. A homogeneous subgroup of G (see [28, 5.2.4]) is a Lie subgroup 
H such that 6,g € H, for all g € H and for all A > 0. Homogeneous subgroups are 
linear subspaces of G = R”. 

Two homogeneous subgroups M, H of G are complementary subgroups in G, if 
MN H = {0} and if for all g € G, there are m € M andh € H such that g = m-h. 
If M, H are complementary subgroups in G we say that G is the product of M and 
Hand we denote this as 


G=M-H. 


If M,H are complementary subgroups of G = (R”,-) then they are also comple- 
mentary linear subspaces of IR” and we denote this as G = M @ HH. If one of them is 
a normal subgroup then G is said to be the semi-direct product of M and H. If both 
M and H are normal subgroups then G is said to be the direct product of M and H. 


Remark 2.3 If M is an homogeneous subgroup of G then also M is a stratified 
group, but it is not necessarily a Carnot group. If M,H are complementary 
subgroups of G then G' = M' @ H!, fori=1,..., K. 


Example 2.4 Complementary subgroups always exist in any Carnot group G. 
Indeed, choose any horizontal homogeneous subgroup H = H! c G! and a 
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subgroup M = M! @ --- @ MK such that: H @ M! = G!, and G = MW for all 
2 <j <«. Then it is easy to check that M and H are complementary subgroups in 
G and that the product G = M.- H is semidirect because M is a normal subgroup. 


Given two complementary subgroups M,H of G, then for any g € G the 
elements m € M and h € H such that g = mh are unique because MN H = {0}. 
These elements are denoted as components of g along M and H or as projections 
of g on M and H. 


Proposition 2.5 /f M,H are complementary subgroups in G there is co = 
co(M, Hl) > 0 such that for all g = mh 


co ([lml| + [AID < Ilgll S lll + IAI. (10) 


From now on, we will keep the following convention: when M, H are comple- 
mentary subgroups in G, M will always be the first ‘factor’ and H the second one, 
hence gy; € M and gy € H are the unique elements such that 


§ = §MS8H- (11) 


We stress that this notation is ambiguous because gy and gy depend on both the 
complementary subgroups M and H and also on the order under which they are 
taken. 

The projection maps Pyy : G > M and Pg : G > H are defined as 


Pw(g) := gu, Pu(g) := gu (12) 


Proposition 2.6 Let M, H be complementary subgroups of G, then the projection 
maps Py : G > M and Py : G — H defined in (12) are polynomial maps. 
More precisely, if « is the step of G, there are 2k matrices A',...,A*,B',..., BY, 
depending on Mand H, such that 


(i) A’ and Blare (n;,nj)-matrices, for all 1 <j <k, 
and, with the notations of (1), 

(ii) Pyrg = (A'g!, A?(g? _ Q°(A!g!, B'g!)), th AX (gk _ Q* (Al g!, a Fe aes sie) 
(iii) Pug — (B'g', B’ (9? = Q?(Alg!, Big!)), a Be = QO* (Al g!, tes , BX! gk~!))) : 
(iv) A! is the identity on M’, and B' is the identity on H!, for1 <j <k. 


Recall that n; is the dimension of the layer gj. 
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Definition 2.7 Let H be a homogeneous subgroup of G. We say that a set S C G is 
a (left) H-graph (or a left graph in direction HH) if S intersects each left coset of Hin 
one point, at most. 


If A Cc G parametrizes the left cosets of H—in particular if A itself intersect 
each left coset of H at most one time—and if S is an H-graph, then there is a unique 
function f : € C A > H such that S is the graph of f, that is 


S = graph (f) := {& -f(&) : € € €}. 


Conversely, for any y : D C A — H the set graph (y) is an H-graph. 
One has an important special case when H admits a complementary subgroup M. 
Indeed, in this case, M naturally parametrizes the left cosets of H and we have that 


S is a H-graph if and only if S = graph (f) 


forf : € Cc M — H. By uniqueness of the components along M and H, if S = 
graph (f) then f is uniquely determined among all functions from M to H. 

If a set S C Gis an intrinsic graph then it keeps being an intrinsic graph after left 
translations or group dilations. 


Proposition 2.8 Let H be a homogeneous subgroup of G. If S is a H-graph then, 
for all X > 0 and for all q € G, 6,8 and q-S are H-graphs. 
Tf, in particular, M, H are complementary subgroups in G, if S = graph (f) with 
f:ECM-—H, then 
For all X > 0,6,S = graph (fx), with 
fi: 5,.€ CM > Hand (13) 


film) = &)f (bijam), form € 53. 


ForanyqéG, q:-S = graph(fz), where 
fyi€g CMH, & = {m:Py(q"'-m) € €} and (14) 


fam) = (Pu(q™' -m)) -f (P(g! -m)), for allm € Eq. 


Remark 2.9 The algebraic expression of f, in (14) is more explicit when G is a 
semi-direct product of M, H. Precisely 


(i) If Mis normal in G then f,(m) = quf((q7'm)m), for m € Ey = gE (qu). 
(ii) If H is normal in G then f,(m) = (q7!m)q'f(qy'm), form € Ey = qu€. 
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If both M and H are normal in G—that is if G is a direct product of M and H—then 
we get the well known Euclidean formula 


(iii) f,(m) = guf(ayim), form € €, = qué. 
See also [5, Proposition 3.6]. 


3 Intrinsic Lipschitz Functions 


3.1 General Definitions 


As anticipated in the introduction, intrinsic Lipschitz functions in G are functions, 
acting between complementary subgroups of G, with graphs non intersecting 
naturally defined cones. Hence, the notion of intrinsic Lipschitz graph respects 
strictly the geometry of the ambient group G. Intrinsic Lipschitz functions appeared 
for the first time in [14] and were studied, more diffusely, in [13, 18, 19, 30]. 

We begin with two definitions of intrinsic (closed) cones. 


Definition 3.1 Let H be a homogeneous subgroup of G, g € G. Then, the cones 
X(q, H, w) with axis H, vertex gq, opening a, 0 < a < | are defined as 


X(q,H, a) = q- X(0,H,a), where X(0, H, a) = {p : dist (p, H) < a ||p|| I. 
Notice that Definition 3.1 does not require that H is a complemented subgroup. 


Frequently, while working with functions acting between complementary sub- 
groups, it will be convenient to consider also the following family of cones. 


Definition 3.2 If M,H are complementary subgroups in G, g € G and B > 0, the 
cones Cyn(q, 8), with base M, axis H, vertex g, opening 6 are defined as 


CuH(q, B) = ¢- Cun(0, B), where Cun(0, 8) = {p: |lpull < B |lpull}- 
Observe that 
H = X(0,H,0) = Cwu(0, 0), G = X(0,H, 1) = UgsoCun(0, B). 


Moreover, the cones Cy.w(q, 6) are equivalent with the cones X(q, H, a) that is: 
for any a € (0, 1) there is 6 > 1, depending on a, M and H, such that 


Cu.u(q, 1/8) C X(q,H, a) C Cun (q, B), (15) 


Now we introduce the basic definition of this paragraph. 
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Definition 3.3 


(i) Let H be an homogeneous subgroup, not necessarily complemented in G. We 
say that an H-graph S is an intrinsic Lipschitz H-graph if there is a € (0, 1) 
such that, 


SO X(p,H, a) = {p}, for all p € S. 


(ii) If M,H are complementary subgroups in G, we say that f: € C M > His 
intrinsic Lipschitz in E when graph (f) is an intrinsic Lipschitz H-graph. 

(iii) We say that f : € C M > His intrinsic L-Lipschitz in E if there is L > 0 such 
that 


Cua (p, 1/L) graph (f) = tp}, forall p € graph (f). (16) 


The Lipschitz constant of f in € is the infimum of the L > 0 such that (16) 
holds. 


It follows immediately from (15) that f is intrinsic Lipschitz in € if and only if it 
is intrinsic L-Lipschitz for an appropriate constant L, depending on a, f and M. 

Because of Proposition 2.8 and Definition 3.2 left translations of intrinsic 
Lipschitz H-graphs, or of intrinsic L-Lipschitz functions, are intrinsic Lipschitz 
H-graphs, or intrinsic L-Lipschitz functions. We state these facts in the following 
theorem. 


Theorem 3.4 /fG is a Carnot group, then for all q € G, 


(i) S C Gis an intrinsic Lipschitz H-graph => q-S is an intrinsic Lipschitz H-graph; 
Gi) f : E€ C M => His intrinsic L-Lipschitz, => f:& CMa 
HH is intrinsic L-Lipschitz. 


The geometric definition of intrinsic Lipschitz graphs has equivalent algebraic 
forms (see also [5, 17, 19]). 


Proposition 3.5 Let M,H be complementary subgroups in G, f : E C M > Hand 
L > 0. Then (i) to (iii) are equivalent. 


(i) f is intrinsic L-Lipschitz in €. 

(i) |Pu(@'q)|| <L|Pu(a'a)]. — forall g,q € graph(f). 
(ii) |fa(m)|| <L\\ml|, for all g € graph (f) andm € &. 
Remark 3.6 If G is the semi-direct product of M and H,, (ii) of Proposition 3.5 takes 
a more explicit form. Indeed, from Remark 2.9, we get 
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(i) If M is normal in G then f is intrinsic L-Lipschitz if and only if 


: for allm,me €. 


| #Om)~"F(m) || < L | FG) mf) 


(ii) If H is normal in G then f is intrinsic L-Lipschitz if and only if 


|| m~'mf(m)~'m—' mf (m)|| < L ||! 


. for allm,me €. 


(i) If G is a direct product of M and H we get the well known expression for 
Lipschitz functions 


for allm,meé E. 


|| f(m)~'fn) || < L mm], 


Hence in this case intrinsic Lipschitz functions are the same as the usual metric 
Lipschitz functions from (M, doo) to (H, doo). 


3.2 Intrinsic Difference Quotients 


A different new characterization of intrinsic Lipschitz functions can be given in 
terms of boundedness of appropriately defined intrinsic difference quotients. Let us 
begin with this notion. In the spirit of the previous paragraphs, first we propose the 
definition in the particular case of a function vanishing in the origin of the group 
and then we get the general definition extending the particular case in a translation 
invariant way. 

Letf: € CM — Hand Y em. Assume 0 € € and f(0) = O. In this case the 
difference quotients Ayf (0; t) of f (from 0 € € in direction Y) are defined as 


Ayf(0; 1) := 61,f(5; exp Y) 


for all t > 0 such that 6,exp Y € €. Then we extend this definition to any m € E. 
Let q := m- f(m) € graph(f), then f,-1 vanishes in 0 € €,-1 and we define 


Ayf(m;t) := Ayf,-1(0;1) = 81/1fy-1 (61 exp Y) (17) 


once more for all t > 0 such that 6, exp Y € Eo : 

To make the previous definition less implicit, i.e. given directly on the function 
f and not on its translated f,-1, we consider the following steps making also more 
transparent the underlying geometry of the construction. 


¢ Let f : M — H. Fix m € M and Y e€ m. Then consider the line from 
Am = m-f(m) 


SH> dm: 6s expY for0<s 
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and its projection on M 
st> Py (qm: 5s exp Y) forO <5. 
Let 
Ay tm ?= Pm (qn: 6; exp Y) = m- Py (f(m) - 6; exp Y). 


¢ Consider the projection on H of the difference between the two points on 
graph (f): Ay idm *f (Aytdm) and qm ‘= m-f(m), 


Py (Gn! . Aysdm -f (Ay sqm) = Pu (Gn * Aysdm) “f (Ay dm) 


e Finally the intrinsic difference quotient of f from m in direction Y is 


Ayf(m;t) := 1; (Px (G0 Ayr f (Aytgm))) - (18) 
The previous definition of Ayf(m; ft) can be given a different expression. 


Pu (Gn * Avsdm f (Avsdm)) 

= Pu (Gn | «Pra (Gm + 5, exp Y) -f (Avsqm)) 

= Puy (gy «Pa (dm - 8; exp Y) « Pix (Gm 8; exp Y) - (Px (Gm + 8; exp Y))~! -f (Ays4m)) 
= Pa (gn! + dm: 5 exp Y + (Piz (Gm + 8 exp Y))~! « f (Ayudmn)) 

= (Pu(qm +5, exp Y)' +f (Aysdm) 

= (Pu(f(m) - 5, exp Y)~! - f (m- Pry (f(m) - 5, exp Y)) 


Finally we propose the following definitions 


Definition 3.7 Let M,H be complementary subgroups in G andf : € C M > H. 
If m € € and Y belongs to the Lie algebra m of M, then the intrinsic difference 
quotients of f at m along Y, are 


Ayf(m:1) = 81+ (PC Fm) - 8, exp ¥))! -f(m- Pra Fm) 8;exp¥))). (19) 


for all t > 0 such that m- Pyy(f(m) - 6; exp Y) € E. 


Remark 3.8 Notice that formally the definition of difference quotient could be given 
also for Y € h. This case is, as it should be, completely not interesting because the 
difference quotients are 0. Indeed with Y € it follows m- Py(f(m) -6,exp Y) = m 
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and using the definition in (18) 


Ayf (m3 t) = 81/1 (Pu (gj! + Aysdm +f (Aysgm))) 

= 81: (Pu (fm)! + m7! + m- Py (f(m) «8, exp Y) «fm: Pas (fm) « 8; exp Y)))) 

= 51: (Pu (f(m) | -f(m))) = 0. 
Remark 3.9 Observe that Definition 3.7 gives the same notion of difference quotient 
as proposed in (17). Indeed, if f(m) = 0 then Py(f(m) - 6;expY) = 0 and m.- 
Pw(f(m) - 6, exp Y) = m- 6, exp Y. Hence 

f(m) = 0 => Avf(m;t) = 61, f(m- 6; exp Y) (20) 

and also, if g = m- f(m) then f,-: (0) = 0 we get (17) 


Ayf (m; t)h= Ayfy 1(0; t) = 81/1 (f; 1 (6; exp Y)) , 


Remark 3.10 With the same notations of Definition 3.7 and recalling Remark 2.9, 
we get 


(i) If Mis normal in G and Y € m then 


Py(f(m) - 6, exp Y) = f(m) 
and 


m - Pya(f(m)6; (exp Y)) = m- f(m) - 6; exp Y -f(m)"! 
= m- Adgon (4; exp Y). 


Hence if M is a normal subgroup and Y € m 
Ayf(m;t) = bin (f(m)! -f (m+ Adyon (5: exp Y))) - 
(ii) If His normal in G then 
Px (f(m) - 8, exp Y) = (6, exp Y)~! - f(m) - 8, exp Y 
and 
Py(f(m) - 6, exp Y) = 6, exp Y. 
Hence if H is a normal subgroup and Y € m 


Ayf(m;t) = 81/1: (6: exp Y) | -f(m) | + 6,exp Y -f(m- 6; exp Y)). 
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(iii) If both M and H are normal in G and G is a direct product of M and H then 
we get the well known expression for the difference quotient: 


Ayf(m;t) = 81 (f(m)_| + f(m- 8; exp Y)). 
Next Proposition gives a straightforward characterization of intrinsic Lipschitz 
functions in terms of the boundedness of their difference quotients. 


Proposition 3.11 Let M,H be complementary subgroups in G and f :E C M > 
HH. The following statements are equivalent 


(i) f is intrinsic L-Lipschitz in E; 
(ii) there is L > 0 such that, for all Y € mand for allm € € 


|| Ayf(m; t)|| < Lllexp Y||. 


Proof If q = mf(m) € graph (f) then by (17) 


’ 


1 
| Ayf(m; || = || Avf, 1(0; *)| aa If, 1 (5, exp Y) 


forallt >OandY em. 


(i) => (ii). By (iii) of Proposition 3.5, 
1 L 
|Axvfem; Dll = — || f- Grexp Y)|| < 7 ISeexp Yl = Lllexp YI, 


for t > 0 and Y € m. Hence (ii) holds. 
(ii) => (i). Letm € € and q := mf(m). For any m € €-1 let Y € m be such 
that m = exp Y. Then 


|| G1 Cm) | = || G- (exp Y)|| = Af (m; DI] < LI lexp Y|] = L||ml] . 


Hence (iii) of Proposition 3.5 holds and f is intrinsic L-Lipschitz. 
oO 


We conclude this section observing that the limits for t — O* of intrinsic 
different quotients, when these limits exist and are finite, give origin to a notion 
of intrinsic derivative for functions acting between complementary subgroups. We 
will show, in Examples 3.16 and 3.17, that these intrinsic derivatives are precisely 
the operators considered by Serra Cassano and coauthors to characterize intrinsic 
Lipschitz and intrinsic regular functions inside Heisenberg groups. 


Definition 3.12 Let M,H be complementary subgroups in G, let m be the Lie 
algebra of M andf : € Cc M > H.Ifm e€ € Cc M, the mtrinsic directional 
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derivative of f atm along Y € m, is 
Dyf(m):= lim Ayf(m;t) = lim A_yf(m;t) (21) 
toot toot 
provided the two limits on the right exist and are equal. 
Remark 3.13 This remark follows directly from (20). Indeed 
f(m) =0 = > Ayf(m;t) = bi, f(m- 4, exp Y) 
hence, if the limits in (21) exist, 


f(m) = 0 => Dyf(m) = Yf(m). 


3.3. Examples of Difference Quotients and of Intrinsic 
Derivatives 


Example 3.14 (Horizontal Valued Functions Inside Step 2 Groups) Let G = 
(R”,-) be a step 2 group and denote g = g! @ g’. Let {Z;,..., Zn} be a base of 
g with 

oe = span{Z),...,Zmn,}, a = span{Zn,+1,---,Zn} 
With the notation in (6) we denote 

din = Q? (exp Z;, exp Z;,) € R™™, forl <i,h<m. 
Notice that gin = —qnj and gi, = Oifi > my. 

We assume (see Example 2.4) that G = M.- H where H is a k-dimensional 

horizontal subgroup and M is a complementary normal subgroup. Moreover we 
choose the vectors Z; are chosen such that 


H = exp (span{Z,,...,Zx}), M = exp (span{Z41,...,Zm}). 


Notice that we are assuming that Z),..., Z; are commuting vector fields. 
Let f : M — H be defined as 


k k 
f(p) == exp ( ein) =o ¢i(p)expZ forall p € M. 
1 1 


for all p = (p!, p*) € M, where g;: M > R for 1 <i<k. 
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Fix an horizontal Z; € gl, that is with k++ 1 <j < m,. Using (i) of Remark 3.10, 
we compute 


Az f (pit) = 80 (f(p) | -f (pf (p) - 8 exp Z;-f(p)')) 


1 
= 05 (Gi (vf) d:expZj-f(p)") — gi(p)) exp Zi 


i=1 
Notice that 


Pf (p)- 8; expZ-f(p) 
= (p' + texpZ, p’ + 2Q7(f(p), texpZj) + Q7(p', texpZ))) 
k 
-_ (p' + texp Z;, p* + 2t'S ” ve( p) Q’ (exp Zr, exp Z)) 
(=I 
my 


+ tQ’(exp( . peZe), exp Z;)) 
l=k+1 


k my, 


= (p' + texpZ,p’ + 2) ge(p)qei +t D> peaej). 
l=1 €=k+1 


Hence, 


k 
1 
_ a - (we + texpZ,;,p? + 22>” pel P)4e,j 


£=1 


my 
+t D° peqe,) - oto!) exp Z}. 
f=k+1 


Let us specialize the previous example in the case G = HI”. 


Example 3.15 (Horizontal Valued Functions Inside Heisenberg Groups) We recall 

here the well known definition of Heisenberg groups mainly to fix a few notations. 
The n-Heisenberg group H” is identified with R7’! through exponential coor- 

dinates. A point p € HI” is denoted p = (pj,...,P2nsPon+1) = (p'.p’), with 
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p! € R™ and p* = po +1 € R. If p and qg € H", the group operation is defined as 


Pp qg=(p' +4), pti + dont + 7(p',@')) 


1 
= (p' +4), Ponti + Qnt1 — 5 UP! 4’ re) 


0 Th 


where J = is the (2n x 2n)-symplectic matrix. 


n 
For any q € H” and for any r > 0 left translations t, : H” — H” and non 


isotropic dilations 6, : Hl” — HI” are defined as 


Tq(P) = 4-P andas 6,p:= (rp', P’Dont1): 


We denote as h” the Lie algebra of H”. The standard basis of h” is given, for i = 
1,...,”, by 


1 1 
Xi = 0; — ZUR Vian, Y;:= Oj4n + 7 UP Ditndont1, T := 0on41. 


The horizontal subspace h, is the subspace of h” spanned by Xj,...,X, and by 
Y,,...,¥Y,. Denoting by 62 the linear span of T, the 2-step stratification of h” is 
expressed by 


b" = bi @ bp. (22) 


The Lie algebra h” is also endowed with a scalar product (-,-) making the vector 
fields X,,...,X, and Yj,..., Y, and T orthonormal. Thus (22) turns out to be an 
orthonormal decomposition of h” as a vector space. 

If p € H”, we indicate as ||p|| its Koranyi norm, i.e. 


4 4 
Pll = Vv llP' When + Ipontil? 


There are infinite many different couples of complementary subgroups inside H”. 
All these couples contain a horizontal subgroup, here denoted as V of dimension 
k <n, isomorphic and isometric to R* and a normal subgroup W of dimension 
2n + 1 —k, containing the centre T. 

Let H” = W.-V where V is a k-dimensional horizontal subgroup and W a 
complementary normal subgroup. We assume, for the time being, that V and W 
are in generic position inside Hl”, in particular we do not assume that they are 
orthogonal. 
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It is always possible to choose a basis Z := {Z,,...,Z2n,T = Zon+1} of the 
algebra h” such that 


V = exp(span{Z|,...,Z}), W = exp(span{Z41,..., Zon, T}), 


where Z),..., Z; are commuting horizontal vector fields. 
We use coordinates with respect to the Z basis, i.e. 


2n+1 


H” > p = exp( > PiZi) ~ (P1,--+, Ponti) € Rt! 
i=l 


With the notation in (6) we denote 
Gnri= Q’ (exp Zp, exp Zp) ER, for|<£,h<2n+1. 


As in Example 3.14, let 


k k 
f:WoV,  f(p):=exp (> ein) = DS exp(yi( p)Zi). 
1 1 


Nothing changes in the computations from the general case of a step 2 group and 
we get the following expression for the difference quotients for each horizontal Z; 
withj =k+1,...,2n, 


Azf(p: 0) 
k 


k 
1 
= 25 (1 + texpZj,p? + (2 >> ve(p)ae, 
=1 (=1 (23) 


i 
2n 


+ © peace) mea) exp Zj. 


l=k+1 


Moreover 


Neng f (Dit) = bi (Fp)! Ff (p FCP) + 8: exp Zons1 -f(p))) 
= bin (f(p) | -f (p- 0,...,0,7)) 


k 
1 
a a z (vi(Pi.--- ,P2ns Ponti tt) — Pil P15 ++ +s P2nsP2nti)) exp Z;. 
(24) 


Passing to the limit in (23) for t + O*, we obtain the following system of 
k(2n — k — 1) non linear (intrinsic) differential operators acting on the k real valued 
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functions ¢1,..., Qk: 
k 2n 
Dz gi = 9j91 + (2° ge(P)aeg + Y> Peqe,) P49: (25) 
t=1 l=k+1 


here ;9; = a for i = 1,...,kandj=k+4+1,...,2n41. 
Py 
Boundedness in (24) gives only a Holder type condition on the last variable of 
the functions gj. 


Example 3.16 We further specialize the setting in Example 3.15 assuming that W 
and V are orthogonal in HI”. Precisely, we assume that 


{Z1,...5Zon,Zongit = {M1,..., Xn, Vi,.-.5 Vn, TH 
and that, for 1 <k <n, 
V = exp(span{X,,..., Xx}), W = exp(span{Z41,...,Zon,T}). 
The coefficients ge; take the special form 


Ghatn = 5 forl<h<n 
qi c= Q’ (exp Zp, exp Z;) — dhtna = —4 for 1 < h <n 


qi = 9 otherwise. 
Hence (25) takes the form 
2n 
1 . 
Dy gi = pit DY) peaejgi = Ogi - Pind = Xo, Rt Sj sn 
C=k+1 

k 
Dz, Qi ?= jgit2 >> Pe(P)|4Lj91Gi = 9,Pi+Gj—-n Gi. n+1<5j<ntk 

(=1 


2n 
1 : 
Dz, Qj = OjQ;+ > Peqe jG = IjQi+ sPi-n i = Y¥e-ngi, ntk+1 <j < 2n 
l=k+1 
(26) 

It may be interesting to consider also these special instances of (26). 
Example 3.17 With the notations of Example 3.16 let us consider the complemen- 
tary subsets of H” = (R?"t!,.) 


V = exp(span{X}}), W = exp(span{X2,...,Xn, Vi,..., Yn, T}) 
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and a function f : W — V. Then f(w) := g(w) exp X1 can be identified with the 
real valued function g and we speak, with an abuse of language, of a real valued 


intrinsic function. Here w := (0, po,..., Pan, Ponti) € W. 
Then (26) takes the form 
1 : 
Dip = Dxip = dp — zPitndan+1P = Xi, pS ee 
Dz,4:8 = Dy, Q ?= In41P + GOn419, (27) 


1 
Dz, 9 = Dy_,g := dp + ZPj-ndant1P = Yn, n+2<j<2n 
In H! the system (27) reduces to the single non linear Burger type equation 


1 
Dy := 029 + 9039 = 029 + 5330" (28) 


Equation (28) appeared in this context in [18], when studying the regularity 
of non critical level sets of group-C! functions H” — R. There are many works 
dealing with weak solutions of equations (28) and their relation with intrinsic regular 
surfaces inside the first Heisenberg group HH!, (see [6—-8, 29]). 

System (27) is studied in [9] (see also [3]) where the authors characterize intrinsic 
real valued Lipschitz functions f : W — V as bounded solutions of (27). We 
notice that our Theorem 3.19 is related with the above mentioned characterization, 
notwithstanding that the result in [9] is much deeper than the one in here, given 
that the assumption in [9] is of boundedness of the limits of the intrinsic different 
quotients and not, as we make in Theorem 3.19, on the difference quotients 
themselves. 

Much less studied are the vector valued analogues of (27) and (28). Consider the 
complementary subsets of H? = (R°,-) 


V = exp(span{X1, X2}), W = exp(span{Y, Yo, T}) 
and f : W — V. Then f(w) := gi(w)expX, + g2(w) expX2, where w := 
(0, 0, p3, pa, ps) € W. 


In this case the equations in the first and last groups of system (26) disappear and 
we are left only with the non linear part of the system 


Dz, 91 := 0391 + Y10591, Dz, $2 = 0302 + 910592, 


Dz, Pi := 0491 + 20591, Dz, 02 = 0492 + 920592, 


that is the vector valued analogous of (28). 
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If we consider in H? = (R’,-) the complementary subgroups 
V = exp(span{X, Xo}), W = exp(span{X3, Y1, Y2, Y3, T}), 
a function f(w) := gi(w)expX: + go(w)expX. : W — V, here w := 


(0,0, 3,...,P6,P7) € W, then (26) becomes a system of 8 equations acting on 
the two real valued functions 9}, g2 


Dz,91 := X31, Dz, 92 := X392 
Dz,91 := 0491 + Gi(w)0791, Dz,02 := 0492 + G1(w)d792 
Dz.) = 0591 + G2(w) 0791, Dz;2 := I5~2 + Y2(w)d7g2 


Dz.91 = Y391, Dz,02 := Y32. 


Finally we compute the difference quotients and an intrinsic derivative inside a 
step 3 group. 


Example 3.18 (One Dimensional Function Inside Engels Group) The Engels 
group is E = (R*,-, 5,), were the group law is defined as 


- x+y 

i « x2 + y2 

PS in = x3 + y3 + (x1y2 — x2y1)/2 

. ' x4 + ya + [(01y3 — x31) + Groy3 — x3y2)]/2 


+(x — yt + 2 — yo) r1y2 — x2y1)/12 
and the family of dilation is 
ba (x1, %2,%3,X4) = (Ax1, Axe, A2x3, 3x4). 
A basis of left invariant vector fields is X), X2, X3, X4 defined as 
X1(p) := 9, — (p2/2) 03 + (—p3/2 — (pip2 + p3)/12) 4 
Xo(p) = 92 + (pi/2) 3 + (—p3/2 + (pt + Pip2)/12) da 


X3(p) := 03 — ((pi + p2)/2) 94 
Xa(p) := 04. 


The commutation relations are [X;,X2] = X3,  [X1, X3] = [Xo, X3] = X4 and all 
the others commutators are zero. E is a semidirect product, as E = M.- H, of the 
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two subgroups M and H 
M:= {m= (0,p2,p3.pa)}-  H:= th = (p1,0,0,0)} = {exp(spanX1)}. 


Let f : M — H where f(m) := exp(y(m)X1). Observe that M is a normal subgroup 
being H an horizontal subgroup. Then it follows 


Ax,f (m:t) = 81/(f(m)—! «fm Adgon (exp X2))) 


= 8ip:(f(m)! FO. p2+t,ps+toln), pat (p(m)?+p2o(m) —p3))) 
1 
= exp (=(9(0, p2+t, p3+19(m), pa+5 (pom)?+p2(n) — p3)) — e(m))) Xi, 


Hence, computing lim,_,9+ Ax,f(m;t) we obtain the only horizontal intrinsic 
derivative of the real valued function @ 


1 
Dx, 9(m) := O29 + v(m)d39 + 5 (pln)” + p2p(m) — p3) dap 


1 1 
= doo + 5a" - ise" + 3p2p” — 6p39). 


3.4 Horizontal Difference Quotients and Lipschitz Functions 


In a few noticeable instances the boundedness of difference quotients along the 
vectors of the horizontal layer of m is sufficient to imply intrinsic Lipschitz 
continuity. 

As observed before, this phenomenon is different from the one about functions 
defined on Carnot groups, although it is strictly related to it. It is well known that 
if f : G > R is such that Yf is bounded for all Y in the horizontal layer of g, then 
f is a Lipschitz function, the reason being that the horizontal layer of g generates, 
by commutation, all the algebra. This is not the case for functions acting from M to 
HH. Indeed M, though a stratified group, is not necessarily a Carnot group because 
not necessarily the horizontal layer of the algebra generates the entire algebra of 
M (see e.g. Example 3.17), on the other side there is a redeeming feature: intrinsic 
difference quotients and intrinsic derivatives are non linear operators. Finally one 
does not have to forget that the final result is that the functions are intrinsic Lipschitz 
and not Lipschitz. 

We present here only two instances of this phenomenon, both of them inside 
Heisenberg groups. The first one deals with 1-codimensional graphs of functions 
acting between any two complementary subgroups the second one deals with 
k-codimensional horizontal graphs of functions acting between orthogonal com- 
plementary subgroups. 
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Theorem 3.19 Let W and V be complementary subgroups in HI" with V one 
dimensional and horizontal. Let L > 0 and f : W — Y be such that 


|| Azf(w; || < L |lexp Z|| 


for all w € W and for all horizontal vector fields Z € to!. Then there is L = 
L(L, V, W) => L such that f is L-intrinsic Lipschitz in W. 


Proof By translation invariance, it is enough to prove 
FOI SL Ibe (29) 
for all w € W under the additional assumption 
FO) = 0. 


If f(w) = 0 there is nothing to prove. Hence let us assume that v := f(w) # 0. 
Under this assumption we prove that there are s, t € R, there are horizontal vectors 
Z, U in the first layer to! of the algebra to of W and a constant C = C(V, W) > 0 
such that |/exp Z|| = ||exp U|| = 1, 


w+ Adfiy (6s exp Z) = 5; exp U (30) 
and 
<I] + isis Is] < Cll? / IFO») (31) 


With the notations of (6), w = (w!, w?) = (w!, won41),.f(w) = (f(w)', 0), expZ = 
((exp Z)', 0) and exp U = ((exp U)', 0). Then 
w- Adgiw)(8s exp Z) = (w! + (5, expZ)!, Won41 + 20°(f(w)!, (5s exp Z)') 
+Q°(w!, (5, exp Z)')) 
= (w! + s(expZ)!, Won41 + 29°( fw), s(expZ)') 
+2°(w', s(expZ)')) 


Hence (30) is equivalent to solve in Z, U and t, s the system of 2n + 1 equations, 


w! + s(expZ)! = t(exp U)! 


Wane + 202¢(w)!, s(expZ)!) + O2(w!, s(expZ)}) = 0. oe 
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Let a, B € R”, with ||@|| pn = ||B||,gan = 1, be such that 


2n n 
weW <> Se aw = 0, veV S| ve= Sho exp (BX + Bn+iYi). 


i=1 i=1 
Because W and V are complementary subgroups then 


2n 
C = C(W,V) := | >> afi| > 0. 


i=1 


Let 
n 
Zi= SY OntiXi — aiY; € t0', 
i=1 


then |/exp Z|| = 1 and for all v €¢ V and w « W 


2n 


1 
[Q’(v!, (expZ)')| = 5 llvll | DF Bil 2 Cllull. 
i=1 (33) 


n 


1 
Q’(w', (expZ)') = 3 Y (Wits + WntiOnti) = 0. 


i=1 


With this choice of Z from the last equation of (32), using that Q7(., -) is bilinear, 
we get 


Is] < Clwanesl/I FOILS Cll? IFO). 


where C is a (different) constant depending only on V and W. The other estimate 
in (31) follows from the first equations in (32). 

Finally let us see that (29) follows from (30) and (31). Indeed, consider the 
intrinsic difference quotients starting from 0 along U and from w - f(w) along Z 


Vuf (0; 1) = f(5;exp U), 
Val (ws) = fw)! «fw + Adjiuy (Ss exp Z)) = fw)! «(6 exp U) 
From the assumption of boundedness of the difference quotients of f 
Il F(6, exp U)|| < LIt| 


|| fw)! «Fw - Adyou (6s exp Z)) |] < LIs| 
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The boundedness of these difference quotients yields an estimate || f(w)||. Indeed 


FIL < | FO~)'F 6 exp U)|| + IF: exp U)| 
= || FOr) "Fw - Adjouy(6s exp Z))|| + || fr exp U)|| 


(34) 
< L(\s| + |¢l) 
< L( |Iwll + 2CllwlI?/I.F00) 1) 
that eventually gives 
fOr) || < LW 
with L = $(L+ VI? + 8LC). o 


Remark 3.20 Observe that in Theorem 3.19 it has been proved that if 
| Azf(w; 2) || = 0 for all w € W and for all horizontal vector field Z € to! then 
f : W => V is intrinsic Lipschitz with 0 Lipschitz constant hence it is a constant 
function. This fact is not anymore true if f is defined on a proper subset of W. The 
following one is an example: let W and V be the complementary subgroups of H! 
defined as 


W := {(0, x2,x3)}, V := {(%1, 0, 0)}. 


Let A be the neighborhood of the origin in W defined as A := {(0,x0,%3) : x2 > 
—1} and let f :. A C W > V be defined as 


—_ X3 
FO, x23) := (= . =.0.0) ; 


The horizontal layer of tv! is one dimensional and is spanned by the vector Y := 0,,. 
Then from Definition 3.7 (see also (i) of Remark 3.10) 


Ayf (w; t) = 0, forallwe Aandt>0 


while clearly f is not constant. 


Theorem 3.21 Let W and V be the complementary orthogonal subgroups of 1" 
considered in Example 3.16. Precisely, for 1 < k < n let 


V = exp(span{X1,...,Xx}), W = exp(span{Z41,..., Zon, T}). 
Hence V is k-dimensional and horizontal. Let L > 0 and f : W — YV be such that 


|| Azf(w; || < L |lexp Z|| 
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for all w € W and for all horizontal vector fields Z € wo!. Then there is L = 
L(L, V, W) => L such that f is L-intrinsic Lipschitz in W. 


Proof We keep using the notations introduced in Examples 3.15 and 3.16. 
Analogously as in the proof of Theorem 3.19, by translation invariance, it is 
enough to prove 


For) SL lv (35) 
for all w € W under the additional assumption 
FO) = 0. 


Let be given w = (w!,w?) € W and v = (v!,0) € V with v! $ 0. Then there is 
z= (z!,0) e W' as 


w-Adyz € W!. (36) 
Indeed, let z = (z,..., Zon+1) be defined such that 


z=0, for! <i<nandforn+k+1<i<2n+1 


Zti= Asign(v;)), forn+1<i<n+k. 


With this choice of z we have 


it 
Q?(w!, z!) = 3 Yo (wigntt — Wn+izi) = 0, 
i=1 


k 
1 
Pelz!) = 52) hel. 


i=1 


k 


Finally choosing A = —won41/ > j=, |vi| we get 


w: Adyz = (w! +. z!,wongt1 + 2Q7(v',z') + Q7(w',z')) = (Ww! +2',0) e W!. 
Let us go back to the proof of (35). If f(w) = 0 there is nothing to prove. Hence 
let us assume that f(w) #4 0 and define v := f(w). Now let Z,U € tv! be chosen 


such that |/exp Z|| = ||exp U|| = 1 and 


6,expZ = z, 6,exp U = w- Adguyz 
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for appropriate s,t € R. With this choice of s we have 


Is] < Cll? / I FO)IL. 


From now on the proof follows the same pattern of the proof of Theorem 3.19. O 
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Multilinear Weighted Norm Inequalities Under 
Integral Type Regularity Conditions 


Lucas Chaffee, Rodolfo H. Torres, and Xinfeng Wu 


Abstract Weighted norm inequalities for operators corresponding to non-smooth 
versions of Calder6n-Zygmund and fractional integral multilinear operators are 
revisited and improved in a unified way. Graded classes of weights matching the 
amount of regularity assumptions on the operators are also studied. 


2010 Mathematics Subject Classification. Primary: 42B20; Secondary: 42B15, 
47G99 


1 Introduction 


It is great pleasure for us to contribute to this volume in honor of Prof. Richard 
L. Wheeden with some results about multilinear weighted estimates, which can 
be traced back to his important collaboration with D. Kurtz on weighted norm 
inequalities for multipliers [16]. 
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At the core of both linear and multilinear versions of Calderén-Zygmund theory 
is the use of appropriate regularity assumptions in the kernel of the operators 
to extend their boundedness from some initial Lebesgue spaces to all those in a 
full range of exponents, including weak-type end-points. When possible, one tries 
to extend the boundedness properties to weighted spaces as well. The regularity 
assumptions have been modified in the literature in several ways and results for 
quite rough operators of very particular forms exist. Nonetheless, when the focus 
is on weighted norm inequalities for general operators, as it is in this article, 
the regularity assumptions inexorably circle around the so-called H6rmander type 
integral conditions. This is because the conditions are easy to verify but also 
because they tend to parametrize very well the classes of weights used. The natural 
classes of weights are of course related to the Muckenhoupt classes A,, as they are 
characterized by the boundedness on weighted Lebesgue spaces of smooth (non- 
degenerate) Calder6n-Zygmund operators and the maximal functions in the theory. 
Experience tells us, however, that once the amount of regularity in the kernels of 
the operators studied starts to diminish away from some standard conditions, one 
cannot hope for L?(w) estimates to hold for all w € A,, but at most for a smaller 
class of weights. 

In this work we shall revisit H6rmander’s integral conditions and associated 
classes of weights in the multilinear setting. Ultimately, the goal is to explore the 
effect of such regularity assumptions and to adapt the general template of the linear 
theory to the multivariable one. Our motivation comes from several sources. One 
is the work [25] of Pérez and the second named author in this article, where end- 
point estimates for bilinear operators were studied under variations of H6rmander’s 
condition. Another motivation is provided by the works of Fujita and Tomita [7] 
and Bui and Duong [1] on weighted norm inequalities, as well as further recent 
results on multilinear multipliers such as the ones by Li and Sun [18]. Although 
the techniques we will use are very close to the one in those works, we are able 
to consider both Calderén-Zygmund and potential type multilinear operators. Our 
results improve the ones in [1] for the former operators, are new for the latter, and 
will be presented in a unified way. We will also precisely identify the graded classes 
of multiple weights needed to be used for all the different types of multilinear 
operators we consider. In this regard, and like numerous other results on the subject, 
we are influenced by the original article of Kurtz and Wheeden for Fourier multiplier 
[16], which was one of the first works to relate a reduced amount of regularity of 
multipliers with the classes of weights allowed. 

We would like to take this opportunity to congratulate and thank Prof. Wheeden 
(Dick) for his numerous pioneering contributions in several areas of harmonic 
analysis and partial differential equations, and in particular for those in the study 
of weighted norm inequalities, many of which have helped shape the subject and 
continue to be of relevance today. 
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2 Preliminaries and Statement of the Main Result 


As in [25], and for the reader’s convenience, we repeat here some basic facts of the 
linear theory to put our results in context. If T is linear operator of the form 


Tf (x) = if K(x. yf) dy 


(properly interpreted) which is bounded in L?°(R”) for some po > 1, then the typical 
Ho6rmander or integral regularity condition 


supsup [| IK (13) — Kap.) dy < 00. () 
Q xeQ JR"\O* 


gives also the boundedness of T on L?(R") for all po < p < oo. Here Q is acube in 
IR” with sides parallel to the axes and center xg, and Q* is an appropriate dilation of 
Q. The condition (1) is easily implied by a pointwise regularity assumption such as 


1 
[V:K(@,y)| S reer for x # y, (2) 


or other Hélder regularity variations of it. In the translation invariant case, that is 
when K(x, y) = k(x — y), (1) can be obtained from well-known regularity estimates 
for the multiplier of T, which we denote by m = k. Namely, when Tf = a mf, then 
the pointwise condition 


|d%m(E)| Sa |& |"! (3) 


considered by Marcinkiewicz [20] and Mihlin [22] or its average (Sobolev type) 
variation 


1/2 
sup (Ree | jars) a 2c (4) 
R>0 R<|x|<2R 


considered by Hérmander [13], yield (1) if enough derivatives of m (roughly n/2 
derivatives) can be estimated in the above fashion. Such operators are then bounded 
on L? for all 1 < p< cw. 

It has been known for a long time (going back to the work of Kurtz-Wheeden 
[16]), however, that if the smoothness on the multiplier is only enough to obtain 
integral regularity conditions on the kernel side but not pointwise ones, then the 
operator, though bounded in the full range of unweighted L’ spaces, it may only 
satisfy L?(w) estimates for weights w in more restricted classes than A,. This is 
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even the case if (1) is replaced by stronger L’-H6rmander’s conditions of the form 


lee) , l/r 
s-@iey” (/ [K(x y) = Kio.))!"¢y) aC (5) 
2i0*\2i-!0* 


j=l 


for all x € Q, and where r > 1 and /’ is its dual exponent. Note that r = 1 
gives back (1). In addition to [16], we direct the reader to the works by Rubio de 
Francia-Ruiz-Torrea [26], and Martell-Pérez-Trujillo [21] for detailed results as well 
as further references to earlier work in the subject. Moreover, we remark that it was 
shown in [21] that (1) is not enough to obtain L’(w) estimates even if w € A. See 
also [21] for negative results for other values of r in (5). We also want to point out 
the work by Kurtz [15], where the case L?’ > L‘, p 4 q, was considered. We will 
develop analogous results to [15] for multilinear fractional integral operators. 

Much of the above has been studied in the multilinear setting already, generating 
some expected analogs of the linear theory as well as some unexpected interesting 
new phenomena. Grafakos and Torres developed a fairly complete multilinear 
Calder6n-Zygmund theory in [11] based on multilinear analogs of the pointwise 
gradient estimates (2). The operators are now of the form 


T(f)(x) = [ soy Kester wif) dy 


at least for x ¢ M}_,suppf;, where f = (f,..., fy) and dy = dy, ...dyy. Relevant 
references to earlier work by other authors are given in [11] too. In particular, when 
applied to kernels of the form K(x—y1,...,x—yw), studied also by Kenig and Stein 
[14], this theory recovers and extends the founding multilinear results of Coifman 
and Meyer [4, 5] for the Fourier multipliers that nowadays bear their names. That is 


Tn(B)(a) = ff e+ mk, EuVFilEi) + FulGudb 80, 


Rav 


where m satisfies 


Jat «+ OEM m(Er.+++ Ev) Serve aw (Et) #2 + [Ewe ren, (6) 


Clearly, (6) is the analog of the Marcinkiewicz-Mihlin condition (3). If (6) holds for 
enough derivatives, then pointwise gradient estimates on the corresponding kernel 
K(x—y,,...,xX—yy) follow. The operator T,,, is then bounded from L”' (IR”) x --- x 
LPN (R") to L?(R") for all 1 < pi,--- ,py < oo satisfying 1/p) + ---+ 1/py = 
1/p. It was natural then to determine the minimum amount of regularity that would 
yield such boundedness result. This has been done by Tomita [27] and Grafakos and 
Si [10]. Moreover, they also studied analogous of (4), which were normalized on 
various Sobolev spaces. 
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The weighted theory in the multilinear setting has several interesting twists. 
Under pointwise regularity estimates on the kernel of the operators, the theory was 
extended in [12] and [24] to weighted Lebesgue spaces with weights in the product 
of A, classes. Though these seemed at first the natural weights to use, it was later 
discovered by Lerner et al. [17] that they were far from optimal. In fact, a much 
larger class of multiple weights Ap can be used. Moreover, such classes characterize 
the boundedness of appropriate maximal functions and smooth (non-degenerate) 
multilinear Calderén-Zygmund operators. 

Going back to multipliers, in [7], Fujita and Tomita studied the weighted 
boundedness of T,,, with product of scalar A, weights, while Li and Sun [18] did it 
with multiple weights, both under minimal regularity assumptions on the multiplier. 
Interestingly, different forms of Sobolev regularity appear to determine whether 
product of scalar weights or multiple weights Ap could be used for multipliers. 
A detailed summary of positive results and some negative ones is given in the 
recent work of Fujita and Tomita [8]. Li and Sun [19] also considered an extension 
to pseudodifferential operators. For operators which are not defined in terms of a 
symbol, the most general results available so far in this context are the ones in the 
already mentioned contribution of Bui-Duong [1]. They introduced the following 
version of (5) in the multilinear setting!: 


1/r’ 
( / = | IK(Qny) — Kt, via) 
Sim (Q*) Si, (Q*)) 


: (7) 
|x — z|N@-n/po) —N6 max{j\,...,im} 
oe |O|N8/n 

for all x,z € Q and (jj,...,jv) # (0,...,0), where $,(Q*) = 2/Q* \ 27"'Q* 
if 7 > 1 and So(Q*) = Q*. They proved that this condition together with an a 
priori weak-type estimate imply multiple weighted boundedness for reduced classes 
of multiple weights. As an application, they subsumed previous results based on 
pointwise regularity estimates for multipliers too. We will present a different form 
of (7) and we will also allow for off diagonal operators as Kurtz [15] did in the linear 
situation. 

For 0 < a < aN, assume that 7, is a multilinear operator initially defined on 
the m-fold product of Schwartz spaces and taking values into the space of tempered 
distributions 


Ty : S(R") x +++ x S(R") > S'(R’). 


'In [1] the condition is written in terms of balls but the change to cubes is of no significance. 
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Assume also that for a certain kernel function K, 


Ta(f)(x) = | KG y4,*- In fiGn) fv dy, 


(R")% 
as an absolutely convergent integral whenever x ¢ (i Suppfi. 


Definition 2.1 The operator Ty satisfies the multilinear L"“-Hérmander condition 
if 


os) is 
N_a@ sh 
sup sup) |2*Q|7~* (/ IK(x,y) —K(z,y)| ay) 
OQ x2€40 K=0 (HOW AKO 


is finite. When r = 1, the above condition is understood as 


[o,@) 
sup sup ) > |2*Q|N~* sup |K(x, y) — K(z.y)| < 00. 
Q x2€40 K=0 ye (2k+1 Oy \ (2kQ)N 


Note that when N = | (the linear case) and a = 0, the above condition reduces 
to the classical L” -Hérmander’s condition (5). 
We now introduce the relevant multiple kind of weights for our work. 


Definition 2.2 For 1 < r < pi,...,py < ©, 1/p = 1/p; +---+ 1/py, and 
r/N < p <q < o, we Say that a vector of weights w = (w1,..., Wy) is in the 
class A(P, q, r), or that it satisfies the A(P, g, r) condition, if 


pia 


1 oN = 
[Wlawyg.r) := sup (f wa) Z Il (f mi(ayP-P a) Pi eon 
Q Q i=1 Q 


where w(x) = Tes w;(x). 
Our main result is the following 


Theorem 2.3 Let 1 < pi,...,pn < ©, 1/p = 1/p, +---+1/py,0 < a < 7 
Polit “,1<r<min(pi,...,py,nN/a, Np) and 1/r* = N/r—a/n. If 


q” P 
Ti See Sy? (8) 
and satisfies the multilinear L” “.Hoérmander condition, then 


Ty 1 LP! (wi) Kee X LP (Why) > L1(w’) 


forall w € A(P, q,7r). 
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The case a = O should be seen as the Calderén-Zygmund situation and 
represents an improvement over [1]. The case a > 0 correspond to operators of 
multilinear fractional integral type and is a new result. Clearly the result applies to 
smooth multilinear Calder6n-Zygmund operators as in [11] and also to fractional 
integral ones as in [14]. The interest, however, is that the regularity conditions are 
weaker, and they apply also to multiplier operators with minimal Sobolev regularity. 

In the next section we introduce additional notation and prove several results for 
the classes A(P, q,1r), relating them to other classes of weights already studied in 
the literature. In Sect.3 we present the proof of our main theorem while in Sect. 4 
we apply the results to multiplier operators. 


3 The Classes A(P, q,r) 


We start by recalling other classes of multiple weights introduced in the literature. 


Let 1 < pj,...,py < 00, 1/p = 1/p; +--- + 1/py, P = (pi,.--,Pn), and 
1/N < p < o. As defined in [17], a vector of weights w = (w),..., wy) is in the 


class Ap if 
N P : N ical \/p; 
1/p; Pi 
sup f [1 (ft ) < OO. (9) 
Q ( Q (1 Q 


i=1 


On the other hand Moen [23] (see also Chen-Xue [3]) considered for 1 < 
Pi,-+++,Pw < &, 1/p = 1/p, +--+: + 1/py, and 1/N < p < q < ©, the classes 
A(P, q) of vector weights w = (w1,..., wy) such that 


N q aN \ Let 
pt) <oo. (10) 
Elite) fiibey 


i=1 


Note that the normalization in (9) and (10) is different, so forg = p, w = 
(w1,...,W) € A(P, p) if and only if (w)',..., wh") © Ap. 
Next, we observe that it is immediate to verify the following properties. 


Lemma 3.1 Let 1 <r<s<p,...,py,Np < coand1 <q < o. The following 
properties hold. 
(i) AP. g, 1) = AP, @) and [wlacp.y = [w?]k!? when N = 12 
(ii) w € A(P, q, 1) ifand only if w" := (w},...,. wy) € ACE, 4). 
Gi) A(P, 4,5) C A, 9,7) C AQP, 9). 


y\p—1 
?Recall that in the scalar case [wla, = supg (fo w) (fo w ?P ) : 
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We collect now a few other properties of the classes A(P,q,r) which can 
essentially be found in the literature. We provide only a few missing details. The 
following characterization of A(P, g, r) holds. 


Lemma 3.2 The weight w € A(P, q,r) if and only if 


Pit 
Pi-? 


w! €Ang/r and w; 


EAysiy i=1,...,N. (11) 


Proof Using Lemma 3.1 (ii), we can see that the necessity part is [23, Theorem 3.4]. 
So our contribution here is to prove the converse implication. We use the ideas in 
[17]. Assume that (11) holds. We claim 


N_1 (N—l)pj-tr 
Pi? 


Tr rT N iN ae 
(f wnt) ‘TI (f nti) eae (12) 
Q 7 we 


ee ae 
N*pq + rq —1p 


Let 


Clearly t > € > 0. Then by Hoélder’s inequality, 


(bre) 
Gy Oe 
“oe bey 


a, = PNW D+ r)pi _ N(N—1)+r/p 


an 
~~ 
ow 
= 
mn 
ae 
eee, 
ar 


Let 


(p(N-1+r)p  (N-1)+r/pi 
Then min(;) > 1 and )*_, 1/f; = 1. Note also that 


eT r 
t—€ N(N—1)+4+r/p’ 
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so by Hélder’s inequality, 


1-4 Byet BG —t) 
(f we) < (7 “i ) 
Q i= Q 


(N=Dpi-tr 


N pir Pir 
(W—Dpj4r v 
— w; a 
Q 


and (12) follows. Combining (12) and (11), we finally obtain 


loN a 
4 Pit Pir 
[wlacg.r) = sup (f w) | (f wie) 
Q Q ; re) 


i=1 


N (N=1)pi-+r pj—r 


IT faa) — pF 
x | | sup (f w, ) (f, w, =) 
= 3 0 i i 
(4-11 
<up(f» ‘) (form) 
Q 


(N=l)pj+r 


: = ee ed — Bi TF 
x | [sup hte") (fmi? ) 
i=1 2 Q 4 
Pit Birt 
4 pi-T Fae 
=lw ley nt Ay (By! 
since 

Ps a 
(N—Dpitr (N-Dp/rt+l nee, NHI 


pi/r—1 
oO 


A reverse Hélder’s property for Ap was obtained in [17] while one for A(P, g) 
was proved by Chen and Wu [2]. For convenience we provide the details for a similar 
property in terms of the class A(P, q, r). 


Lemma 3.3 (Reverse Hélder’s Property for A(P,g,7r)) Assume that w ¢€ 
A(P, g,r). Then there exists t > r such that w € A(P, q, t). 
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_ pir 
pi-T 
i 


Proof By Lemma 3.2, we have that w 
property for such weights, 


_ vivir \ 1/Y¥i __pir 
f wr Sc; f wr 
Q Q 


for some c;, y; > 1. Moreover, it is possible to select y; close to 1 and numbers ¢;, 
r < t; < p; such that 


€ Ago and by the reverse Holder 


1 = vi 
1/t;-1/p;  1/r—1/p; 


or equivalently, 


Pili Vii 
BH par 


Let ¢ = min{t,..., ty}. We have 


1/q_N _ Pit, ae l/q N _ mie a 
(ho) UC) = (he) Us”) 
Q ni Q Q 1 OQ 


i=1 i= 


W/q N_ pir __pir a 
Fe at 
wi cP w, Pi 
Q i= Q 


i=1 


lA 


< [Wlaegn- 


We will use several maximal functions. For 0 < a < nandf € LAR”); the 
fractional maximal function M,(f) is defined by 


1 
Ma (f)(x) = SUP oie [ f(y) |dy. 


For] <r < 4, let Ma(f)(x) = (Mra (If) (x))!/". We also recall the sharp maximal 
function defined by 


1 
t Se ae _ 
Mia) = suping — | VO) cldy. 


and for 6 > 0, define M§(f) = MEF? 
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For 0 < a < nNandf = (f,...,fy) € (Z},.(R"))%, the multi(sub)linear 
fractional maximal function M,(f) is defined by 


- 1 
a(f)(x) = —_——_— i(yi) |dyi. 
Mabey = sw] | Forearam [woot 


Finally, for 1 <r< wy we also define 


1/r 
Mar) = wo (Geeom sam ff vie ay) . 


We have the following weighted estimate for M, ,(f). 
ee Let! <r<p,...,py,Np < ©, 1l/p= Ane <a< = 


and ; a 7 — £. Then My, is bounded from LP! (w;') x «++ x LP’ (why) to L1(w*) if 


and only if w P A(P, q,7). 
Proof Note that 


| Ma, r (f) Ilza(02) = = IMro(f) I 


La!" (4)? 


where for f = (fi,--- . fw), we define f” = ([fi|',--- , lfv|"). For a = 0 the result 
follows then from [17, Theorem 3.7], cf. also [1, Proposition 2.3]. For a > 0, the 
result is a consequence of [23, Theorem 3.6]. oO 


4 Proof of Theorem 2.3 


Once the point-wise estimate of the next lemma is established, the proof of 
Theorem 2.3 will follow a familiar pattern in the theory using the Fefferman-Stein 
estimate 


i (Mf (x)? w(a)dx < / (Mi f)(x)w(x)dx, (13) 
Rt R" 


which holds for any 0 < p, 6 < oo and any w € Ago; see [6]. 


Lemma 4.1 Let T, satisfy the hypothesis of Theorem 2.3. If0 < 6 < min(1, 
then for allf € Wy, vi with r <l,...,ly < ©, 


nN— ao 


Mj (Ta(f)) S Ma(f). 
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Proof Fix Q C R" and x € Q. It it is enough to show that 


(GH [ite ~ cole)" S Mas (B00. 


for some cg. The arguments follow a familiar pattern. For i = 1,...,N, let f? = 
fixox and f° = fi(1 — xo*). Then f; = fo + f° and 


N 


[l#00 = T]¢2o (yi) + £2° 0%) 


i=1 i=1 


=[[fPoo+ DO ODF" Ow), 
i=] (Bi. Buel 


where / is the collection of all N-tuples B = (61,--- , By) with each 6; = 0 or oo 
and at least on 6; = oo. We can write then 


Ty (£)(Z) = Ta(fp.+++ fy) + 2 Ta (fhe IO: 


pel 


Using the weak-type estimate on TJ, and applying Kolmogorov’s inequality we 


have for f° = (f?,--- .f), 


1 


(a i [Tu (oI az) XS ||Ta (Il 0° (Q,dz/|Ql) 


1/r 
1 
es "dy; 
oe (11 roa ale lfi(yi) ») 
S Maza, (f)(). 


In order to estimate the other terms, we select the constant cg to be 


eS eG kh UO) 


pel 
and we will show that 


SY |Ta(£?)(2) = Taf?) ()| S Ma.r(£)(X), (14) 


Bel 


for all z € Q, where f* = Pasi": 
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We observe that for any J = 1,...,N—1, 


(Q*)X7 x (R” \ ory’ Cc R™ \ oy = Seo Veo)’, 
k=0 


and similarly (R" \ Q*)" Cc >oP29(2kt1O*)"\(2kQ*)*. Using this observation, 
Holder’s inequality, and the L” “-Hoérmander condition, we have 


[Ta (f°) (z) — Ta (£")(x)| 


N 
,y) —K(, i(yi) |dyi 
= fo oy KOv Kee snl] Tonle 


i=1 


ss K (dldy: 
3 @y— Key I Lior) lay: 


i=1 


1/r’ 


CO 
ey (/ |K(z,y) — K(x, y)I" dy) 
kao * 4 (ATLO*)N\(2kO*)N (15) 


[ r 1/ 
° Tf Lida) | dy;) 
fee) ; _ 
s 2 |2 o* |" (, 


ei 


, i 
|K(z,y) — K(x, y)|" dy) 
2k+1Q* N\ (2kO* yn 


N 
«TT (Gages aaa Dov lfi(yi) ‘ayi) 


S Max (f)@), 


which gives (14). oO 


Proof of Theorem 2.3. Note that we always have w? € A®, so applying (13), 
Lemma 4.1, and then Lemma 3.4, we have 


lla (E) lI2¢ 002) <I|Ms (Ta (£)) |Lz00v2) << Cl\M§ (To (£)) || 2200) 
N 


<C||Mar(B) llc) < CT] | Will rrqur, 


i=1 


as we wanted to show. O 
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5 Multipliers 


When a@ = 0, it is easy to see that our L’-Hé6rmander’s condition is weaker than that 
in [1]. Moreover, our results also extend to the case a > 0. In particular, we obtain 
some new applications to multilinear Fourier multipliers in this last case, extending 
the results in [19]. 

We will consider Fourier multiplier 7, given by 


Tm(£)(x) = i el itt (EL... Ew)fi(E1).. fiv(Ew)dé ... dé 


RN 
for fi,...,f” € S(R”), and where the function m satisfies some regularity property 
defined in terms of Sobolev space estimates. 


Recall that for s € R, the Sobolev space W°(IR”’) consists of all F € S’(R") 
such that 


Q 1/2 
IFllwaey = (fC + EPTFE db. .dfy) <0 


where € = (&,...,&y) € R" x---x R". 
Let © € S(R"’) be such that supp VW Cc {& € R™ : 1/2 < |&| < 2} and 
Yrez W(E/2") = 1 for all € € R”\{0}. For a function m, a > 0 andk € Z we set 


my (E) = 2'm(2*E) WE). 


We will use Theorem 2.3 to prove the next result. The version for a = 0 is in 
[19]. Our proof relies on some computations used in that article and those in [7]. 


Theorem 5.1 Let P = (p1,...,py) with 1 < pi,...,py < co and 1/p = 
yo 1 /pi 0 < a < n/p, 1/q = 1/p—a/n, s > nN/2, andr = max {1, av} < 
P1,---,Pn, PN. Suppose that m satisfies 


sup || ll wscanny) < 00. (16) 
keZ, 


Then for all w = (w1,...,ww) € A(P,q,1r) andw = Te Wi, Tm is bounded from 
LP\(wh) x +++ x LPN (Why) to L1(w!) with ||Tn|| < supgez |lmCll weary. 


Proof of Theorem 5.1. Since w € A(P,q,1r), by Lemma 3.3, there exists r < 7 < 
P1,°*: Pn, PN such that w € A(P,q,7). In order to prove Theorem 5.1, if suffices 
to prove that the hypothesis in Theorem 2.3 are satisfied with r replaced by r. 

We will establish the unweighted L?! x --- x L?Y —> L‘ boundedness of the 
multiplier for any (NV + 1)-tuples (91,...,py,q) with 1/q = 1/p—a/n andr = 
max {1 nN < pi,...,pn,pN. This gives a fortiori the weak-type estimate in the 


> sta 
hypotheses of Theorem 2.3 for r. 
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We need first to borrow and/or adapt to our situation some lemmata from [7], 
which we include here for the reader’s convenience. 


Lemma 5.2 Let 1 <p,q,r < c with 1/q = 1/p—a/n. Then 


Howey], Ee, 
keZ 


keZ 


for all sequences {f}xez of locally integrable functions on R". 


Proof This is a standard result that will be used in place of [7, Lemma 2.3]. Indeed, 
let Z, be the fractional integral operator defined by 


Zap) = | fy) 


————_dy. 
R |x— yl" e 


It is well know that ||Zo(f)|lza S |[f|l». Since Zy is a positive operator, the above 
inequality has a vector-valued extension (see for example [9, Proposition 4.5.10]): 


Fs 1/r : l/r 
[paca (Dury, 


keZ 


= 
q 


L 


The result to be proved follows now from pointwise estimate Mafk(x) S Za ([fel)@).- 
oO 


Lemma 5.3 ({[27, Lemma 3.3] and [7, Lemma A.1]) Let R > 0,2 <1< ™, 
s > Oandw,(u) = (1 + |u|?) for u € R". Then there exists a constant C > 0 
such that 


Fleer <C\Fllyo forall F ¢ W’!' with supp F C {|u| < R}. 


Lemma 5.4 (cf. [7, Lemma 3.2]) Let R > 0, 5 > nN/2,0 <a < nN/2, and 


max{1, aN} <1<2for1 <i<N. Then 


. ZNO (W(x —y1),...,2 (x — yw) fin)... fvOw)dy... dyn 
N 
S |lnllws ] | Mew GAl@" 
i=1 


for allj € Z, allm € W°(R®") with suppm C {V/|&|? +... + lEv|? < R}, and all 
Kis oaks SN S S(R"). 
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Proof For x € R", let ® = (x,...,x) € R”. By Hilder’s inequality 


I. Zin) F(x — y1),..., F(x — yw) fin)... fv Ow) dy... dyn 


(1 + 2/|x—yl)° 
(1+ 2g yO . SnvQw)dy1 ...dyy 


7 c At 
ai f-a) [ ayy i (1 ay) ( fii). .fvQw)| ‘v) 
= ( eon ODN CL + TD" dy am + 2K yp 


_ 2i(Nn—-a@) 


i in(2i(& —y)) 
RNn 


N : 1 

Dj(n—la/N) fii) 7 

S lltillar wy) X ( 7 Ee ETT a) 
ee II ee (1 + 2ix— yi) 


N 
SMFill Go | [Morn il @", 


i=1 


where in the last inequality we have used the basic estimate 


“+f VON) 
pa (« pr (1 + Rix — y/" Pte dy ) S Mpf(x) 


with R = 2/,0 < B =al/N < nande = sl/N — (n—la/N) > 0 because of the 
choice of /. Since also 2 < I; < oo, it follows from Lemma 5.3 that ||m||,7 wae 
C||m||ws, which concludes the proof. Oo 


We are now ready to prove the unweighted L?! x --- x L?’ —> L4 boundedness 
mentioned before. We will decompose T,,, following the same idea as in the proof 
of [7, Theorem 6.2], from where we borrow the following auxiliary functions. 

Let ¢; be aC™-function on [0, oo) satisfying 


gift) =1 on [0,1/(4N)], supp #1 C [0, 1/(2N)]. 


Let $2(t) = 1 — $1 (t) and for (i),..., iv) € {1,2}, define ®;, on R“”\{0} by 


sree 


ir nrin(E) = Gi (EI/1ED Gin 1E2I/1ED - - - Pin Ew I/1E1)- (17) 


where & = (&,...,&y) € R” x--- x R”. As noted in [7], ®a1 
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Lemma 5.5 ([7, Lemma 3.1]) Let ®(, 
following are true: 


(1) Foré € RX"\{0}, 


iy) be the same as in (17). Then the 


> Di, Jin,...,iv (E) = I. 


(i .i2..-iy) EEL 2 
(i ,i2.-.IN)A(L,..1) 


(2) For (i,...,iv) € {1,2!% and (a,...,ay) € Z" xX +++ x Z" there exists a 


constant Ci -®N 0) such that 


TY LQ sees IN 


Jagr ++ BY ean OS Hy A (UL + oo + Ew Oe tend 


geese iy ,i2,...,iN 


for all & € RN"\{0} 

(3) Ifi; = 2 for some 1 <j < Nandi, = 1 forall! <k < Nwithk F j, then supp 
P(i,,..iv) C {(&1,...,€w) : |&| < [G/N fork A jh. If i; = iy = 2 for some 
1 <j,j < N withj # j, then supp ®i,...iy) C (E1,---,€n) + 1&I/(AN) S 
lEv| < 4N1&I, 1&l < 4NI&| fork A 7.73. 


We also choose ¢, w, Vv. ae € S(R") such that 


supp Y C {|n| < 16N}, g = 1 on {|n| < 8N}, 


supp ¥ C {1/2 < |nl <2}, Do v(m/2/) = 1 foralln £0, 
jeZ 
supp WC {1/4<|n| <4}, YW =1on {1/2 <|n| < 2}, 
supp ¢ C {1/(16N) < |n| < 16N}, § = 1 on {1/(8N) < |n| < 8N}, 
supp ¢ C {1/(32N) < |n| <32N}, © = 1 on {1/(16N) < |n| < 16N}. 


If p is any of the above functions, then (o(D/2/)f)(x) will denote as usual the 
convolution operator defined by 


(p(D/2)f)~(E) = plE/2/)F E) 
We decompose m as follows. 
mE)= So Beige iyy(Em(E) = YI mga in) 


(ipo iyECL Vy (iy iy ECL 2N 
(iy in) AC LD) (pein) ACD) 


where ®(, ... iy) are the same as in (17). 
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The computations are similar as in [7, Sect. 4] so we consider two separate cases 
where (ii,..., iy) satisfies f{j : i; = 2} = 1 and f{j : i; = 2} > 2 which we briefly 
describe. The reader should consult [7] for more details. 

For the first one, we may assume that 7; = 2 andi = | for2 < k < N. 
Lemma 5.5 (3) implies supp mci,....,iyy C {El < |&1|/N for 2 < k < N} and we can 
write for some kp such that 2 > N, 


ko+1 
- 7 eT me ayy (EWE +--+ &y)/2) 

f=? RNa 
x WE /2)o(&/2*9) ... pEy/2) 0 61/2 fi En) « . fv Ewdé 
ko+1 


(2/t*(x— yy), see) 2i*k(x — yy)) 


sae in) 
k=—2 


x (W(D/2*) id)... fv ow) dy... dyn, 


where 


j,k,a 
mi me)= 


Pec 


As in [7, (4.7)], 


isk 
sup lati. ayy llws S sup lm lw. 
jEZ, keZ 


—2<k|<ko +1 


nN 
> sta 


We choose / such that r = max {1 < 1 < min{2,pi,...,py}. Since supp 


ee 


ko+1 


SF ys (Mian (PD/2* fi 09)" 


k=—2 


x (Mia/v (If2l)0))" «« (Mian (Ufl) 0)" 
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ko+1 ‘ 
< (sev Inf: S> (Mie (P(D/2*)f 15.09)! 
: k=—2 


x (Mujw({fil!)0))" ... (Mian (Ufnl)@)" 


Let qi satisfy 1/q; = 1/p;—a/Nn for 1 <i< N.Then1/q= 2, 1/q;. By Fujita 
and Tomita [7, Remark 2.6], Hélder’s inequality, Lemmas 5.4 and 5.2, 


iis TWO ngs fir OP) 


jEZ i 

ko+1 ee 1/2 
= > (sup img) | (SMa FO/2* p12") 

k=—2 j€Z a 

1 1 

X ||Miwyw (Wl) lna2 « «|| Miayn (fl)? ILcaw 

ko+1 _ ; 1/2 
SO (sup tintin’) [Soro yAP) | Well Maln 

[P1 


k=-2 jeZ 


< (sev a) Willan ---lWivllow. 
kEeZ 


Consider now the case where {{{j : i; = 2} > 2. Assume that i) = iy = 2. By 
Lemma 5.5, supp mi...) C {E1I/(4N) < |él < 4NI&il. I&il < 4NIEiI for 3 < 
i < N}. This implies that if & € supp W(-/2") and (&,...,&v) € supp mij.....iv)s 
then 2'~3/N < |&| < 2**7N and |&| < 2**3N, and consequently ¢(&/2") = 1 and 
o(&;/2*) = 1, for 3 < i < N. Hence, 


Ting, in Us EEN DLC) 


=). I. ET HM mG ay EWE /2 6/2) 06/2")... 0(Ew/2) 


keZ 


x WE /2% AE) EE /2 AED AE) .. fvlEndé ... dy 
mee 


= =f, 2H —o) age (¢=91),..-, 28 wd) 


keZ 


x V(D/2) Ff, )E(D/2)fr2)fa03) -- vn) dy... dyn, 
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where 


Utilizing Lemmas 5.3 and 5.4, we have with / as before 
ITinci, es in) V1 - fu) (| 
i 1 
SO mG yy lls (May UIC)". Mlajn(Ufvl 9G)" 


keZ 
x (iain (PD/2f199)? (Mey ED/2 PI)" 


< (sep Im aol) (Miajw(Ufsl!)(0))" (Mix (vl! @))" 


ree 
ie 


x (x Mun(Feb 200" 


keZ 


(= Muin(BD/2A1569 


keZ 


We can now proceed as in the previous case. The rest of the cases are similar too. 
We finally obtain 


k, 
Ilia, iy) WePtxxtpy ie S sup |G yy llws S sup lle |lws-. 
keZ keZ 


It remains to show that T,,, verifies the multilinear L” “-Hoérmander condition. We 
need to find estimate involving the kernel of Ty using the information on m. The 
computations are in general familiar in the subject, and in particular similar to those 
in [18]. Let mj = m(-)W(-/2/), where y € S(R”) with supp {§ € R" : 1/2 < 


|&| < 2} and Diez V(27E) = 1 for & £ 0. Let Kj(x,y) = m(x—y,...,x — yw). 
We write 


= N a ue 
> 24a ) K(x, y) — K(z,y)|" ‘y) 
ka0 (2k+1Q)N\ (2kQ)N 


1 
7 


< >> \2'g|F-* >( 


Ke. y) — K(x, "ay 
k=0 eZ 


—_—e 
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Leth = z—~x and 0 = x—(Q. As done before, for any u € R", we write 
a = (u,...,u) € R”. We have 


ye 


Jjk = (/ ii —y) — nf —y)!"dy) 
(2k +1 Q)\ (2k) 


ye 


= (/ Wing + y) — jy) |" ay) 
(K+ TOWM\ KON 
, \F 
< (/ iia)! ay) 
lyl~2*e(Q) 
1 


satecay (J, -vt viy2~y)”2-™ay 


Ye 


 2'e(Q))* (/. G+ IP) jean 29) dy) 
x Qi -s-a) 
—sqj(ex —s—a a 
S (24L(Q)) Pr || mF || ws. 


Let £(Q) ~ 2~'. Then 


nN 
Yo dix S sup ln |fws2* eye, (18) 
jeZ 


jz! 


because uN —s-a<0. 
We can also compute 


Ye 


in= (ff of a, Hy 0 oss yy) = Myre. ynd dy) 
(2k FTO) (2kQ)N 


4 r 
<(f Boom cee (/ lit- Vin(y1 + Oh,....yw + OA)|d0) ‘y) 
(2AFTO)N\(2kQ)N SO 
: = 
(/ (/ et aes |ht- Vin(y1 + Oh, ..., yw + 8A)|" dy) a) 
0 (2k+ TOW \ (2kQ 


s( fh Vinon.....sw)lay)”. 


lyl~2*e(Q) 


ye 


sy 


sy 
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It follows that 


nN 


ia sie [ 


1 

v re 
|dymj(y1, Pee yy)" ‘dy) 

lvl~2ke(Q) 


nN 


semeeor( [a+b 


i=1 


nN 


x ON 2 Vina iyy)[ dy)” on 


nN 
S D2 e(Q)2L(Q)) 82-2 |] m(2/EEW(E) lls 
i=1 
nN , 
SLM) HEY sup ln lw. 
JE 


i=1 


Since 7 can be selected so that uN —s—a+1>0, we have 


Dee: S sup [mf we *ECQ) 


j<l 


Finally, from (18) with (20) we obtain 


ie) z _ 1/7 
y Ralt-# ( / Koy) Keay) 
k=0 (2k +1 Q)N\ (2k 

N 


[ee 
zo a —ks a— at 
so 2'9\" * (sup Irn ws )2-* CCQ 
JE 


Co 
_ a —k(s+o— ay 
= sup ||‘ ls ) 2 r) 


S sup || Ws 


which concludes the proof. 


(19) 


(20) 


oO 
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1 Introduction 


In this paper, we discuss recent results on weighted norm inequalities of (1, g)- type 
in the case 0 < q <1, 


|Gu]za(2.d0) = C lly]. () 


for all positive measures v in Q, where ||v|| = v(&2), and G is an integral operator 
with nonnegative kernel, 


Gv(x) = / G(x, y)dv(y). 
Q 
Such problems are motivated by sublinear elliptic equations of the type 


—Au=ou! in®, 
u = O0ondQ, 


in the case 0 < q < 1, where Q is an open set in R” with non-trivial Green’s 
function G(x, y), and o > 0 is an arbitrary locally integrable function, or locally 
finite measure in Q. 

The only restrictions imposed on the kernel G are that it is quasi-symmetric 
and satisfies a weak maximum principle. In particular, G can be a Green operator 
associated with the Laplacian, a more general elliptic operator (including the 
fractional Laplacian), or a convolution operator on R” with radially symmetric 
decreasing kernel G(x, y) = k(|x — y|) (see [1, 12]). 

As an example, we consider in detail the one-dimensional case where Q = R+ 
and G(x, y) = min(x, y). We deduce explicit characterizations of the corresponding 
(1, q)-weighted norm inequalities, give explicit necessary and sufficient conditions 
for the existence of weak solutions, and obtain sharp two-sided pointwise estimates 
of solutions. 

We also characterize weak-type counterparts of (1), namely, 


|Gv ||z220(a,d0) < C|lv]). (2) 


Along with integral operators, we treat fractional maximal operators M, with 
0 < a < nonR’, and characterize both strong- and weak-type (1, q)-inequalities 
for M,, and more general maximal operators. Similar problems for Riesz potentials 
were studied earlier in [6-8]. Finally, we apply our results to the Poisson kernel to 
characterize (1, g)-Carleson measure inequalities. 
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2 Integral Operators 
2.1 Strong-Type (1, q)-Inequality for Integral Operators 


Let Q C R" be a connected open set. By .@* (2) we denote the class of all 
nonnegative locally finite Borel measures in Q. Let G:Q x Q — [0, +00] be a 
nonnegative lower-semicontinuous kernel. We will assume throughout this paper 
that G is quasi-symmetric, i.e., there exists a constant a > 0 such that 


a'G(x,y) < Gly,x) <aG@wy), xy EQ. (3) 


If v € .@*(Q), then by Gv and G*v we denote the integral operators 
(potentials) defined respectively by 


Gris) = | cles) dv0), G0) = | Go.) dv0). xEeQ. (4) 


We say that the kernel G satisfies the weak maximum principle if, for any constant 
M > 0, the inequality 


Gv(x) < M forall x € S(v) 
implies 
Gv(x) < AM forall x€ Q, 


where i > 1 is a constant, and S(v) := suppv. When h = 1, we say that Gv 
satisfies the strong maximum principle. 

It is well-known that Green’s kernels associated with many partial differential 
operators are quasi-symmetric, and satisfy the weak maximum principle (see, e.g., 
[2, 3, 12]). 

The kernel G is said to be degenerate with respect too € .@* (Q) provided there 
exists a set A C Q with o(A) > 0 and 


G(.,y)=0 do-—ae.fory€A. 


Otherwise, we will say that G is non-degenerate with respect to o. (This notion 
was introduced in [19] in the context of (p, q)-inequalities for positive operators 
T: LP — L‘ in the case 1 < q < p.) 

Let 0 < g < 1, and let Gbea kernel on Q x Q. Foro € .@*(Q), we consider 
the problem of the existence of a positive solution u to the integral equation 


u=G(u'do) in Q, O0<u<+oo do-ae., ue Li.(Q). (5) 
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We call u a positive supersolution if 
u>G(uido) in Q, O0<u<-+oo do-ae., weELi(Q). (6) 


This is a generalization of the sublinear elliptic problem (see, e.g., [4, 5], and the 
literature cited there): 


—Au=ou!? in, 


u=0 ondQ, oe 
where o is a nonnegative locally integrable function, or measure, in Q2. 

If Q is a bounded C?-domain then solutions to (7) can be understood in the 
“very weak” sense (see, e.g., [13]). For general domains Q with a nontrivial 
Green function G associated with the Dirichlet Laplacian A in Q, solutions u are 
understood as in (5). 


Remark 2.1 In this paper, for the sake of simplicity, we sometimes consider positive 
solutions and supersolutions u € L4(Q, do). In other words, we replace the natural 
local condition u € Li,.(Q,do) with its global counterpart. Notice that the local 
condition is necessary for solutions (or supersolutions) to be properly defined. 


To pass from solutions u which are globally in L7(Q,do) to all solutions 
ue i (2,de) (for instance, very weak solutions to (7)), one can use either 
a localization method developed in [8] (in the case of Riesz kernels on R"), or 


modified kernels G(x, y) = aa, where the modifier m(x) = min (1, G(x, x0)) 


(with a fixed pole x) € &) plays the role of a regularized distance to the boundary 
0&2. One also needs to consider the corresponding (1, q)-inequalities with a weight 
m (see [16]). See the next section in the one-dimensional case where {2 = (0, +00). 


Remark 2.2 Finite energy solutions, for instance, solutions u € Wy? (Q) to (7), 
require the global condition u € L'*4(Q,do), and are easier to characterize (see 


[6]). 
The following theorem is proved in [16]. (The case where Q = R” and G = 


a 


(—A)~2 is the Riesz potential of order aw € (0,7) was considered earlier in [8].) 


Theorem 2.3 Leta € .@+t(Q), and0 < q < 1. Suppose G is a quasi-symmetric 
kernel which satisfies the weak maximum principle. Then the following statements 
are equivalent: 


(1) There exists a positive constant x = x(a) such that 
|Gu|zao) < |v] forallve M* (Q). 
(2) There exists a positive supersolution u € L1(Q,do) to (6). 


(3) There exists a positive solution u € L4(Q,do) to (5), provided additionally that 
G is non-degenerate with respect to o. 
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Remark 2.4 The implication (1) = (2) in Theorem 2.3 holds for any nonnegative 
kernel G, without assuming that it is either quasi-symmetric, or satisfies the weak 
maximum principle. This is a consequence of Gagliardo’s lemma [10, 21]; see 
details in [16]. 


Remark 2.5 The implication (3) = (1) generally fails for kernels G which do not 
satisfy the weak maximum principle (see examples in [16]). 


The following corollary of Theorem 2.3 is obtained in [16]. 


Corollary 2.6 Under the assumptions of Theorem 2.3, if there exists a positive 
supersolution u € L4(Q,o) to (6), then Go € L™= (Q,do). 

Conversely, if Go € Lv! (Q,do), then there exists a non-trivial supersolution 
u € L1(Q,«) to (6) (respectively, a solution u, provided G is non-degenerate with 
respect to 0). 


2.2. The One-Dimensional Case 


In this section, we consider positive weak solutions to sublinear ODEs of the type (7) 
on the semi-axis Ry = (0, +00). It is instructive to consider the one-dimensional 
case where elementary characterizations of (1, g)-weighed norm inequalities, along 
with the corresponding existence theorems and explicit global pointwise estimates 
of solutions are available. Similar results hold for sublinear equations on any interval 
(a,b) CR. 

Let 0 < q < 1, and leto € .@*(R+). Suppose u is a positive weak solution to 
the equation 


—u" =ou! on Ry, u(0) =0, (8) 
such that limy,—+00 _ = 0. This condition at infinity ensures that u does not 
contain a linear component. Notice that we assume that u is concave and increasing 
on [0, +00), and lim,_,9+ u(x) = 0. 

In terms of integral equations, we have Q = R +, and G(x, y) = min(x, y) is the 
Green function associated with the Sturm-Liouville operator Au = u” with zero 
boundary condition at x = 0. Thus, (8) is equivalent to the equation 


+00 


u(x) = G(u4do)(x) := | min(x, y)u(y)4da(y), x> 0, (9) 
0 


where o is a locally finite measure on R+, and 


a +00 
i: yu(y)!da(y) < +00, i u(y)4da(y) < +00, foreverya>0O. (10) 
0 a 


222 S. Quinn and LE. Verbitsky 
This “local integrability” condition ensures that the right-hand side of (9) is well 


defined. Here intervals (a, +00) are used in place of balls B(x, r) in R". 
Notice that 


+00 
u(x) = i u(y)4do(y), x>0. (11) 


Hence, u satisfies the global integrability condition 


+00 
| u(y)4da(y) < +00 (12) 
0 


if and only if u’(0) < +00. 
The corresponding (1, g)-weighted norm inequality is given by 


I|Gu liao) S *(lv IL. (13) 


where x = x(o) is a positive constant which does not depend on v € .@*(R+). 
Obviously, (13) is equivalent to 


Hiv + A_v|lza) < x\|v||_ forall ve Wt (Rx), (14) 


where Hy is a pair of Hardy operators, 


x +00 
Hyv(x) =| ydv(y), H_v(x) =a, dv(y). 


The following proposition can be deduced from the known results on two-weight 
Hardy inequalities in the case p = | and 0 < q < | (see, e.g., [20]). We give here a 
simple independent proof. 


Proposition 2.7 Leto € .@* (Rx), and let 0 < q < 1. Then (13) holds if and only 
if 


+00 
x(o)! = | x4da(x) < +00, (15) 
0 


where x(o) is the best constant in (13). 


Proof Clearly, 


Hav(x) + H_v(Q®) < xv], x>0. 
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Hence, 
+00 i 
q 
|Hav + H_v||r(0) < (| x!do(x)) vl. 
0 


1 
which proves (14), and hence (13), with x = (io x'do(x)) un 


Conversely, suppose that (14) holds. Then, for every a > 0, and v € .@*(R4), 


( | "tda(x)) ( [ = dv(y))" 
< A ([~ dv(y))'do(x) 


+00 
< i (H_v\do < x". 
0 


For v = 6,, with x9 > a, we get 


i‘ x4da(x) < x’. 

0 

Letting a > +00, we deduce (15). oO 
Clearly, the Green kernel G(x, y) = min(x, y) is symmetric, and satisfies the 


strong maximum principle. Hence, by Theorem 2.3, Eqs.(8) and (9) have a non- 
trivial (super)solution u € L7(R+, 0) if and only if (15) holds. 

From Proposition 2.7, we deduce that, for “localized” measures do, = 
X(a,too)do (a > 0), we have 


x(0,) = ( [> ow)’. (16) 


Using this observation and the localization method developed in [8], we obtain 
the following existence theorem for general weak solutions to (7), along with sharp 
pointwise estimates of solutions. 

We introduce a new potential 


+00 ot 
Ko(x) := x( | y!do(y)) a pet (17) 


We observe that Ko is a one-dimensional analogue of the potential introduced 
recently in [8] in the framework of intrinsic Wolff potentials in R” (see also [7] 
in the radial case). Matching upper and lower pointwise bounds of solutions are 
obtained below by combining Go with Ko. 
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Theorem 2.8 Let o € .@*(R1), and let 0 < q < 1. Then Eq.(7), or 
equivalently (8) has a nontrivial solution if and only if, for every a > 0, 


a +00 
i x do(x) +f x4da(x) < +00. (18) 
0 a 


Moreover, if (18) holds, then there exists a positive solution u to (7) such that 
Caled ydo(y)) + Ko(s)] (19) 


<us) <C[( [ ydo(y)) "+ Kow)]. (20) 


The lower bound in (19) holds for any non-trivial supersolution u. 


Remark 2.9 The lower bound 
ths 
u(x) > (1—q)™ [Gow |™, x>0, (21) 


is known for a general kernel G which satisfies the strong maximum principle (see 


[11], Theorem 3.3; [16]), and the constant (1 — g)™ here is sharp. However, the 
second term on the left-hand side of (19) makes the lower estimate stronger, so that 
it matches the upper estimate. 


Proof The lower bound 


uc) = (1g if ydoy) |, x>0, (22) 


is immediate from (21). 
Applying Lemma 4.2 in [8], with the interval (a, +00) in place of a ball B, and 
combining it with (16), for any a > 0 we have 


[> wortaro) = elarxtoay"s = oa [yao]. 
Hence, 


u(x) = G(utdo) = of u(y)@da(y) = e(q)x{ [~ yidow) 


x 


Combining the preceding estimate with (22), we obtain the lower bound in (19) 
for any non-trivial supersolution u. This also proves that (18) is necessary for the 
existence of a non-trivial positive supersolution. 
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Conversely, suppose that (18) holds. Let 


v(x) = e[( [vou n Ko(.)], x>0, (23) 


where c is a positive constant. It is not difficult to see that v is a supersolution, so 
that v > G(v%do), if c = c(q) is picked large enough. (See a similar argument in 
the proof of Theorem 5.1 in [7].) 

Also, it is easy to see that vp = co(Go)™ is a subsolution, 1.e., vo < G(vjdo), 
provided co > 0 is a small enough constant. Moreover, we can ensure that v9 < v 
if co = co(q) is picked sufficiently small. (See details in [7] in the case of radially 
symmetric solutions in R”.) Hence, there exists a solution which can be constructed 
by iterations, starting from up = vo, and letting 


a G(ujdo), J => 0, Dscetrass 


Then by induction uj; < uj+; < v, and consequently u = lim;-+ +00 uj is a solution 
to (9) by the Monotone Convergence Theorem. Clearly, u < v, which proves the 
upper bound in (19). oO 


2.3 Weak-Type (1, q)-Inequality for Integral Operators 


In this section, we characterize weak-type analogues of (1, qg)-weighted norm 
inequalities considered above. We will use some elements of potential theory for 
general positive kernels G, including the notion of inner capacity, cap(-), and the 
associated equilibrium (extremal) measure (see [9]). 


Theorem 2.10 Leto € .@*(Q), and0 < q < 1. Suppose G satisfies the weak 
maximum principle. Then the following statements are equivalent: 


(1) There exists a positive constant x,, such that 
|Gv|lirco(o < xullv|| forall ve M+ (Q). 


(2) There exists a positive constant c such that 


q 
o(K) < e( cap(K)) for all compact sets K CQ. 


(3) Go € L™™ (a). 


Proof (1) => (2) Without loss of generality we may assume that the kernel G is 
strictly positive, that is, G(x,x) > 0 for all x € Q. Otherwise, we can consider the 
kernel G on the set Q \ A, where A := {x € Q: G(x, x) 4 0}, since A is negligible 
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for the corresponding (1, q)-inequality in statement (1). (See details in [16] in the 
case of the corresponding strong-type inequalities.) 

We remark that the kernel G is known to be strictly positive if and only if, for any 
compact set K C Q, the inner capacity cap(K) is finite [9]. In this case there exists 
an equilibrium measure A on K such that 


GA>1ne.on kK, GA<1lonS(A), _ |lAl]| = cap(k). (24) 


Here n.e. stands for nearly everywhere, which means that the inequality holds on a 
given set except for a subset of zero capacity [9]. 

Next, we remark that condition (1) yields that o is absolutely continuous with 
respect to capacity, i.c., o(K) = O if cap(K) = 0. (See a similar argument in [16] in 
the case of strong-type inequalities.) Consequently, GA > 1 do-a.e. on K. Hence, 
by applying condition (1) with v = A, we obtain (2). 

(2) = (3) We denote by og the restriction of o to a Borel set E C Q. Without 
loss of generality we may assume that o is a finite measure on (2. Otherwise we can 
replace o with of where F is a compact subset of 2. We then deduce the estimate 


Go, <C<o, 
I FI 5 ¢6p) = 


where C does not depend on F, and use the exhaustion of (2 by an increasing 
sequence of compact subsets F, * & to conclude that Go € Lai (a) by the 


Monotone Convergence Theorem. 
Set E; := {x € Q: Ga(x) > t}, where t > 0. Notice that, for all x € (E,)°, 
Gove,)c(x) < Go(x) <1. 


The set (E;)° is closed, and hence the preceding inequality holds on S(o(g,-). It 
follows by the weak maximum principle that, for all x € Q, 


Goce, (x) ss Go (x) <ht. 
Hence, 
{x € Q:Goa(x) > (h4+ Dt} Cc {x € Q: Goz,(x) > fh. (25) 


Denote by K C Q a compact subset of {x € Q: Gog, (x) > t}. By (2), we have 


o(K) <c ( cap(K)) 
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If A is the equilibrium measure on K, then GA < 1 on S(A), and A(K) = cap(K) 
by (24). Hence by the weak maximum principle GA < h on Q. Using quasi- 
symmetry of the kernel G and Fubini’s theorem, we have 


cap(K) = fa 


lA 
I 
ce 
& 
Q 
Ss 


A 
| 
op) 
SS 
Q 
Q 


A 
| 
a 
& 


This shows that 
h)4 q 
o(k) < " (oie), 
4 
Taking the supremum over all K C E;, we deduce 


(oz) Zo 


= 4 


It follows from the preceding estimate and (25) that, for all t > 0, 
ia( {x € Q:Ga(x) > (ht 1h) < 1T90(E,) < cMi(ah)™. 


Thus, (3) holds. 
(3) = (2) By Hélder’s inequality for weak L7 spaces, we have 


Gv 
|Gv||za00(0) = | ce 


14-9 (9) 


< 


—— Go q 
Go L109 (¢) I I 4%) 


<C|GO, 1.00, Wh 
where the final inequality, 


Gv 
| < Cll 


Go 


L1.0°(¢) 


with a constant C = C(h,a), was obtained in [16], for quasi-symmetric kernels G 
satisfying the weak maximum principle. i 
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3 Fractional Maximal Operators 


Let 0 < a <n, and let v € .@*(R"). The fractional maximal function M,v is 
defined by 


xeR’, (26) 


where Q is a cube, |Q|, := v(Q), and |Q| is the Lebesgue measure of Q. If f € 
Li. (R", dit) where pp € * (R"), we set Ma (fd) = Mav where dv = |f|dy, ie., 


1 
Ma(fau)(s) == sup ——z f Ifldu. x eR", @7) 
gax |Q|~" Jo 


For o € .@* (R"), it was shown in [22] that in the case 0 < q <p, 
Ma: L? (dx) > L4(do) <=> Mao € L?-a(do), (28) 
Me: LP (dx) > L*° (do) <> Myo € L=7™ (do), (29) 


provided p > 1. 
More general two-weight maximal inequalities 


IMa(fdwllia0) < * Wl. forall f € L’?(u), (30) 


where characterized by E.T. Sawyer [18] in the case p = q > 1, R.L. Wheeden [24] 
in the case q > p > 1, and the second author [22] in the case 0 < g < pandp > 1, 
along with their weak-type counterparts, 


I|Ma (fd) |Ix9-00(0) < %w Wfllqy, for all f € L’(u), (31) 


where o, 1. € .@* (IR), and x, x, are positive constants which do not depend on f. 

However, some of the methods used in [22] for 0 < q < pandp > 1 are not 
directly applicable in the case p = 1, although there are analogues of these results 
for real Hardy spaces, i.e., when the norm |[f||z»(.) on the right-hand side of (30) 
or (31) is replaced with ||M,,f ||), where 


1 
M,f (x) := sup —— | If\du. (32) 
Q>x Olu Q 


We would like to understand similar problems in the case 0 < q < 1 andp = 1, 
in particular, when M,:.@* (IR") — L4(do), or equivalently, there exists a constant 
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2% > O such that the inequality 
[Mav |lza(o) S % [lvl (33) 


holds for all vy € .@+(R"). 
In the case aw = 0, Rozin [17] showed that the condition 


o € L™"(R", dx) 


is sufficient for the Hardy-Littlewood operator M = Mpo:L'(dx) > L4(c) to 
be bounded; moreover, when o is radially symmetric and decreasing, this is also 
a necessary condition. We will generalize this result and provide necessary and 
sufficient conditions for the range 0 < a@ < n. We also obtain analogous results 
for the weak-type inequality 


[Mav ||za-00(0) < %w |v], forall ve .#*(R"), (34) 


where x,y is a positive constant which does not depend on v. 
We treat more general maximal operators as well, in particular, dyadic maximal 
operators 


M,v(x):= sup pg |Q|y. (35) 
QE 2:0>x 


where & is the family of all dyadic cubes in R”, and {pg}geg is a fixed sequence of 
nonnegative reals associated with Q € 2. The corresponding weak-type maximal 


inequality is given by 


|Mpv||rac0(6) < %w||v|], forall v € Md * (R"). (36) 


3.1 Strong-Type Inequality 


Theorem 3.1 Leto ¢ M*(R"), 0 < g < 1, and0 < a < n. The inequality (33) 
holds if and only if there exists a function u # 0 such that 


uELi(a), and u>M,(u‘0). 


Moreover, u can be constructed as follows: u = lim;+99 uj, Where ug := 


eas LE 
(Mc) 4, Uj+1 = Uj, and 


Uj+1 i= M.(ujo), J= 0, 1, ore (37) 


it 
In particular, u > (Myo)"4. 
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Proof (=>) We let up := (Myo). Notice that, for all x € Q, we have uo(x) > 
1 


1 IQlo \Ta 
u(x) := My (utdo)(x) = sup — | usdo > sup om = uo(x). 
. ax Ql" Jo * ae (oi :) 


By induction, we see that 
ties t= M,(ujdo) > M,(uj_,do) =i gears 
Let u = lim uj. By (33), we have 


lujtallzo) = [Ma (ufo) ||z(0) 
S x|lujlliny 


< x |luj+1[lfae)- 


From this we deduce that ||uj+1||z0(0) < ura for 7 = 0,1,.... Since the norms 
| ujllt, (o) are uniformly bounded, by the Monotone Convergence Theorem, we have 
for u := limj+99 uj that u € L4(o). Note that by construction u = M,(u‘do). 

(<=) We can assume here that Myv is defined, for v € .@* (R"), as the centered 
fractional maximal function, 


v(B(x, r)) 


Mav (x) := sup ————, 
- ee |B(x, r) ar 


since it is equivalent to its uncentered analogue used above. Suppose that there exists 
u € L1(c) (u  O) such that u > M,(u%do). Set w := utdo. Let v € *(R"). 
We note that we have 


Ba lv 
M,av(x) = SnD r=0 [B(x,r)|!7 0 
Ma o(x) TBC pYa 


SYP 0>0 TBG.p)[!- 8 
<§ |B(x,r)|v 
r>0 |B(x, r)leo 
> Myv(X). 


II 
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Thus, 
Mav 
I|MaV || 29(0) = - 
Mo || 19((Mga)4do) 
| Mav 
< 
M,w L4(dw) 
= [Ma |lra(deo) 


SC ||MovIlz.00@) S Cllv ll, 


by Jensen’s inequality and the (1, 1)-weak-type maximal function inequality for 
Mov. This establishes (33). oO 


3.2 Weak-Type Inequality 


For 0 < a <n, we define the Hausdorff content on a set E C R" to be 


H” “(E) := inf ~ BEC (BG. ri), (38) 


i=1 i=1 
where the collection of balls {B(x;, r;)} forms a countable covering of E (see [1, 15]). 


Theorem 3.2 Leto € M*t(R"), 0 < q < 1, and0 < a < n. Then the following 
conditions are equivalent: 


(1) There exists a positive constant x,, such that 
|Mavlze2(0) < %w [lvl] forall v € WR"). 
(2) There exists a positive constant C > 0 such that 
o(E) < C(A” *(E))! forall Borel sets EC R". 


(3) Mao € L™7™ (a). 


Remark 3.3 In the case a = 0 each of the conditions (1)—(3) is equivalent to 0 € 
1 
La" (dx). 


Proof (1) = (2) Let K C E be a compact set in R” such that H”-°(K) > 0. It 
follows from Frostman’s theorem (see the proof of Theorem 5.1.12 in [1]) that there 
exists a measure v supported on K such that v(K) < H"~°(K), and, for every x € K 
there exists a cube Q such that x € Q and |Q|, > c|Q|'!~", where c depends only 
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onn and a. Hence, 


Ql» 


PO o- z=c forallxeK, 


Myv(x) = a 


where c depends only on n and a. Consequently, 
q 
C1O(K) < Mav |Ifnco(o) = A(H"*(K)) 


If H"-*(E) = 0, then H"-*(K) = O for every compact set K C E, and 
consequently o(£) = 0. Otherwise, 


o(K) < xh (He (k))’ < col ia (K))’, 


for every compact set K C E, which proves (2) with C = c~4x4. 
(2) => (3) Let E, := {x : M,o(x) > t}, where t > 0. Let K C E; be a compact 
set. Then for each x € K there exists Q, 3 x such that 


o(Qs) 
iQ." 


Now consider the collection {Qy},ex, which forms a cover of K. By the 
Besicovitch covering lemma, we can find a subcover {Q;}ie7, where J is a countable 
index set, such that K C U ic, Qi and x € K is contained in at most b, sets in {Q;}. 
By (2), we have 

o(K) < [A” “(K)|f, 


and by the definition of the Hausdorff content we have 


H*(K) = Y 7 1a%|'*". 


Since {Q;} have bounded overlap, we have 


>> o(Q)) < bno(K). 


ie] 


Thus, 


o(K) < (+, a) ; 
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which shows that 
a aa 
t™70(K) < (b,)™4 < +00. 


Taking the supremum over all K C E,; in the preceding inequality, we deduce Myo € 
L™3™ (a). 

(3) = (1). We can assume again that M, is the centered fractional maximal 
function, since it is equivalent to the uncentered version. Suppose that Myo € 
Lae (o). Let v € .@(R"). Then, as in the case of the strong-type inequality, 


sup Bol 
Mav(x) _ r>0 BO al * 


B o 


B ’ v 
gin ee ee. 
r>0 B(x, r)\o 


Thus, by Holder’s inequality for weak L?-spaces, 


I| Mav |[z2-- (0) < ||(Mao) (MoVv)||z¢%°(0) 
< [Meo 2520, WMovlle.s1e 


< 
< ¢|MaOl, 27.204) lvl 


where in the last line we have used the (1, 1)-weak-type maximal function inequality 
for the centered maximal function M,v. oO 


We now characterize weak-type (1,q)-inequalities (36) for the generalized 
dyadic maximal operator M, defined by (35). The corresponding (p, q)-inequalities 
in the case 0 < q < pandp > 1 were characterized in [22]. The results obtained in 
[22] for weak-type inequalities remain valid in the case p = 1, but some elements 
of the proofs must be modified as indicated below. 


Theorem 3.4 Leto € .@*(R"), 0 < q < 1, and0 < a <n. Then the following 
conditions are equivalent: 


(1) There exists a positive constant x, such that (36) holds. 
(2) M,o € L™ “(o). 


Proof (2) = (1) The proof of this implication is similar to the case of fractional 
maximal operators. Let v € -@(R"). Denoting by Q, P € 2 dyadic cubes in R", we 
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estimate 


Mpv(x) _ SUPgs,(Po |Qlv) 
M,o(x) — supps,(p |Pla) 


< sup 2 
Q>x Qo 


=: M,v(x). 


By Hdlder’s inequality for weak L’-spaces, 
|Mpvlz2.00(0) < I]Mpo) (Mov) ||z9.9(6) 
<M po 20,4, MMos) 


<¢|MyoU, 725.04) Ih 
by the (1, 1)-weak-type maximal function inequality for the dyadic maximal 
function M,. 


(1) = (2) We set f = supg(Agxa) and dv = fdo, where {Ag}oca is a finite 
sequence of non-negative reals. Then obviously 


Mpv(x) = supAopoxo), and ||| < } > AgIOlo- 
Q 


By (1), for all {Ag}oe a, 


I supAgpexo) lista) < % D/ 20 [Qlo- 
Q 


Hence, by Theorem 1.1 and Remark 1.2 in [22], it follows that (2) holds. oO 


4 Carleson Measures for Poisson Integrals 


In this section we treat (1, q)-Carleson measure inequalities for Poisson integrals 
with respect to Carleson measures 0 € + (Rt) in the upper half-space Re a 
{(x, y):x € R”",y > 0}. The corresponding weak-type (p, q)-inequalities for all 
0 < q < pas well as strong-type (p, g)-inequalities for 0 < g < pandp > 1, 
were characterized in [23]. Here we consider strong-type inequalities of the type 


Pu le@rt oy <x |lv\Lgt+ey, forall ve MM (R"), (39) 
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for some constant x > 0, where Pv is the Poisson integral of v € .@* (R") defined 
by 


Pv(x, y) := i P(x—t,y)dv(t), (x,y) € Rt, 


Here P(x, y) denotes the Poisson kernel associated with nytt, 
By P* we denote the formal adjoint (balayage) operator defined, for uw € 
M* (RY), by 


P* u(t) = / P(x—t,y)du(x,y), teR". 
Rt! 
+ 
We will also need the symmetrized potential defined, for uw € 4T (Rt), by 
PP (x.y) = P[ war] =f Pr—By + IdwG3). ny) RY. 
R" 
+ 


As we will demonstrate below, the kernel of PP* ju satisfies the weak maximum 
principle with constant h = 2’t!. 


Theorem 4.1 Leto ¢ +t (Rit), and let 0 < q < 1. Then inequality (39) holds 
if and only if there exists a function u > 0 such that 


ue Li(Rt!,0), and u>PP*(uic) in RY. 


Moreover, if (39) holds, then a positive solution u = PP*(u4o0) such that u € 
Lat, o) can be constructed as follows: u = limj-+9 uj, where 


Ujp| = PP* (uo), j=0O0,1,..., ug i= co(PP*o) =, (40) 


for a small enough constant cy > 0 (depending only on q and n), which ensures that 


os 
uj41 = uj. In particular, u > co (PP*o)™. 


Proof We first prove that (39) holds if and only if 
[PPP ll acento) <x lel ater forall we .@* (RY). (41) 


Indeed, letting v = P* yw in (39) yields (41) with the same embedding constant x. 
Conversely, suppose that (41) holds. Then by Maurey’s factorization theorem 
(see [14]), there exists F € re, o) such that F > 0 do-a.e., and 


<1, sup. PP*(F'#do)(x,y) < x. (42) 


Fle cant 
(Ry" a) — 
aa ayer 


236 S. Quinn and LE. Verbitsky 


By letting y | 0 in (42) and using the Monotone Convergence Theorem, we deduce 


sup P*(F!~sdo)(x) < x. (43) 


xER" 


Hence, by Jensen’s inequality and (43), for any v € .@* (IR"), we have 


{= 
Pv] |Pv|| hag) = |[P"(F do) ln aeavy S % Mv l_aten- 


< 
LaR't!o) = | nett oa 


We next show that the kernel of PP* satisfies the weak maximum principle with 
constant h = 2"t!. Indeed, suppose pw € .@* (R'*'), and 


PP* (%,9) <M, forall (x, 9) € S(). 


Without loss of generality we may assume that S(w) © Rv is a compact set. For 
t € R", let (xo, yo) € S(t) be a point such that 


I(t, 0) — (xo. yo) = dist(( 0), s(w)). 
Then by the triangle inequality, for any (x, y) € S(z), 


(Xo, ¥o) — & —¥)| S |@o, Yo) — (4,0)| + |@, 0) — @ -¥)| S 2/60) — GDI. 


Hence, 


VIBE TE = 5 [lo —3P + 00+ 9]. 
It follows that, for all t € R” and (x, y) € S(j), we have 
P(t—X,9) < 2"*'P(xo — Xo +5). 
Consequently, for all ¢ € R”, 
P* u(t) < 2"*'PP* (x0, yo) < 2"*'M. 


Applying the Poisson integral P[dt] to both sides of the preceding inequality, we 
obtain 


PP* (x,y) <2"*'M forall (x,y) e RY". 


This proves that the weak maximum principle holds for PP* with h = 2"t!. It 
follows from Theorem 2.3 that (39) holds if and only if there exists a non-trivial u € 
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L! Rit, o) such that u > PP*(u%dc). Moreover, a positive solution u = PP* (u‘c) 
can be constructed as in the statement of Theorem 4.1 (see details in [16]). oO 
Corollary 4.2. Under the assumptions of Theorem 4.1, inequality (39) holds if and 
only if there exists a function ¢ € L\(R"), @ > 0.a.e., such that 

o> P*| (P4)"do| ae. inR®. 
Moreover, if (39) holds, then there exists a positive solution @ € L'(R") to the 
equation @ = P* [@s)ea0]. 


Proof If (39) holds then by Theorem 4.1 there exists u = PP*(u%do) such that 
u>Oandue rR, a). Setting ¢ = P*(u4do), we see that 


Pd = PP* (u4do) = u, 


so that 6 = P*[(P@)%do], and consequently 


ISllecey = lal = [ eee: 


Rt, o) 


Conversely, if there exists ¢ > 0, @ € L!(IR”) such that ¢ > P* [sya], then 


letting u = P@, we see that uw is a positive harmonic function in R't! so that 


u(x, y) = Pb(x,y) > PP*(u4do)(x,y), (x,y) € RYT. 


Notice that the kernel P(x — x, y + ¥) of the operator PP* has the property 
/ Pax-x,y+ydx=1, y>0, & ye RYT, 
Re" 
and consequently, for all y > 0, 
[ i. P(x—X,y + y)u(x, y)4do (x, y) dx = [ u(x, y)4do (x, ¥), 
n Rit! Rit! 
+ + 
Hence, 


Ile crtig) =f, PPTWtaoy].ryax = f uts.y)dr = lee < 00. 


14 Rito) 


Thus, inequality (39) holds by Theorem 4.1. Oo 
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New Bellman Functions and Subordination 
by Orthogonal Martingales in I’, 1 < p < 2 


Prabhu Janakiraman and Alexander Volberg 


Abstract We present a new Bellman function that gives estimates for L’? norm, 
1 < p < 2, of differentially subordinated martingales if one of them has extra 
symmetries. Our Bellman function is obtained by explicitly solving a corresponding 
Monge—Ampére equation. In one particular case this Bellman function can be given 
by an explicit and simple formula. This corresponds to p = 3/2. 
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1 Introduction: Orthogonal Martingales 
and the Beurling-Ahlfors Transform 


The main result of this note is Theorem 7 below. Of main interest is the array of new 
Bellman functions, which are very different from the Burkholder’s function. 

A complex-valued martingale Y = Y; + iY is said to be orthogonal if 
the quadratic variations of the coordinate martingales are equal and their mutual 
covariation is 0: 


(Yi) =(%), (%1,¥2) = 0. 


In [2], Bafiuelos and Janakiraman make the observation that the martingale associ- 
ated with the Beurling-Ahlfors transform is, in fact, an orthogonal martingale. They 
show that Burkholder’s proof in [9] naturally accommodates for this property and 
leads to an improvement in the estimate of the Ahlfors—Beurling transform ||B\|,, 
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which is given by the formula 


1 ( f® 
= pam) 


Bf(z) := 


Theorem 1 (One-Sided Orthogonality) 


(i) (Left-side orthogonality) Suppose 2 < p < oo. If Y is an orthogonal martingale 
and X is any martingale such that (Y) < (X), then 


ip =p 
Yl, < —z IX lb- (1) 


Gi) (Right-side orthogonality) Suppose | < p < 2. IfX is an orthogonal martingale 
and Y is any martingale such that (Y) < (X), then 


{| 2 
Yllp < ar |X\lp- (2) 


It is not known whether these estimates are the best possible. 


Remark The result for left-side orthogonality was proved in [2]. The result for right- 
side orthogonality was stated in [20]. In [20] we emulate [2] to provide in a rather 
simple way an estimate on right-side orthogonality and in the regime 1 < p < 2. 
In the present work we tried to come up with a better constant for this regime, 
as the sharpness of these constants in [2] and [20] is somewhat dubious. For that 
purpose we build some family of new (funny and interesting) Bellman functions, 
very different from the original Burkholder’s function. Even though the approach 
is quite different from the one in [2] and [20], the constants we obtain here are 
the same! So, maybe they are sharp after all [1, 3, 4, 6-8, 10-13, 15-19, 21]. The 
Bellman function approach to harmonic analysis problems was used in [22-29]. 
Implicitly it was used in [30] as well. It was extended in [33-37]. 


If X and Y are the martingales associated with f and Bf respectively, then Y is 
orthogonal, (Y) < 4(X), see [2] (and Theorem 5 below), and hence by (1), one 
obtains 


IBfllp < V2(p? — IIIf llp for p = 2. (3) 


By interpolating this estimate ./2(p? — p) with the known ||B||, = 1, Bafiuelos and 
Janakiraman establish the present best estimate in the conjecture by Iwaniec: 


|B\lp < 1.575(p* — 1), (4) 


where p* = max(p, sa) This is the best to date estimate known for all p. For large 
p, however, a better estimate is contained in [5]: 


|B\lp < 1.39(p— 1), p = 1000. (5) 
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The conjecture of Iwaniec states that 
IBllp < (p* — 1). (6) 


The reader who wants to see the operator theory origins of the problems in this 
article may consult [27, 32]. 


2 New Questions and Results 


Since B is associated with left-side orthogonality and since we know ||B||, = ||Blly’. 
two important questions arise: 


(i) If 2 < p < o, what is the best constant C, in the left-side orthogonality 
problem: ||Y||, < C,||X||p, where Y is orthogonal and (Y) < (X)? 

(ii) Similarly, if 1 < p’ < 2, what is the best constant C, in the left-side 
orthogonality problem? 


We have separated the two questions, since Burkholder’s proof (and his function) 
already gives a good answer, when p > 2. This was the main observation of [2]. 
However, no estimate (better than p — 1) follows from analyzing Burkholder’s 


function, when 1 < p’ < 2. Perhaps, we may hope that Cy < Pe, when 


l1< p= al < 2, which would then imply a better estimate for ||Bllp. 
This paper destroys this hope by finding C,; see Theorem 2. We also ask and 
answer an analogous question of right-side orthogonality when 2 < p < o. 
In the spirit of Burkholder [14], we believe these questions are of independent 
interest in martingale theory and may have deeper connections with other areas of 


mathematics. 


Remark The following sharp estimates are proved in [5], they cover the left-side 
orthogonality for the regime | < p < 2 and the right-side orthogonality for the 
regime 2 < p < oo. Notice that these two complementary regimes have some 
non-trivial estimates: 1) for 2 < p < o and left-side orthogonality in [2], 2) for 
1 < p < 2, and the right-side orthogonality in this note and in [20], but their 
sharpness is somewhat dubious. 


Theorem 2 Let Y = (Y, Y2) be an orthogonal martingale and let X = (X,, X2) be 
an arbitrary martingale. 


(i) Let 1 <p’ < 2. Suppose (Y) < (X). Then the least constant that always works 
in the inequality ||Y||, < Cy’||X|lp’ is 


Zp! 


Tica 


where z, is the smallest root in (0, 1) of the bounded Laguerre function Ly. 


Cy’ = (7) 


242 P. Janakiraman and A. Volberg 


(ii) Let 2 < p < oo. Suppose (X) < (Y). Then the least constant that always works 
in the inequality ||X||p < Cy||Y|p is 


— 
Cp = V2 2 (8) 
<p 


where Z, is the smallest root in (0, 1) of the bounded Laguerre function Ly. 


Bounded Laguerre function L, is a bounded function that solves the ODE 


sL(s) + (1 —s)L,(s) + pLp(s) = 0. 


3 Orthogonality 


Let Z = (X,Y),W = (U,V) be two R?-valued martingales on the filtration of 
—1 


2-dimensional Brownian motion B, = (Bis, Bos). Let A = ; : . We want W to 


’ 


be the martingale transform of Z (defined by matrix A). Let 
t 
xo) = [ F0)-aB,. 
0 
t 
vin = [ Fo)-aB., 
0 


where X, Y are real-valued processes, and X (s), ¥ (s) are R?-valued “martingale 
differences”. 
Put 


Z(t) =X() + i¥().Z() = ‘i (F(s) + (9) -aB,, (0) 
0 
and 
W(t) = U(t) + iV(t), W(t) = i. (ARs) +i¥ (s)))- dB,. (10) 
0 


We will denote 


W=AxZ. 
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As before 
U(t) = “HO aby, 
0 
V() = ‘> - dB, 
(a) [wo } 
wi) = ip ‘R) +i¥(s))-dB,. 
0 


We can easily write components of @(s), FV (s): 


uy(s) = —x1(s) — yo(s), v1 (s) = x0(s) — yi (s) ,i = 1,2, 
uz(s) = X2(s) — yi(s), v2(s) = xi(s) + yo(s) i = 1,2. 
Notice that 


=> 


3.1 Local Orthogonality 

The processes 
(X, U)(t) = [tes (X, V)(t) := [te 
(Y,U)() = [ete (Y,V) (0) = [¥-tas 
xo [Sta nos [F-Fas, 
(X, Y)(t) = [tes (U, U)(t) = fa. ids, 
(V,V)(t) = [tetas U,V) (1) = [7 ds. 


are called the covariance processes. We can denote 


d(X, U)(t) := X(t). W(t), d(X, V)\() = X(N- VO, 
AY, U)() = ¥O- UO, dY.V)O = IFO-VO, 
A{X,X)() = FN ¥O), dV. Y)O = ¥O-F¥O, 


as v= UyVy + UQv2 = —(X, + y2)(%2 — 1) + (2 — v1) (1 + y2) = O. 
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(11) 
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A(X, ¥)(t) = ¥()-¥(O), dU,U)\N = WO-WO, 
d(V,V)(t):=V(Q)- V(t), dU, V)\() := FH) - Vd), 
d(Z,Z)(t) :-= (RO-F¥O+IO-¥O), (WwW)O:= @O-#O+VO- VO). 
Of importance is the following observation. 


Lemma 3 Let A = ie i} Then 


d(U,V)(t) =0. (12) 
Or 
T()- V(t) =0. 
Also we have the following statement. 
Lemma 4 With the same A 
d({U, U\(t) < 2d(Z,Z)(t). 
dV, V)(t) < 2d(Z,Z)(t). 


Or 
UO) 4H) <S2A0-F¥O+FO-¥O), 
VO-VO<280-FO+ ¥O- FO). 
Or 
d(W,W)(t) < 4d(Z,Z)(0). (13) 
Proof 


U(t)-@@O = 1 +92)? + G2 —y1)? = 2 1 y2 — x2 y1)+ 
(x1)? + (y2)? + (2)? + (1)? < 2 (1)? + 02)? + G2)? + 01)*) = 2.d{Z,Z). 


The same can be shown for v. oO 


Definition The complex martingale W = A x Z is called the Ahlfors-Beurling 
transform of martingale Z. 


Now let us quote again the theorem of Bafiuelos—Janakiraman from [2]: 
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Theorem 5 Let Z, W be any two martingales on the filtration of Brownian motion, 
such that W is an orthogonal martingale in the sense of (12): d({U,V) = 0, and 
such that there is a subordination property 


d(W, W) < d(Z,Z) (14) 


2. 
(E|wyP)'/? < ye IZ|Pyir (15) 


Further we will use the notation 


Let p = 2. Then 


[Zllp = (E |Z)? . 


Applied to our case (with the help of Lemmas 3, 4) we get the following theorem 
from Theorem 5. 


Theorem 6 ||W||, = ||A*Zllp < V2(p? —pP)|IZIlp. Vp = 2. 


4 Subordination by Orthogonal Martingales in L*/” 


For | < p < 2 one has the following 


Theorem 7 Let Z,W be any two R? martingales as above, and let W be an 
orthogonal martingale in the sense that : 


d{U,V) =0. 
Let us also assume 
d({U,U) =d(V,V). (16) 
Let Z be subordinated to the orthogonal martingale W: 


d(Z,Z) < (W, W) (17) 


2 
IZllq = J 5a - (18) 
q—4 


Then for|<q<2 
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Below we will give the proof for all g € (1, 2], but first we will give the proof 
only for g = 3/2. Moreover, our general-case proof may indicate that the constant 


4/ a is sharp after all. (Note that a completely different proof, but with the same 
constant, is given in [20].) 


Proof We assume that F = (®, V) (or F = ®+7W) is a martingale on the filtration 
of Brownian motion 


20) = | Fo-aB. vo = [ Fo) aB., 
x= [ F0)-aB,, 10 = [ Fo)-aB,, 


uo = | ‘H)-dB,, VO = / ‘F(6) -dBy, 


and that these vector processes and their components satisfy Lemmas 3 and 4, 
namely: 


ujv) + Uv. = 0, (19) 
(u1)? + (uz)? = (v1)? + (x), (20) 


SE(F-Z) = i (d(®, X) + d(W, Y)) ds = 7: (p1x1 + b2x2 + Wiyi + Wry2) ds. 


Hence, 


|SE (Z-F)| < i ($1)? + (62)? + (W1)? + (2)? (1)? + 2)? + (1)? + (92)? 
(21) 


By subordination assumption (17) we have 


SE (Z-F)| < | ((u1)?-+ (un)? (v1)2+ (v2)?)"/2((Gr)2-+ Go)?-+ A)? +a?) 
(22) 


Our next goal is to prove that 


ey (a1)? + (u2)? + (v1)? + (v2)? (hi)? + (G2)? + i)? + 2)? 
0 


3/2 


IWllsr2 (FINS 
fe + at) (23) 
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Let us polarize the last equation to convert its RHS to 2||W||3/2||F|l3. Then let us 
use the combination of (22) and (4). Then we obtain the desired estimate 


2/2 
Z|ls/2 < yt Mllsy2 : (24) 


which is equivalent to the claim of Theorem 7 for g = 3/2. 
We are left to prove (4). For that we will need next several sections. oO 


5 Bellman Functions and Martingales, the Proof of (4) 


Suppose we have the function of 4 real variables such that 


2 4 
B(yi1, y12, Yai. 22) < 300 yn + 521 anny, (25) 
dy dy 
2 dyy2 dyy2 
(2°B(y115 125 Y215 922) ; \> (26) 
dyn dy21 
dyx dyr 


1 3t (Y22dyr1 — yoidya2\? 
t(dyj, + dy{2) + saya + dyx)) + 7 (aaa rn ) 


TX] yudyi + yi2dyi2 ie 1 yardya + eee) 


‘fe + =| ol a *2 


+ 


where 


ea 


: 7 a (27) 
T 


3 
———— oe 
4 (y3) + Yp)!/? - 


Then we can prove (4). Let us start by writing It6’s formula for the process 
b(t) = B(®(1), ¥(), UO, VO): 


1 
db = (VB(®,.., V), (d®(t),... ,dV(t)) + 5B. Wi, u1, U1) + d@B(dbo, Wo, ur, V2). 


Here d’B stands for the Hessian bilinear form. It is applied to vector (¢1, W1, “1, V1) 
and then to vector (#2, Wr, u2, v2). Of course, the second derivatives of B constitut- 
ing this form are calculated at point (®, VY, U, V). All this is at time ¢. The first term 
is a martingale with zero average, and it disappears after taking the expectation. 


248 P. Janakiraman and A. Volberg 


Therefore, 
E (b(t) — b(0)) = E [ db(s) ds = 
0 


1 f' 1 f/f 
5 [| (BE Yr. v1) +B BCGa, Waste, v2) =: 3 f di. (28) 


The sum in (28) is the Hessian bilinear form on vector (¢1, W1, 1,1) plus the 


Hessian bilinear form on vector (¢2, Wo, u2, v2). Using (26) we can add these two 
forms with a definite cancellation: 


dl = t((1)” + (Wi)?) + 1/t(Guy? + (v1)”)+ 


3 T V?(u1)? - U?(v)? = 2UVu v1 2 
4 (U2 + V2)172 == — aye + Positive term+ 


T((f2)? + (2)?) + 1/t((u2)? + (v2)")+ 


3 T V? (uz)? + U?(v2)? — 2UVu202 7 
FO ht Positive term . 
4 (U2 + y2)l/2 U+V 


Notice that orthogonality (19) and equality of norms (20): 


d(U,V) =0, (29) 
d(U,U) =d(V,V), (30) 


imply pointwise equalities u;v, + u2v2 = 0 and thus 

Vm +? (v1) +V? Wn) + U2)? = 5(U4 V?)((u1)? + (2)? +01)? +(02)) 
Therefore, UV—term above will disappear, and we will get 

dl = t((piy? + (Wa)? + (G2)? + (W2)*) + U/t(u)? + (v1)? + (u2)* + (v2)))+ 
a su + V)((u1)? + (uy? + (v1)? + (v2)?) + Positive = 


T((pi)? + Wi)? + (2)? + (2) + 


Garan + =) ny? + (v1)? + (u2)? + (v2)?)) + Positive. 
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Hence, by using (27) we get 
> > 3 1 
dt > c( ol? + Iv?) + 5S = (IP + (|). 


3 
> 20g + VIP) 20E IP + PP? G1) 


Let us combine now (28) and (31). We get 


3 fi > => 1 
a (OI? + IVI CUP + EPC ds s sd SEO). G2) 
We used (25) that claims b > 0. But it also claims that 


3/2 3 
I(U, V)| 4 |(®, )| ). (33) 


b(t) = B(®(t), W(t), U(), V() <2 ( 7 : 


Combine (32) and (33). We obtain (4). 
To find the function with (25) and (26) we need the next section. 


6 Special Function B = A 4 at y3,) + 3(y3, + y2,)'/2)3/2 + 
277.2 2 \\3/2 
5(O4, +Y 42) f 


It is useful if the reader thinks that y11, y12, y21, y22 are correspondingly ®, VW, U,V. 
Also in what follows dy,,, dy12, dy21, dy22 can be viewed as ¢), W1, u,v; and 


2, Wo, U2, V2. 

Let B,+(x) be a real-valued function of n + m variables x = (x],...,%n,Xn+1; 
.-+;Xn+m). Define a function Byr+mn(y) of nm vector-valued variables y; = 
(Yi,--->¥z), | < i < n, and m scalar variables y,,n +1 < i < n+™m, as 
follows: 


Bartml) = Br+m(), 


where 


k 1 
xi = Ipull = (¥8)" fori <n, 
ja 


Xi = Yj fori >n. 


fie ae gs 2 2 : ; 
Omitting indices we shall denote by ce and o the Hessian matrices of By+4m(x) 
and Byx+m(x), respectively. 
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7 Hessian of a Vector-Valued Function 


Lemma 8 Let P; be the following operator from R* to R: 


(h, yj) 


’ 


Ph= 

Jj %j 

i.é., it gives the projection to the direction y;. Let P be the block-diagonal operator 

fomR’*"= ROR @--- OR ORG--- ORR" =RORG--- ORO 
R ® --- @ R whose first n diagonal elements are P; and the rest is identity. Then 


@B _ pet B Padi a PrPi)= 1 0B 
pl a, ia pases 
dy dx2 8 an 
or 
PB = S70 OBL, Esa VWs Vera Yirddir 
rad OX OX; Xj xj 
+ 23 > °B Lied d 
a ee a 
i=1 j=n+1 Axjdxj Xi 
n+m n+m 2B 
-dy;-d 
. pe ya Ox;x;) Vi OY 
i=n+1 j=nt+1 
oR 9 yar WAG 2 
ae dy. — (=e) 
: 2 xj OX; 2 oo Xj 


7.1 Positive Definite Quadratic Forms 


Let 
QO = Ax’ + 2Bxy + Cy’ 


be a positive definite quadratic form. We are interested in the best possible constant 
D such that 


Q > 2D|x| |y| forallx,yeR. 
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After dividing this inequality over |x| |y| we get 


C 
At+2B+—>2D — forallre R\ {0}. 


The left-hand side has its minimum at the point t = /§ . Therefore the best D is 


JAC — |B]. 


Now we would like to present Q as a sum of three squares: 
Bek g 2 
Q = D(rx’ + =») + (ax + By), 
which would immediately imply the required estimate. We think that 
2 D4 
(A — Dt)x* + 2Bxy + (C-— —)y 
T 
is a complete square, whence 
D 
(A — Drt)(C— —) = B’ 
T 
or 


CDt* — (AC— B? + D’)t + AD=0, 


Cr*—-2VACt+A=0. 


Therefore, tT = ne and 
7 Ae Vee e | iE 2 
Q = (VAC ap ( [4x + [Ss ) + |B a(x+ sign B re) (34) 


7.2 Example 
Let 


2 2 
B(x) = riod + 3x,)°/? + 5H , (35) 


Ba(y) = Bo(x); x= Wa t+y¥p- 
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Calculate the derivatives: 


dBo 2 2 JBz / 
a a Me PRS ae xt + 3x2, 


Bo 2( a + 3x2 + x1)? 


2 > 
Ox 3,/x? + 3xp 


Bs Bo _ X1 Ge 0B ss 3 
i 
dex 0X2 hae + 3x2 0x5 Delos + 3x2 
D= VAC —|B| = 1, 
Also 
A 2 
ra pani xi + 3x2. +21), (36) 
1 xq + 3x2 — 1 


After substitution in the expressions of the preceding sections we get 


dy, + yiod 2 1 dy21 + yad 
LB, _ (= Yi1 + Yi2 “) aie -(= ‘y21 + 22 =) 
XxX) T X2 
cy TX] ue + yir2dy12 i 1 yadyai + LA 
x1 T x2 


Aa + 3x2 
2 d a d 2 
+ =( hi + 3m +)( yuyu 2) 
3 XxX] 
[2 
4 % + 3x2 (oe = ey, 


x2 x2 


1 3t /y22dy21 — yr dy2\2 
= t(dy}, + dyjy) + — dy}, + dy) + —_ EEO) 
T 4x. no) 


4 TX] yudyiu + yi2dyi2 + 1 yordya1 + yaa 


Vat = a e x2 
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7.3 Verifying (27) 


Here, using (36), (37) we get 


253 


2 
t= 30h +92) + 30% + yn)? + OF + yD)”). (38) 
And henceforth 
I — (07, + Yin) + 305, 7 or ae ai — Ot, aks vor . (39) 
t 2 (931 + ¥39)!/? 
Let us now (when we know Tf) check the condition (27): 
i 2 _ 1 Ot +9) + 30% + 9%)? + ON + Mo) a 


3 
—————————— + — 
4 041 +yy)¥2 ¢ 2 (5, + V9)? 
Ot + Yin) + 303, + ¥)'/7)!? - OF, tb)” _ 
01 + Y5q)'/? 


30%) + Yin) + 3(95) + ne a _ On, + Yi)? 
2(y5, =F Yq) '/2 


Z 


3 
7 
So, yes, we finished the proof of the fact that function 


2 2 
B= 011 + Ytp) + 303, + yy)??? + 5 (On + yy)? 


satisfies all differential properties we wished, and thus it is proving our main result 
forg = 5. In fact, we saw that it proves (4). In its turn we saw that (4) implies (24), 
which is the same as proving Theorem 7 for g = 3/2. 

We are very lucky that B is found in the explicit form. There are only two such 
exponents, for which explicit form exists: ¢q = 3 and q = 2. 


8 Explanation of How We Found This Special Function B: 
Pogorelov’s Theorem 


We owe the reader an explanation of where we got this function B, which played 
such a prominent part above. 
Let p => 2. We want to find a function satisfying the following properties: 


* 1) Bis defined in the whole plane R? and B(u, v) = B(—u, v) = B(u,—v); 
* 2)0< Bur) < (p— DG ul + Zlul%); 


254 P. Janakiraman and A. Volberg 


* 3) Everywhere we have inequality for Hessian quadratic form d*B(u,v) > 
2|du||dv|; 

¢ 4) Homogeneity: B(c!/?u, c!/4v) = c B(u, v), c > 0; 

e 5) Function B should be the “best” one satisfying 1), 2), 3). 

We understand the last statement as follows: B must saturate inequalities to make 
them equalities on a natural subset of R? in 2) and on a natural subset of the tangent 
bundle of R? in 3). 

Let us start with 3). This inequality just means that d*B(u, v) > 2dudv , d?B(u, v) 
> —2dudv for any (u,v) € R? and for any (du,dv) € R?. In other words, this is 
just positivity of matrices 


UUs uv — Buu, uv 
Bu, Buw— 1]. 9 Barr? | 6G. (40) 
Buy r= 1, Buy Buu + 1, By 


Now we want (40) to barely occur. In other words, we want one of the matrices 
in (40) to have a zero determinant for every (u, v). 

Notice that symmetry 1) allows us to consider B only in the first quadrant. Here 
we will assume the second matrix in (40) to have zero determinant in the first 
quadrant. 

So let us assume for u > 0,v > 0 


Buus Buy t1 
5 det =0. 41 
) tle By. en 


Let us introduce 
A(u, v) := B(u,v) + uv. 


So, we require that 


det | | =o. (42) 


UUs VU 


Returning to saturation of 2): we require that B(u, v) = @(u, v) := (p— I) (Gu? + 
aud ) at a non-zero point. By homogeneity 4) we have this equality on the whole 


curve I’, where I is invariant under transformations u > c!/?u,v > c!/4v. 
1 1 
B(u, v) = d(u, v) := (p— 1)(—wv? + -v%) onthe curve v4 = yu’. (43) 
Pp q 


Notice that y is unknown at this moment. We are going to solve (42) and (43), so 
that our solution satisfies (40), 1), 2), 3), 4). 
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Remark We strongly suspect that such solution is still non-unique. On the other 
hand, one cannot “improve” 1), 2), 3), 4) by, say, changing 2 in 3) to a bigger 
constant, or making a constant p — | in 2) smaller. 


Recall that we have also the symmetry conditions on A(u, v) + uv =: B(u, v). 
They are 


B(-u, v) = Blu, v), Blu,—v) = Blu, v). 


We assume the smoothness of B. It is a little bit ad hoc assumption, and we will be 
using it as such, namely, we will assume it when it is convenient and we will be on 
guard not to come to a contradiction. Anyway, assuming now the smoothness of B 
on the v-axis we get that the symmetry implies the Neumann boundary condition 
on B on v-axis: ABO, v) = 0, that is 


Bose. (44) 
ou 


Solving the homogeneous Monge-Ampére equation is the same as building 
a surface of zero gaussian curvature. We base the following on a Theorem of 
Pogorelov [31]. The reader can see the algorithm in [36]. So we will be brief. 
Solution A must have the form 


A(u,v) =th-u+h-v—t, (45) 


where f, := A,(u, v), fo := Ay(u, v), t(u, v) are unknown function of u, v, but, say, 
t, f2 are certain functions of t. Moreover, Pogorelov’s theorem says that 


. dt dtr 
u-dt; +v-dt,—dt=0, meaning u- — +v-——1=0. (46) 
dt dt 
We write homogeneity condition 4) as follows A(c!/?u,c!/4v) = cA(u, v), 
differentiate in c and plug c = 1. Then we obtain 
1 1 
A(u, v) =-t-:ut—h-v, (47) 
p q 
which being combined with (45) gives 
1 1 
—tr-ut—-h-v—-t=0. (48) 
q P 


Notice a simple thing, when t¢ is fixed (46) gives us the equation of a line in 
(u, v) plane. Call this line L,. Functions f,, f) are certain (unknown at this moment) 
functions of f, so again, for a fixed f equation (48) also gives us a line. Of course this 
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must be L,. Comparing the coefficients we obtain differential equations on f,, f2: 


dt, dt dtp dt 


=-—, =—. 49 
iP rar as ; (49) 
We write immediately the solutions in the following form: 
1 1 
t(t) = pCi|t|*, b(t) = qOalt|? . (50) 
Plugging this into (47) one gets 
A(u, v) = Citiu + Corr v , Blu, v) = Cittu + Ctr v —uv, (51) 
where t(u, v) (see (48)) is defined from the following implicit formula 
t= Pcrius Ioytv. (52) 
q Pp 


To define unknown constants C;, C2 we have only one boundary condition (44). 
However we have one more condition. It is a free boundary condition (we think that 


p>=22>4) 


1 1 
Btu, v) = dtu, v) := (p— 1)(-v? + -v") on the curve P := {v4 = y4u?}. 
Pp q 
(53) 
This seems to be not saving us because we have three unknowns C), C2, y and two 


conditions: (44) and (53). But we will require in addition that B(u, v) and (yu, v) 
have the same tangent plane on the curve [: 


B,(u, v) —_ dulu, v) 
By(u,v)  dy(u,v) 
Now we are going to solve (44), (53), (54), to find C,,C,, y and plug them 


into (51) and (52). 
First of all 


on the curve [ = {v4 = y4u?}. (54) 


v =A,(0,v) = (0, v). 


So v/pC, = 10, v)4 from (50). Plug u = 0 into (52) to get #(0,v)4 = 1Cyv. 
Combining we get 


1 
CiC, = -. 
q 
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Now we use (54). 


Using (50) we get 
ae. (55) 


Let us write T as uw? = uv or vf = yt luv, and let us write on T 


i 
t7 =av 


1 (56) 
te = bu 
The reader will easily see from what follows that a, b are constants. From (55) 
(pCia— l)y4uv = (qCQob— 1)uv. (57) 
Also from (56) 
4 1 
Baers: (58) 
bp yd 
and from (56) and (52) 
ab =" Cia+ teyp. (59) 
q Pp 
From (56), (53) it follows 
1 1 1 4 
Ciat+ Cob-1=(p—-1)(---+--y""). (60) 
PY 4 
We already proved 
1 
CiCQ, = -. (61) 
q 


We have five equations (55)—(61) on five unknowns C), C2, a,b, y. 
One solution is obvious: 


v= 1,a@=902,b = pC). =7C., 
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from where one finds 


1 11 
Ci = =p? CG = =pi. (62) 
Pp q 
Therefore, 
li. 1ii1 
Blu, v) = —p?tiu+ —prtev—uv, (63) 
P q 
where f is defined from 
1aiil lil 
t= —prtau+ —pitrv. (64) 
q Pp 
If we specify p = 3,q = 3 we get 
c, = 134, c, = 233 (65) 
1 ee as 
B= *yiua 133 (66) 
3 = —33f3u+ —33v, 
3 3 


and solving the quadratic equation on s := 13: 52 —2C jus — Qy = 0, we get (the 


right root will be with + sign) 


C 
(u,v) = $= Cut fC + Sv. (67) 


Therefore, B(u, v) being equal to Cys*u + Cosv — uv is (CiC2 = z, see (61)) 


C 1 
Btu, v) = Cyu(2C\us + a) + Cus —-—uv = (2Ciu? + Cov)s + 501 Couv — uv, 


| C 2 
Biu, v) = (2Ciu? ao Cyv)(Cyu + Cru? + 3”) = ue 
2.2 29 Cy a 2 
= (2Cju" + Cyv)4/ Cru + Su + 2C\u + (CiC2— 5)uv. 


The last term disappears (see (61)), and we get 


C c c 
Blu, v) = 2(Cw + SOY Cw # a + 2C 0 = 2C (Ww? + ai +2Cu. 


and so 
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Finally from (65) 


B(u, v) = Gi + 3v)? +23). (68) 


This is exactly the function in (35). This function gave us our main theorem for 
p = 3. We have just explained how we got it. 

By the way, in this particular case the transcendental equation on y becomes the 
usual cubic equation on ,/y:2,/y + 1 =4— a which has only one real solutions 


y=. 


9 Explanation: Pogorelov’s Theorem Again 


We owe the reader the explanation, why we chose the function A(u, v) = B(u, v) + 
uv rather than A(u, v) = B(u, v) — uv to have the degenerate Hessian form. 

We want to find a function satisfying the following properties (in what follows 
p= 2): 


* 1) Bis defined in the whole plane R? and B(u, v) = B(—u, v) = B(u, —v); 

* 2)0< Bu,v) < o(u,v) = (p— Glu? + 40/9); 

* 3) Everywhere we have inequality for Hessian quadratic form d*B(u,v) > 
2|du||dv|; 

* 4) Homogeneity: B(c!/?u, c!/4v) = c B(u, v), c > 0; 

e 5) Function B should be the “best” one satisfying 1), 2), 3). 


(i) What do we mean by best function? We would like B to be the ‘largest’ 
function below ¢(u, v) such that the convexity condition in 3) holds. We expect 
that such a function should equal the upper bound ¢(u, v) at some point(s) and 
the inequality in 3) should be equality where possible. 

(ii) Due to the symmetry in 1), we can restrict our attention to {u > 0, v > O}. 

(iii) If we have at some (u,v), B(u,v) = (u,v), then condition 4) implies that 
B(c!/Pu,c!/4v) = cB(u,v) = cb(u,v) = (c!l/Pu, c!/4v). Hence they remain 
equal on a curve {(u, v) : vf = y4u?} for some y. 

(iv) The condition < d*B- (u,v), (u,v) >> 2|u||v| means that the ‘directional 
convexity’ in direction (u,v) stays above the value 2|u||v|. This means that 
the directional convexity of B is above that of both the functions uv and —uv. 
Equivalently we are asserting the positive definiteness of the matrices: 


Bu Buy - 1 > 0, Bu Bua + 1 > 0. (69) 
Boy -1 By Buy ai Bov 


(v) In order to optimize (69), we require that one of the matrices is degenerate 
(with “ = 0”). Suppose that the first matrix is degenerate. This means that the 
function A(u, v) = B(u, v) — uv has a degenerate Hessian. At every point, one 
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of its two non-negative eigenvalues is 0, and the function has 0 convexity in the 
direction of corresponding eigenvector. Since the matrix is positive definite, it 
follows that 0 is the minimal eigenvalue, hence the graph of this function is a 
surface with gaussian curvature 0. 

Moreover the directional convexity of B — uv is greater than that of B + uv 
in directions of negative slope and less than in directions of positive slope. If 
we want B + uv to have non-degenerate positive Hessian, then the degeneracy 
of B — uv must occur in the positive slope direction. 


Let us analyze the function A(u, v) = B(u, v) —uv. A theorem of Pogorolev tells 
us that A will be a linear function on lines of degeneracy. That is, it will have the 
form: 


A(u,v) =ttu+thu-t (70) 


where f; (u, v), f2(u, v) and t(u, v) are constant on the lines given by 
ara t= : (71) 


We can say two things about the coefficient functions, that the eigen-lines that 
intersect the positive y axis must also have oe < 0 and a > 0 - this information 
comes from (71) and the fact that the eigen-lines have positive slope. At the moment 
we know nothing else about the coefficient functions. We will use the various 


boundary conditions on B, hence on A to determine them. 


(i) First observe that since B(u, v) = B(—u, v) = B(u, —v), we may expect that B 
is smooth on at least one of the two axes, assume on the y axis, and hence the 
corresponding derivative 0,,B(0, v) = 0. This means: 


0,A(0, v) = —v. (72) 


(ii) We already assumed that 
ued 
Blu, v) = b(u, v) = (p—- ae 7 ie (73) 


on some curve [ = {v4 = y4u?}. 

(iii) Let us also assume that the tangent planes of B and ¢ agree on I’. This means 
that the gradients of the two functions B(u, v) — z and $(u, v) — z should be 
parallel at the points (u, v, d(u, v)) where (u, v) € I’. Therefore 


(dud, dvd, —1) = A(0,B, O,B, —1), 
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which implies A = 1 and 
B, (u,v) = (p— Yul", By(u,v) = (p= Lot (74) 
on the curve I’. Similarly on I’, 
A,(u, v) = (p— 1)?! —0,A,(u, v) = (p— Dot! — 4. (75) 
Recall: 
A(u,v) =tu+thu-t (76) 


where ft) (u,v) = A,(u, v), to(u, v) = A,y(u, v) and ¢t(u, v) are constant on the lines 
given by 


dt, dt 
— —v-1=0. 77 
re dt. a 


We also have the homogeneity condition: A(c!/?u, c!/4v) = cA(u, v). Differentiat- 
ing this with respect to c and setting c = | gives: 


1 1 
A(u, v) = —A,(u, v)u + —A,(u, v)v (78) 

P q 
1 1 

= -tiu+ —hv. (79) 
Dp q 

Comparing (76) and (79), we have 

1 1 

—tut —hv—t=0. (80) 

q Dp 


Now comparing (77) and (80) gives 


dt, lt, dt. lh 


—=-—,— = : 81 
dt qt dt pt on 
Solving these differential equations, we have 
h(t) = Cile|'/4, 2) = Cole|”?. (82) 


Putting this into (80) gives: 


1 1 
t= —C,|t|!/4u + -Cy|¢|!/?v (83) 
q P 
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Let us make two observations: Recall that if our eigen-line intercepts the positive 


: a dy _ gCj44-4 dt 
y axis and has positive slope, then mn Teel a? <Oand = > 0.If7 > 0, then 


a = seals, and if t < 0, then a = =e, We conclude from this: 


(i) Ift > 0, then C}Cy < 0 and Cz > 0, hence C; < 0, 
(ii) If t < 0, then C)C) < 0 and Cy < 0, hence C, > 0. 


Let us bring in the following: t; = A,(0,v) = —v. The first equality is from 
Pogorolev and the second is the boundary condition (72). Then (82) implies that 


—v=C,|r(0, v)|/4 (84) 


and (83) implies that 
1 1/p 
(0, v) = —C|t(0, v)|/? v. (85) 
Dp 


Conclude: 


(i) If v > 0, then C; < 0. The previous observations imply tf > 0 and C, => 0. We 
are concerned at present with this case of positive y intercept. 
(ii) From (84) and (85), we conclude 
CiC, = —p. (86) 


Next from (75), we know that on I’, 


h = (p—lw!-v = e—- Iv. 2 = (p— Do —u = (p- Dy! = Du. 


(87) 
In terms of ft, this says 
—1 
Cytl/a = (PE — vt? = (p— Dy! — Du. (88) 
Y 
Write on T° 
fa C 
—— 
2 (89) 
tp = bC\u 


Note that a > 0 and b < 0 due to the signs of C; and C2. Substituting in (88) and 
using (86) gives 


a oe 
a= ——-—,b=——-yt!, (90) 
a a | 
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Note that (89) also implies that 


act 1 
mee: aaa (91) 
|bPICi\P 4 
Hence (90) and (91) imply 
1 1 1 
(F— -)1Cf = (cy! — -yICP. (92) 
P 4 q P 
(92), (86) and the fact pg = p + q imply that 
(p= yt —1y-")* 
— pol 
eg ae aes a (93) 
p=(e=) 
Next observe that (83), (86) and (89) imply 
1 1 
ab=-a+-—-b (94) 
q P 
and hence by (90) 
1 1.1 1 1 1 1 i eee 
CH= ee ee a (95) 
P 4Y¥ P 4 PQ P WY Pq 


The equation that follows from making substitutions into the boundary condi- 
tion (73) B = @ on TI and A = B — wv gives no new relationship. So we can 
avoid its consideration. 

Simplifying (95) shows that y is solution to the equation 


y71-@-Dy+2-q=0. (96) 
The rest of the analysis is yet to be done. However, note that Fu — ou on T, 


and on the corresponding eigen-line, we can understand it by using the fact that 
A, = B, — v is constant. This may help later. 


10 The Case When p = 3 and q = 3 


Observe that by setting 6 = y7~!, we can rewrite (96) as 


6! — (p—1)8 +2-p=0. (97) 
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Let us analyze the case when p = 3. Then this equation becomes 
s°—26-1=0 
whose unique positive solution is 6 = 1 + /2. Therefore 
y=(14+ 72) =34 22. 
Then using (86), (90) and (93), we obtain 


a. 1 
jena, b= 5-50 +2v0)"”? 


and 


=35(01 4-2,/2)"" - 31/3(2./3 + 2/2 — 1)2/3 
=> ————————_,, .=> —_— 
(2V3 + 2/2 — 1)2/3 (1 + 2/2)1/3 


Now we will explicitly find B(u, v). Recall 
1 1 
Biu,v) = -thu+ -thv + uv 
P q 
— _o pila u+— C2 p/Py + uv 
q 


Cc 2C 
= see + sie + uv. 


1 i 

t= —Cyt!4u + —Cot!/Pv 
q P 
es 1 

= zone 4 zon. 


Let s = ¢'/3. Then we have s? — $C\us — $C)v = 0 and 
Cc 
s= att VG + 3Cpv. 
2 
Blu, v) = —s*u+ $Casv + uv 
Cif 2G; 3Cxv  2C\u 
= ee (Abe oot as yj Ciu? + 3Cov ) u 
2 2 a 
+5 C1Couv + gciCouy + gn” Cyu? + 3Cpu + uv. 


Volberg 


(98) 


(99) 


(100) 


(101) 
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Use the fact that CC) = —3 to simplify and obtain: 
B(u,v) = 2 cue + 3C,v)7/? + Ze (102) 
27 27 
23,2, 1/22 1/29 72 
By, = 9 Ci¥ + g (CH + 3Cyv)/“2Cyu 


C. 
By = FC + 3Cyv)!/2 


24) G/Ciw + 320 + Cu)? 
Buy = gc! SS ———————— 
V Ciu? + 3Cov 
ee |Cy|uv 
Cru? + 3C2v 
lS ae 
2,/Ciw + 3C2v 
Boe: tC 
aa i a Cru? + 3C2v + Cy) (103) 
vv 2 
1 Cy? + 3C2v — Cyu 
See 104 
T 2|C,|v : 
B, 2 1 
= 5 Cle t g(Ciw? + 3Cnv)'?2Ct 
By _ C2(Ciu? + 3Cxv)!/? 
ue oo 3u 


We can use |C)|C2 = 3 to deduce Bu = Tt. Next we compute the quadratic form 


associated with B by using the formulation before: 


O(dx, dy) = By dx” + 2Byy,dxdy + Byydy’ 


2 
Buu B, Buu . B 
= (VSB Boy — |Bwl) dx? + ,|—*dy" } + [Bul dx + sign (By) ,/ dy 
Byy Buu Buy Buu 


1 1 o\" 
= (/BaBos — |Buwl) (ca + ay?) + [Bult (a roe @Bw)24s) 
T T 
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Now let B(y11, y12, y21, y22) ?= BO /yt, +t VT, HYD) = BO, 2x2). Then 
the associated quadratic form becomes 


dyy,y typd 2 1 dyz; + ynd. 
LB= (= Yi 7 Y12 =) 4 -(= Y21 7 22 ==) 
XxX] T X2 


t|Ci |x1 = + yiodyi2 ip 1 yaidyai + el 


a 
4/ Ce + 3C 2x2 


+ (= a r) (Cae 


1 


x1 T X2 


a (= _ Cy(Cixt + EO ez a 
Uv 3x2 


x2 
1 
= t(dy{, + dyn) + ~ ayn + dy3y) 


Co(C2x7 + 3Cox2)/2— 1) synod 
(Asa Hy 


— yo1dyr ) 2 
3x2 T 


x2 


sh t|Ci|x1 jue + yi2dy12 en 1 yaidya + Yana! 
4/ Cixt + 3C x2 


1 
= t(dyj, + dyn) + — (yx, + dy3y) 


x1 T X2 


( 3Cot ) (ee 


— yo dy22 ) 2 
ACI xa 


x2 


st t|Ci [x1 pee + yrodyi2 % 1 yardya + ee 
J Ca + 3C x2 


In order for the quadratic form to have the self-improving property, we need 


xX] T x2 


Cc 
aa (105) 
T 


for suitable constant c. In fact if = 53 = 1, we know that c = 3. This suggests that the 
right constant is 2 +3 ~ 3. 976142375. (Calculation gives |C)| ~ 1.329660319 
and Cy ® 2. 756215334, hence & x 1.276142375.) 


If the rest of the process is ie same as with the previous estimate, then the over 
all constant estimate would be approximately 


cp 


————. © 1.562656814. 
V3.276142375 
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11 The Proof of Theorem 7 for General q € (1, 2] 


Recall that we found for 1 < q < 2 < p < w,1/p+1/q = | the following 
function 


1 1 


pra. pea 
B(u, v) = B,(u, v) = —tau + —tev —uv, where (106) 
P q 
1 1 
| qi 
t = t(u, v) is the solution of t = pray + P' try ‘ (107) 
q P 


Our goal is to represent the Hessian form of this implicitly given B as a sum of 
squares. This requires some calculations. 


a ite 
B, = on (108) 
pia Leh, 
B, = — ft? —ut ree (109) 
q Pq 
where 
11 11 
S:= prtau+ pitrv., (110) 
Also 
1 
f = pit : I > 
prt p4 


t’ 1 
+ =p-pr—. 111 
re aa (111) 
Similarly, 

Z 1 

te 
SU ee egye (112) 
t S 


Recall also that we had 


1 1 
A=Aav) = of eee (113) 
p q 
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Using the notations (110) and (113) we can compute the Hessian of B = By. 


Namely, 
I 
2p? if, 1 ? 1 
Buu = oP ta _ —A(4y Be gaa 
pq t pq t pq t 
1 
2p7 if 1 ¢ 1 # 
Byy = Posh — — A(t)? + 4S, 
Pq t Pd t pq t 
t 1 ¢e¢ 1 Y’ 
Bywy = es ——A eee 
S pq t pq t 
Plugging 
1’ 1 i? bee 
w= (de er) (“yr = (4 
Ba +i= Cy =) 


and using (111) we get the following concise formulas: 
1 o¢ 
Buy, = —S(-)’. 
pq ¢t 


17 
Byy = —S(2)*. 
Pq t 


1 ff 
By +1=—S—. 
pq 0 
Let us introduce the notations: 
rs t 1 a 
a=+,p=+,m=—S,t=-. 
t t Pq B 


Then we saw in the previous sections that the Hessian quadratic form of B 
O(dx1, dx) _ Bud + 2(Buv + 1)dx dx + Bide 


will have the form 


g=*a2+F 
a 


B 


a 


dx; + B 


(maB — 1)(dx, + Paw) ‘ 


(114) 


(115) 


(116) 


(117) 


It is useful if the reader thinks that in what follows yj, yi2, y21, y22 are, 


correspondingly, ®, Y, U,V. 


Also in what follows dy1, dyi2, dy21, dy22 can be viewed as 1, W1, 1, v1 and 


2, W2, U2, V2. 
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Our goal now is to “tensorize” the form Q. This operation means in our particular 
case to consider the new function, now of 4 real variables (or 2 complex variables if 
one prefers), given by 


B := BO, yi2,¥21, 922) = B(x, x2), where x1 2= Vy) +1202 = Va) $Y 


and to write its Hessian quadratic form. In the previous section we saw the formula 
for doing that: 


a (yudyu + yi2dyi2 2 B yoidy21 + yoody22 2 
Q=5( ———— } +-( |} + 
B xX) a x2 
© (mop —1)( Au + yiedyia , B yardyai + yardy22\" 
B x} a x2 


| <td 4 a(2e —adn) 


u xX] U x2 
To show that this quadratic form has an interesting self-improving property we 


are going to make some calculations. First of all notice that 


1 oil 
oo _ pcp? -t 


= (118) 
Now we start with combining (108) with (111) 
1 1 1 
P . Pp. ta 
By = 1 — v + — $9 = pitt —v. (119) 
P Pq 
Let us see that 
11 pipe 
P f4@ Pt Vv 
See, (120) 


ipph ow 

This is the same as 
1 ol 1 oil 
p-p? -t1u= gpt—q-p4-t?v. 


But the last claim is correct, it is just the implicit equation (107) for t. So (120) 
is correct. So, combining (118) and (119) we obtain 


(121) 
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We would expect that So = é = + by symmetry, but actually Bp > é forp > 2 
and this allows us to have an improved inequality for Q. Let us see how. 
Using (107) we get 


p? tov 
1— dud 
( iP) +(2-1) 
pra q 
In particular, using (118) 
14 
Bi Pg 6D) ge 
1) 04 tC p? q pp? “9 
(l—q/p) 1-1 | 2q/p 1-1 
fan 8 Rr = 
p? q p’ q 
4 104 = 4e4 
pa T 
This is what we need 
By 2 1 u 1 
Bb ie Seppe Spe (122) 
v a@ st T v T 


Now let us take a look at Q and let us plug (121) and (122) into it. Then 


x2 


2 2 ae 2 By B. (yodyn — yudyx \* 
Q> ry + 4y 2) + — Gyn + dyn) + (—-— 2) ———$!_——— ]} .._ (123) 
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Now imagine that we apply this estimate to two different collection of vectors 
(dyi1, dyi2, dy21, dy22), (dy, dy1o, dy5,, dys). Moreover, suppose that we have 
orthonormality condition 


dyn + dyn + dyn, « dyn) = 0, dy3, + (dy51)? = dy3y + (dyn) (124) 
Then we get from (123), (124) 


Q(dy) + Q(dy’) = t(dy}, + 7 + pi + om + ics + ie + (dy)? + (dy))+ 


v a x5 2 


We denote §? := dyi + yin + (dy,)? + @i2), G = dy}, + Oy, + 1)? + 
(dy). Using that 25 : 2? 21 — | and (122) we rewrite the RHS and get 


1 By 2 
Q(dy) + O(dy’) > re 4 (Fe 8g Nem Ei Pee 
2°>v a T 2 
P 1 1 
25 (ay? + dy?y + (ayia)? + @a)?)E (G3, + dyn + (dy)? + (dy'n)?)4- 
(125) 


So we won ,/2/p = ,/ Sue in comparison with the usual Burkholder estimate, 


which would be < —. So Ke estimate for the orthogonal martingale will be < 


= ). 
ar a0" 


And we get Theorem 7. 
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Bounded Variation, Convexity, 
and Almost-Orthogonality 


Michael Wilson 


Abstract Let N > 2 be fixed. Suppose that, for every dyadic cube Q in R‘, 
we have: N convex regions {R;(Q)}", subsets of Q; and N complex numbers 


{ci(Q)}¥ such that |c(Q)| < 1 and Y'ci(Q)|R(Q)| = 0. Define hy (x) = 


|Q|-"/ 0S ci(Q) XR,(Q)(x)). We prove a technical theorem which implies that, for 
all such collections {hg }oep and all finite linear combinations )~ Loh) (x), 


|S? oko) |, < (2+ /2)Nd (~ aol?) 


We show that, if {11(g)}gep and {h2(g)}gep are two such families, the L? bounded 
linear operator T defined by 


T(f) = Y (fA @)h2) 
Q 


is, in a natural sense, stable with respect to small dilation and translation errors in 
the kernel functions {hl(gy)}gep and {h2(g)}gep. 


AMS Subject Classification (2000): 42B25 (primary); 42C15, 42C40 (secondary) 


1 Introduction 


A family {W},er C L?(R%) is called almost-orthogonal if there is finite R so that, 
for all finite subsets F C I and all linear sums 7 e¢ Ay Wy, 


1/2 
aw <e(Da] (1) 
F 


yeF 2 
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If R is the least such constant for which (1) holds, we say the family is almost- 
orthogonal with constant R. 

“Almost-orthogonal” is a mild misnomer: “almost-orthonormal” may be more 
accurate. We recall that a family {y,},er is orthonormal if, for all y and y’ inT, 


—————. 1 if = Pe 
wots [ eo RBar | a ae 


0 otherwise. 


The family {w,},er is orthonormal if and only if, for all finite sums as in (1), we 
have equality, with R = 1. 

A duality argument shows that {W,},er C L? (R“) satisfies (1) if and only if, for 
all f € L?(R®), 


1/2 
(> Uf. WP) < R\lflle- (2) 
T 


Combining (1) and (2), we see that, if Wer and (WO Ler are two almost- 
orthogonal families in i? (R? ), with respective constants R; and Ro, then, for all 
fel (R%, 


YA yO yO 


a 


converges unconditionally! to define a linear operator T : L? — L? with bound 
< R,R>. The canonical example of such an operator is the identity, where fy dyer 


and {yw }yer are both the same complete orthonormal family, such as the classical 
Haar functions [3]. Recall that an interval J is dyadic if J = [j2*, (j+1)2*) for some 
integers j and k. For each such J we set 


h(x) = x40) — 17,0), 


where /; is I’s left half and J, is 7’s right half. (We also use this notation for non- 
dyadic intervals.) The Haar function associated to I is h” (x)/|I|'/*, where, here and 
henceforth, |E| is a set E’s Lebesgue measure (of varying dimension!). 

One can define “Haar functions” adapted to dyadic cubes in R¢. A cube Q C R4 
is a cartesian product of d intervals J;(Q) of equal length: Q = Tif I(Q). We call 
their common length Q’s sidelength, denoted £(Q). The cube is dyadic if each 1;(Q) 
is a dyadic interval. The set of all dyadic cubes in R¢ is D. The dimension d will 
vary but be clear from the context. We get d-dimensional Haar functions for the Qs 


'We state our precise meaning of “unconditional convergence” in Definition 1. 
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in D by taking products 


Ma(x1) X [2 (%2) X +++ X Ma(Xa) 


where x = (x1, X2, ... , Xa) € R@ and each pu; is AY or 1(Q). We run over all 
such products except the one for which every j4; equals ¥7(Q). ae yields, for each 


Q € D, an orthogonal set of 24 — 1 functions, te ie Each he is supported on 
Q (where it only takes on the values +1), has cntceral equal to 8, and is constant 
on Q’s immediate dyadic subcubes. We normalize the set by dividing each hee by 
|Q|'/?. The resulting “Haar functions”, 


(Q) 
; | 
2) 
(3) 
Tor/2 
or |O| QED, 1<i<24¢ 
make up a complete orthonormal family for L?(R®), letting us write 
fie) 
= ! (Q) 
5 he » So 


Tol 


for any f € L?(R%). 
Formula (4) is true, but is it stable? If we want to use (4) to investigate f, we have 
to estimate integrals 


= I, Fn, Gide 


which are likely to have small errors. We might make translation errors: instead of 
f(x) we have f(x + Ti(Q)), where (we hope) |7/(Q)| < €(Q), the computed inner 
product is 


[ feonQe— HO dr = (F.m19), 


We can expect similar translation errors—call them (0) in the other his 


occurring in (4), resulting in “perturbed” Haar functions hae . If we try to add 
up part of (4), we face 


(FG) co) 
yo 12 (5) 
(i) * 
of «CG 
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If the 7/(Q)s have norms < n£(Q), where 7 is small, then we hope that 


ny) 
fay0 sare mad < Cin Ilf\l2 (6) 
Qi 2 


for some function C(7) going to 0 as n > 0. 

But it is not clear that the families {hk /\O| 1/24; (k = 1, 2) are even almost- 
orthogonal. The problem comes from the Haar functions’ jumps. We can fix this by 
working with a smoother family. Let 0 < a < 1. Suppose that, for each Q € D, we 
have a function 6 : R4 — C such that: 


(a) supp o CQ; 
(b) 16 (x) — da) (¥’)| S (Ix — x'|/€(Q))* for alll x and 2’; 
(c) [fo dx =0. 


It is well known that {f2/|Q|'/?}9ep is almost-orthogonal in L7(R“) [3, 4]. 


If {G9 /10l"}oen and {$5 /|O|"”}0ep are two such families then the uncondi- 
tionally convergent sum 


(f.%5) 
a f° @ 


defines bounded linear operator T : L? —> L?. This sum is also stable. Let 
0 < n < 1/2 and let {7;(Q)}oep (i = 1,2) be two families of vectors in R¢ such 
that |7;(Q)| < n€(Q). Define $())(x) = $(2) (x — 71(Q)) @ = 1,2). The families 
{9 /1Q| 1/2. 5ep are almost-orthogonal, with constants < C(a, d) [3, 4], implying 
that 
2, F,.00) az 
= (Q) 
T(f) = > ~ Oo] (2) 


OED 


defines a bounded linear operator on L?. Moreover, for every 0 < r <q, there is a 
constant C = C(a,r,d) so that, for all f € L?(R*) [4], 


IT) -T*A], < Cn’ flo: (8) 


and analogous results hold in L?(R“) if 1 < p < oo [4]. The gus’ smoothness 
is crucial here. But with the hk\”s, “a is 0”, and the Holder smooth POs seem 
better for working with wavelet representations of operators. This superiority is 
somewhat specious. In the real world, (7) is discretized: the @)s are replaced 
by discontinuous, piecewise constant functions. Sums like (4) provide a model to 


understand their sensitivity to errors. 
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It turns out that the perturbed Haar systems are almost-orthogonal in L?(R“) 
(Theorems | and 2) and series like (4) are stable: they satisfy (6) with C(n) equal 
to a dimensional constant times 7!/* (Theorem 3). The almost-orthogonality and 
stability results hold for much more general systems, perturbations, and operators 
than those discussed above, and the exponent on 7 is sharp. 

Our proofs of these facts start from a familiar concept. A function f : [a,b] > C 
is said to be of bounded variation on [a, b| (written f € BV[a, b]) [1] if there is a 
finite M so that, for all partitions P = {a = x9 <--- < x, = b} of [a, b], 


S- Fe) —Fx1)| < M. 
1 


The supremum over all such sums is called f’s total variation over [a,b] and is 
denoted Vy[a, b]. (When we write V;(J) and J = [a,b], we mean V;[a, b].) If f € 
BV[a, b] then f € BV[c,d] for every [c,d] C [a,b], and, for every partition P as 
above, 


n 


> Ve [xx—1. XK] = Ve(UT Lxx-1, xe) = Vela, B]. 
1 


We say that a function is of bounded variation on R if the supremum of the 
preceding expression, over all closed bounded intervals, is finite; and we call that 
supremum the function’s total variation on R. 

For every cube Q C R74, let NBV(Q) be the set of f : R“ — C such that: (a) 
f is measurable; (b) f’s support is a subset of O (the closure of Q); (c) for each 
1 <i<d,f is of bounded variation with respect to x; on R, with total variation on 
R being < 1; (d) [ fdx = 0. 

Condition (c) means: If we fix the x2, x3, ...., xg components of x = 
(x1, ... Xe) € R¢, then the function Ff (-,%2,%3, ... ,Xq) has total variation < 1 
on R, with the analogous statements for x2, x3, etc. 

Our fundamental result is: 


Theorem 1 /ff'2) €¢ NBV(Q) for every Q € D then 


f2 

lQ\"/"S cep 

is almost-orthogonal in L?(R¢), with constant < (1 + 45) d. 
Theorem | immediately implies the fact stated in the abstract: 


Corollary 1 Let N > 2. Suppose that, for every dyadic cube Q C R‘, we have N 
convex regions {R;(Q) Oe subsets of Q, and N complex numbers {c;(Q) ol such that 
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|c:(Q)| < 1 and 1 c;(Q)|R(Q)| = 0. Define, for every Q € D, 


N 
hax) = |Q\7” (>> «iQo') 


1 


Then, for every finite linear combination Yoep hoh, 


1/2 


Yoh] < (2+ V2) Nal Yo lol? 


QED 2 QED 


Proof Each function )~’ c:(Q) xr,@) equals 2N times some f(@) € NBV(Q). 


Corollary | holds no matter what the convex bodies are (cones, spheres, 
parallelepipeds, cylinders, etc.) or how they are placed (overlapping, disjoint, etc.). 
Careful placement gives a better constant. 


Corollary 2 Suppose that, for every dyadic cube Q C RY‘, we have 24 convex 
regions {R;\(Q)}}, where each R;(Q) is a subset of a unique immediate dyadic 
subcube of Q, and that we have complex numbers {ci(Q)}2" such that |c;)(Q)| < 1 


and 3a ci(Q)|Ri(Q)| = 0. Define, for every Q € D, 


od 


h(x) = 10\-"? | ¥° ci) xe) 


1 


For every finite linear combination Yoep Agha, 


1/2 


> Loh) < (4 + 22) d [Agl? 
QED 5 QED 
Again, it’s simple: because of how we placed the R;(Q)s, each function 
eS ci(Q) xR,(0) equals 4 times some f‘2 € NBV(Q). 
After proving Theorem | we look at the stability of almost-orthogonal expan- 
sions of the form 


(Q) 


where each 7° € NBV(Q). Corollary 3 shows that, for any g € L’, the series 


in (9) converges unconditionally to define T as a bounded linear operator on L?. 
In Theorem 3 we show that the operator defined by (9) is L?-stable with respect to 
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small dilation and translation errors in the functions. fp? 


those small errors are. 
Given a family of functions { f(2)}9ep, where each f(2) € NBV(Q), we suppose 


. We now say precisely what 


we have two sequences of vectors {5(O)}oen and {t(Q)}gep in R¢. The vectors 
T(Q) are assumed to be small and the vectors 5 (Q) are assumed to be close to i= 
(1,1,1,...,1). Precisely, for some 0 < 7 < 1/2, li - 5(Q)| + |t(Q)| < 7 for 
all Qe D.If 5(0) = (8), 5),...,5¢) and x = (x1,x2,...,x¢) € R¢ we shall set 


6(Q)x S (6x1, 62xX2, 63x3, wishes baXa). 
We define the perturbed form of f‘2 by 


F209) =f (BQ) —x0 + UO)EO) +0) (10) 


The effect of replacing x with 5(Q) (x—xg +£(Q)T(Q)) +o is to shift f)’s “center” 
a bit and dilate it slightly “relative to xg”. For example, if 


8(X) = XB) ), 


the characteristic function of a ball roughly comparable to Q, and 5(Q) = 
(5,6,6,...,6), then 


g(8(Q)(x — x9 + L(Q)T(Q)) + X0) = XB (xy 0);0(0)/8) 2D: 


the center shifts by a small multiple of £(Q) and the radius gets multiplied by 6~!. 
(For a general 6(Q), the ball becomes an ellipsoid.) For an operator T like (9) built 
from two families { ‘i }oep (j = 1, 2), we assume we have sequences of vectors 


{8,(O)}oen and vectors {T;(Q)}oep such that lt— 5,(Q)| + |t(Q)| < n, from which 


we define the analogous f\”’s as given by formula (10). We define a perturbation of 
T in the obvious way: 


Oy — 
Fo = yo BA po. (1) 


Tal 


In Sect. 3 we prove: 
Theorem 2 The operator defined by (11) is L? bounded, with norm < C(d). 
Theorem 3 There is a constant C = C(d), independent of n, so that, for all 
operators T and T (as defined by (9) and (11), respectively), and all g € L?(R®), 
I7(g) — Tie) lla < C@n' Ilo. 


The exponent 1/2 is the best possible. Let {f° /10|"30en (j = 1, 2) be the 


Haar functions on R and let g = hyo). Leave the ‘a s alone but shift 4,1) in the 
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7 system to the right by 0 < n < 1/10. Then T(g)(x) = Apo1)(a), T(g)(x) = 
hyo, («— n), and ||T(g) — T(g)|l2 ~ n'/?. 

At two places the reader may wonder why we are doing things certain ways 
when others seem simpler. Remarks there (labeled “Point 1” and “Point 2”) direct 
the reader to an appendix (Sect. 3) for motivations. Originally we tried to put these in 
the introduction, but attempts to motivate the motivations (before stating the proofs) 
made the paper too long and confusing. We removed them, thinking nobody would 
care about them anyway, but the referee asked about precisely those issues. We then 
had the idea of addressing them in an appendix. We are grateful to the referee for 
getting us to explain ourselves, and helping to make the paper not too long and 
just confusing enough. The “points” remarks occur, respectively, after the proofs of 
Lemma | and Theorem 1. 

We write A ~ B—where A and B are positive quantities depending on some 
parameters—to mean that there are positive numbers c; and cz (“comparability 
constants”) so that 


cA <B<oOA: (12) 


and, if c; and cy do happen to depend on parameters, (12) does not become trivial. 
We will often use ‘C’ to denote a constant which might change to occurrence. We 
will not always state the parameters C depends on. If E and F are sets, we write 
E C F toexpress E C F. 

We indicate the end of the proof with the symbol @. 


2 The Proof of Theorem 1 


We begin with two lemmas. 


Lemma 1 Let J be a closed, bounded interval. Suppose that f : I > C is of 
bounded variation, with V;) < 1, b : I — R is integrable, and [bax = 0. 


Then: 
[reac 
I 


Proof of Lemma 1 Take ||b||; = 1. Assume first that f is real. If b+ and b~ are b’s 
positive and negative parts then [ b+ dx = [ b~ dx = 1/2, implying 


< (1/2)|lb|l1. (13) 


} F(x) bY (x) de = (1/2)s1 
and 


[ro b (x) dx = (1/2)s2, 
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where s; and s2 are two numbers lying in [inf; f, sup, f]. Therefore 


[109 0%) Poa 


= (1/2)|s) — so| < (1/2) sup |f(@) =J(y)| 2.1/2. 
xye 


If f is not real, let w be a complex number with modulus equal to 1 such that 


[reac 


and apply the same argument to R(af). @ 


= [ aro) oe) dr = [ (X(are)) He de. 


Point 1. Using bounded variation seems like overkill. For f defined on J we can 
set 


Q-(D) = sup{| f(x) —f(y)| + xy € Dh. 


If Q-(7) < 1 we'll get 


< (1/2)|[blh. 


[reac 


Why use V/(/)? See the appendix. 
The second lemma lets us prove Theorem | by induction on d. 


Lemma 2 Suppose that d > 2, Q C R¢ is acube, andf : R4 — C lies in NBV(Q). 
Write OQ = I,\(Q) x K(Q), where K(Q) = Tig 1(Q). For y € R&! define 


6 00" | Ferra 


1 


Then @ € NBV(K(Q)). 


Proof of Lemma 2 It is trivial that supp ¢ C K(Q) and [ ¢dy = 0. For 2 <j <d, 
let {y;.}6 be points in R¢' differing only in their x; coordinates, where these increase 
with k. Then: 


Y 1600-601 sO f (SriMm—Feo-v1) dh 
1 n@\F 


because f € NBV(Q). @ 
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We now prove Theorem 1. 
Let d = 1. Take Q and J, dyadic intervals. Consider the inner product 


FO pO 
ETRE UT ETE (14) 
[ave (a 


where f‘2) € NBV(Q) and h /|I|'/? is the classical Haar function associated to I. If 
QNMI = @ or Qis properly contained in J then (14) is 0. If 7 C Q then, by Lemma 1, 


fO® h© 
(ign am) 
Therefore, for each j > 0, 


f2 pO 
dX (ian a) 


n (LY? 
< 1/2; (7) | 


< (1/2277 S* Vo) 


Ico ICQ 
e)=21 4) &(1)=2—/ e(Q) 
= (1/2)27/Vjo) (Q) (15) 


= 0/2)27, 
For each QO € D, 


FQ pO 
> ie a) 


IED 


-> 


IED 


f2 Ao 
(ion 7) 
IcQ 


ay S2272 


= 
0 
1 
=1l14+—. 
J2 
For every J € D, 
> ( f2 Ah _ 3 (< Ah 
Zeon || ~ & lor WP 
IcQ 
lo ) 
= (1/2) 029? 


&l- 
N o 
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By the Schur Test, the linear mapping L : £?(D) — £?(D) defined by 


_ f2 = 1® 

L ({AgtoeD) = > Xo (a 2 
oe? IeD 

has a bound less than or equal to | + Tee Let g = oen loom be a finite 

linear sum. The classical Haar functions form a complete orthonormal set in L?(R). 

Therefore, 


nO \\? 


[isha => (ra) 


2 
f2  1© 
YE ela ae) 
I 


OED 


proving the Theorem | whend = 1. 

Assume the result for d— 1 > 1, with constant C(d — 1); i.e., assume that if 
f® © NBV(Q) for every (d—1)-dimensional dyadic cube Q, and oep hodtr is 
any finite linear combination, then 


2 1/2 1/2 
| Dear dx} <C(d-1){ > Aol? 
ri |d=a, LOI" = 

Consider the family 
f2 
LOT ac 


where every Q is a d-dimensional dyadic cube and each f@ © NBV(Q). Put 
f(x) = f (’, y), where x € R and y € R@!. Write 


F229) =f.) +H O,9), 
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where 
oy (rw. —£(Q)" | o °” ar) tno ax) 


Loy) = (wor i a (t,y) ar) tno im). 
1 

and J;(Q) and K(Q) are as in the statement of Lemma 2, so that Q = [;(Q) x K(Q). 

By our d = | result, for each fixed y ¢ R¢, the family {(o)12 (x, y)}oep 
is almost-orthogonal in L?(R), with constant < C(1). This is because, for each fixed 
y, the function £(Q)~!/ 7 (x, y) is either identically 0 (with respect to x’) or it’s a 
suitably scaled, uniformly bounded-variation function, with integral 0, adapted to a 
unique dyadic interval /;(Q). Note that subtracting a term of the form c Mim ) 


does not change f‘2’’s total variation in x’ on 1,(Q), and so does not affect the 
relevant Schur Test estimates. (See the proof of Lemma 1.) 
For each fixed y € R&!, 


2 
[ \Xrelor AO. 9f de’ = CO)? Yo CO ago). 
R 
Since |K(Q)| = £(Q)*"", integrating in y yields 
2 

[ [Dacia 7A? 9] aay < CO? ok. (16) 
By induction (and because of Lemma 2), for each fixed x € R, the family 
{£(Q)-@-/ 26D) .y)}oep is almost-orthogonal in L7(R4~'), with constant < 


C(d — 1). (As with the f(s, for some x’, f{)(x’, y) is identically 0 in y—which 
is fine.) Hence, for each fixed x € R, 


Now integrating in x’ yields: 


2 
Yi rolar7AP Wy] dy s CM-I? Yo ol aR). 


[|S reiar2A wf av dy = cd? ol a7) 
Rd 


Combining (16) and (17) yields 


f® 
[Sear 


< (C0) +c@-1) (Yel), 
2 
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which implies 
C(d) < dC()). 


The Schur Test gives C(1) < 1+ ee We have Theorem |. @ 

Point 2. Why do induction? We have d-dimensional Haar functions (3). Why 
not get Schur test estimates directly from inner products between them and the 
functions in 


f2 
are 


See the appendix. 

Theorem | implies the L? boundedness of a certain “rough” operator (see the 
introduction), defined as a limit of finite sums. We need to specify in what way this 
limit is taken. 


Definition 1 We say that a sequence {€;}9° of finite subsets of D fills up D if every 
Q € D is in all but finitely many €s. (This holds if the €s are increasing and 
UE = D.) Let {Agtgep be a sequence of complex numbers, and {g(g)}oep a 
sequence of functions in L7(R“), each indexed over the family of dyadic cubes D. 
We say that 


>> A08@ 


OED 


converges unconditionally to h € L?(R“) if, for every sequence of finite subsets 
{E}f° that fills up D, 


li _ = 0. 
jim |r >> A081) = 0 
OEE 2 


Corollary 3 Let {f toe and (fF? Voce be two families such that fae € 
NBV(Q) for all Q € D andi = 1, 2. If g € L?(R®) then the series 


(Q) 


converges unconditionally to some h in L?. Moreover, 


lhl < (1 é =) ‘) Hell 
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In other words, (18) defines a linear operator T : L? — L? with norm 


< (1+ 4p)dy* 


Proof of Corollary 3 Let g € L?(R“), and suppose that € C D is a finite subset. 
Define 


(Q) 
Te(s) = SBA a io 
E 


By Theorem 1, 


ITe(@)llo < (1 j =) d os Westie) < (1 $ —) a) Iell2 <0. 
E 


(19) 
If {E,}7° is a sequence of finite subsets that fills up D then, for any m and n, 


1/2 


1 Kg. )? 
HEN eal mie 1a 
I|Tz,, (g) ele = ( + =) pe |Q| 


which, because of (19), goes to 0 as m and n go to infinity. (Apply domi- 
nated convergence to the sums over the symmetric differences €,,AE,.) Therefore 
{Te,(g)}x is Cauchy in L?(R“) and converges to an hf with norm < ((1 + 
4d Isle. The function h is unique because, if {E,}7° and {E;}9° fill up D, so 
does {E), E}, €2, €5,...3.@ 


3 The Proofs of Theorems 2 and 3 


As with Theorem 1, we will first work in one dimension, where we will sometimes 
call dyadic intervals J or J, and sometimes Q. 
Both proofs make use of a simple fact whose proof can be found in [2] and [3]. 


Lemma 3 /f D denotes the family of concentric triples of dyadic intervals in R then 
D can be decomposed into 3 disjoint families, 


De UIGi, 


such that, for each 1 <i < 3: a) VI, J € Gj, either IN J = 9 or one is a subset of 
the other; b) every I € G; is the right or left half of a J € Gj; c) VI € Gj, I’s right 
and left halves belong to G;; d) R is covered by the set of I € G; of length 3; and 
therefore, for any k, R is covered by the set of I € G; of length 3 - 2*. 
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As an immediate corollary of Lemma 3, the set of concentric triples of dyadic 
cubes in R@ (also denoted D) can be split into 3¢ disjoint families, each one having 
the analogous inclusion/exclusion and relative size properties as the set of dyadic 
cubes. The proof is trivial: for every @ = (a1, ... ,a) € {1,2, 3}4, let G; be the set 
of cubes Q = []¥ I,(Q) such that each I;(Q) € Ga,;. 


The Proof of Theorem 2 If I is a dyadic interval, we use 7 to denote /’s concentric 
triple, and we define h” by 


WO) = 17,0) — 17,0. 


Then h /|Z|'/2 is the “Haar function” associated to 7. Because of Lemma 3, for 
each 1 < i < 3, {h/|1\'/2 : T € Gj} forms a complete orthonormal basis for 
L?(R). 

For each 1 < i < 3 we let F; be the set of dyadic intervals Q such that a) € Gi. 
We note that if Q € F; and f(2 € NBV(Q) then f( € NBV(Q), where O € G;. We 
claim that if 1 < i < 3 and {f)}oez, is any family such that each f € NBV(Q) 


then 
1/2 
OM \ oe 


is almost-orthogonal in L?(R), with a constant less than or equal to an absolute C. 
The proof is easy. We only need to bound 


f2 nO 
lon? in" 
for Q and J both lying in F;. But we have already seen this sort of thing. If OnI=2@ 


or QO is strictly contained in 7 then the inner product is 0. Otherwise 1c Q, with 
|1| = 2~4|Q| for some j > 0, and (20) is less than or equal to 


(20) 


2. %, 1/2 
[Z| 24 
(4 Vag) = 32? V5 (0. 


For every Q € F; andj > 0, 


7) Ag) 
jor”? | 


Ie Fj: 1CO 
7]=27|Q| 
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is less than or equal to a constant times 

2 Vs (QO) < < QW? 
implying that, for every Q € Fi, 


fF] @ 1 
~_____\l<ci+— )<C. 
2 (iam rt | es 


J2 


Similarly, for every I € F;, 


f2 AQ) 1 
5 mae NS CU 4+ SEG. 
QE F; fon ae : 


J2 


Combining the two inequalities proves our claim. 7 
For every a € {1, 2,34, let F; be the family of dyadic cubes Q such that Q € G;. 


Fix an @ € {1,2,3}4. If O © F; then f® © NBV(Q). We can now repeat the 
inductive argument from the proof of Theorem | to get that 


1/2 
OFS en 
is almost-orthogonal in L? (R‘), with constant < Cd, where C is the constant we get 
for d = 1. We get the same estimate for every a € {1,2, 3}4, implying that 


1/2 
MF 
is almost-orthogonal in L7(R7), with constant < C3¢d = C(d). A repetition of the 
argument in the proof of Corollary 3 shows that, for any g € L?(R‘), 


Oh a 
9 (g.f)7@ 
ben 12 ‘ 


converges unconditionally in L? to define a bounded linear operator Tie 
with norm < C(d)?.@ 
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The Proof of Theorem 3. Write T(g) — T(g) as S1(g) + S2(g), where 


(Q) _ (O 
Si(g) = > (gf fi ) (2) 


a) 

(8.f, >) ( (0) . 

So(g) = a Fe - : 
Lg (2-4 


Because of (2) and Theorem 2, Theorem 3 will follow once we show that, for all 
finite linear sums 


—_-» 


(Q) _ ¢(Q) 


ae |Q|'/2 
(i = 1,2), we have 
— 1/2 
2 —¢2 ie 
i Ji 2 
>> Ae || =o Sy lol (21) 
QED 2 QED 


for a constant C only depending on d. Inequality (21) will follow from Theorem 2 
and a technical, one-dimensional lemma (Lemma 4). We prove Lemma 4 first. We 
warn the reader that its proof requires an additional (fortunately very easy) lemma 
(Lemma 5). 

Since the f(s’ subscripts are now irrelevant, we no longer write them. 

Until otherwise stated, D, D, F;, and G; refer to families of intervals. 


Lemma 4 For each Q ¢€ F,, let g : R — R have support contained in Q and 
be of bounded variation, with total variation < 1. (Note: we do not require that 
fg dx = 0.) Let {8(Q)}oep and {t(Q)}oep be two sequences of real numbers 
indexed over D, such that |1 — 5(Q)| + |t(Q)| < n < 1/2 for all Q € D. Define 


g(x) = g'2(8(Q)(x — x9 + £(Q)t(Q)) + xg) and, for each I € G;, set 


al, N= ge — §(O)g A” . 
|o|!/2 \7| 1/2 
There is an absolute C such that, for all Q € F; andTé Gi, 


Y la@.D| (22) 


1€G; 
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and 


Y= |a(O.D)| (23) 


OE F; 


are both bounded by Cn'/*. 
Proof of Lemma 4 If Q € F; and/ € G; then 


5(Q) f g(x) hw) dx 
= 8(Q) fg (6(Q)(x— x0 + L(Q)t(Q)) + xq) hw) dx 
= f gu) h (8(Q)""(u— xo — 8(Q)£(Q)t(Q)) + xo) du, 


after substituting u = 5(Q)(x — xg + £(Q)t(Q)) + xg. Therefore, 
[ (6% 58%) Hae = | ¥C yM Oar, (24) 


where y a) (x) equals 


h® (x) — h® (8(Q)-!(x — x9 — 6(Q)L(Q)t(O)) + xe). (25) 


We note a fact which will be important soon. Although we do not assume that 
fg dx = 0, we do have [ (s() - 5(Q)g(x)) dx = O, ensuring that (24) 


equals 0 if 7 ¢ Q: if ¢ QandIN Q F Q, the support of g(x) — 5(Q)g is 
entirely contained in either the right or the left half of 1, across which hn is constant. 

The key to the proof of Lemma 4 is a good estimate for the right-hand side 
of (24), which follows from Lemma | and a bound on yh. For the latter we 
need the simple lemma mentioned above. 


Lemma 5 /f J is a bounded interval, with endpoints a < b, and I' is another 
bounded interval, with endpoints a! < b', then 


[lac = xa s la—a|+|b—#'|. (26) 


Proof of Lemma 5 Assume that b—a < b!—a’. If b < a’ the left-hand side of (26) is 
b—a+b'—d’, while |a—a’'| > b—aand |b—b’| => b'—a'. Ifa < d' < b the left-hand 
side of (26) is exactly a’ — a + b’ — b (because b < b’), andif a’ <a<b<D' itis 
a—a +b’! —b. The other cases follow from symmetry. @ 


We continue the proof of Lemma 4. Recall that h® has the form Xiab) — X{a’.b")> 
where [a,b) = I, and [a’,b’) = I,. If ¢ : R > Ris a strictly increasing bijection 


Bounded Variation, Convexity, and Almost-Orthogonality 293 
then 
Xa.) (PO) = Xip—1(e),6-1(B)) (X)- 


Set (x) = 6(Q) "(x — x9 — 8(Q)L(Q)t(Q)) + xo. Then $~'(x) = 6(Q)(x — x9 + 
£(Q)t(Q)) + xo. For ease of reading we will refer to 6! as w. We can write 
h (5(Q)-'( — xo — 8(Q)E(Q)t(Q)) + x0) 
= Xw@.w() OC) — Xtya).woy), 


and therefore the L' norm of 
v(x) = h(x) —h (8) — x9 — 6(Q)L(Q)t(Q)) + x0) 
is less than or equal to 
la— W@)| + |b— W)| + la’ — VOa)| + |b - YO). (27) 


A quick calculation yields 


a— (a) = (a— xg) — 6(Q)) — 6(Q)E(Q)r(Q), (28) 


with similar expressions for the other terms. 

We recall that O € F;, le G;, and that the inner product (24) is zero unless 
1 C Q; thus, for the only cases of interest, €() = 24£(O) for some j > 0. Given 
0 < n < 1/2, let N be the unique natural number such that n € [2~%~',2-%),. 
For such /, the absolute value of (28)—and thus I|v ||: —is less than or equal to a 
constant times 2~" £(Q). 

We will give two bounds on the absolute value of (24), depending on whether 
j<Norj >N. We only use (28) for the 7 < N estimate. 

Ifj < N (so that 7 is not too small compared to Q), then the absolute value of (24) 
is less than or equal to a constant times 2-%L(Q)V co (1). 


If j > N (meaning that Tis very small compared to Q) then the absolute value 
of (24) is less than or equal to 


(Vio + Va5@) In, 
which is the same as 
200) (Vio (+ Via () (29) 


Of course, what we need to bound is not the absolute value of (24), but the same 
divided by |Q|!/2|7|!/2 ~ 27//2£(Q). (Recall that we are still working in d = 1.) If 
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j <N, the quotient is less than or equal to a constant times 2/72" V0) (1). Ifj>N 
the corresponding estimate is 2~//? (V, 92) (i) + V, oO a): Therefore, if O € F;, 


1€G;,1 Cc O,and £1) = 2~/£(Q), then 


6(Q 


CUP" V co) @ ifj < N; 


cx? (Vv (0 (i) + Voge a) if j > N; 


|a(Q,1| < 


while a(Q, 7) = Oif7 ¢ O. 
We now estimate (22) 


2 ae 


7:1c0 
and (23) 
le ae 
Q:1cQ 
Estimate of (22): 
Yaa@adi<cdy> Yo lad 
T:1CQ J29 Te) =27JL(0) 
=cr" 2? SY ve) 
O<j<N 7:€()=27i(O) 
+ Cy oy (Vv, (2) ) + VY 8(O)e a) 
j>N TL) =27IL(Q) 
=()+(D, 
where 


(D=C2" SY Vos) 


O<j<N T:L(1)=2-iL(0) 


(MD =CYIP SY (VD + Mg gw) - 


J>N TL) =2-1(Q) 


For each Q and j = 0, 


» V0) () < Vix (O) <1 


TL(D)=27I&(O) 
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and 


YL (00 + VyggO) < V0) + Vy) < 5/2, 
T:L(D)=27/£(Q) 


because the change of variable does not affect the total variation and |6(Q)| < 3/2. 
Therefore 


Oser \. 2" 2c 
0<j<N 
M2ey 22a, 


J>N 


implying that 177. 7¢g |a(Q,D)| < C2-N/?. 

Estimate of (23): This is like case a), but simpler, because, for each j > 0 and 
7, there is only one Q such that 7 C Q and ¢(1) = 27/€(Q). We get the same 
estimate: < C2~%/2, 

That proves Lemma 4, since 7 ~ 2" @ 


The Schur Test and Lemma 4 imply that if {g}oep and {g)}oep are two 
families as given in Lemma 4’s hypotheses, then, for any finite linear sum 


g — 5) 
> io ( |o|!/2 ? 
QED 


we have 


1/2 


® — 5(9)e¢ 
>. (“ae a ) sen? Si oP] (30) 
2 


QED QED 


with C an absolute constant. This implies Theorem 3 when d = 1. We can write 


ff = (f — 5 OF) + GQ - VF. 


Lemma 4 implies that 


1/2 


© _ s(9)f® 
rie Be) sont(Dner} 2 an 
2 


QED QED 
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while, by Theorem 2, 


1/2 


f(D) 
Yo ro (ar) Ze (= Agr}. (32) 


QeD QED 


Since |1 — 6(Q)| < n < n'/? for all Q, we get (21) and thus Theorem 3 in one 
dimension. 
We now prove (21) for general d. From here on we work in R?: F;, Gz, D, and 


D are families of cubes; 5 (Q) and T(Q) are vectors. 

Fix a € {1,2,3}4. For Q € F; we write 5(Q) as (51(Q), 52(Q),...,84(Q)) and 
T(Q) as (t1(Q), t2(Q),..., ta(Q)). Associated to each 5(O) and T(Q) will be two 
finite sequences of vectors {5;(Q)}4 and {7(Q)}4, defined by 


§(Q) = 1 

6(Q) = (5,(Q),1,1,...,1) 

52.(Q) = (51(Q),82(Q), 1.1,.... 1) 
53(0) = (61(O), 52(Q),63(Q), 1, 1,...,1) 


84(Q) = 6(Q) 


and 


™(Q) = 0 

71(Q) = (%1(Q),0,0,...,0) 

t2(Q) = (t1(Q), 2(Q),0,0,..., 0) 
73(Q) = (t1(Q), %2(Q), t3(Q), 0,0,..., 0) 


ta(Q) = t(Q). 


In other words, considered as a dilation operator, 30 (Q) starts as the identity, 
and then, as j advances, morphs—one variable at a time—into 5 (Q); while 7(Q) 
similarly morphs from the identity into T(Q), but now considered as a sequence of 
translation operators. Keep in mind that 6;(Q) and t;(Q) are numbers (components 


of the vectors 5(Q) and T(Q)) while §)(Q) and T(Q) are vectors. 
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Define 6.2 (x) = f(x) and, for 1 < k < d, 
k 
Gag (11 1) °° (5.(Q)(@— x9 + €(O)i(Q)) + x0). 
1 


After noticing that ee (x) = (Tit Ok (2) fC, we write 
f° @=7" O=1" @= (11 510] PP O+ (te 510] = ) rd) 
1 1 


d —_ 
= 6x) — P+ (te 110) - 1) Fen 
1 


= s( es 09) + ((I1 5) = 1) en] 


k=1 
= [+ [M. 


The term [//] is no problem, because 


(s0)-) 


and Theorem 2 controls the almost-orthogonal “norm” of {f)/|Q|!/7} ie 
To see what is going on with [/], we look at the first term in the sum, 


<C(d)n 


6. (xy) — 1 (x) = f(x) — 51 (OF (61 (O)(@— x0 + L(Q)71(Q)) +.x0). (33) 


Write x = (x1,x2,...,Xq) as (x1,x*), where x; € R and x* € R“!. Por fixed 
x*, (33) is 


f (x1,x") — 5 (QF (61 (Q) (x1 — (Xo) + L(Q)11(Q)) + (XQ)1.*) (34) 
(note the absence of tildes), because the (respective) dilation and translation 
operators 6;(Q) and 7;(Q) do not affect the x* components at all. 


To ease reading we refer to (34) as o® (x). 
For Q € G;, write Q = 1|(Q) x K(Q), as in the statement of Lemma 2. Then 


wo (x1, x*) = wo (x1,x") 77, GOGO) 
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and, for every fixed x* ¢ R7~! and every finite linear sum 


o@2 wo) (1, 4") x7 (x1) x @ OX") 
5 46 (igre) =F ¥o( ge) 


OEF; OeF; 


we have, by the one-dimensional version of Theorem 3, 


2 


(Q) * # 
i Y o(H SE) dvi < Cn Yo oPIKOM x Qe"). G5) 


1/2 
Rl 0eF; JO! OE F; 


Here we are arguing just as we did in estimating (16), but incorporating the ‘“< Cn’ 
bound we have from the one-dimensional Theorem 3 (see (30)—(32)). We get 77 this 
time, and not 7!/?, because we are not taking the square root of the integral. When 
we integrate (35) in x* we get, for every a € {1,2, 3}4, 


2 


2 
w(x) w (x1, x*) 7 
a (He) am f > 4o( Tau ) ia 


QeF> def; 


< Cn >> Al’. 


OcF; 
The other summands in [/] are handled in a similar fashion, successively treating 


the variables x2, ... , xg as we did x;. For example, € a (x) -— Ee (x) equals 6;(Q) 
times 


f(61(O) (x—x9 + L(Q)i1 (Q)) +x0) —52(O)f  (5(Q) (x—x0 + £(Q)72(Q)) +.x0), 


where the functions’ two arguments, respectively 


(5:(O)(x — x9 + L(Q)%(Q)) + xo (36) 


and 


55(Q)(x — xo + €(Q)72(Q)) + xo, (37) 
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differ only in their second components. The second component of (36) is x2, and 
that of (37) is 


82(Q)(x2 — (xg)2 + €(Q)t2(Q)) + (xQ)2- 


But their first components both equal 


81 (Q)(%1 — (xg) + €(Q)1(Q)) + (*o)1: 


and, for 3 < k < d, each kth component for both functions equals x,. 
If we now define, more or less as before, 


oO Get @) =< @), 


then the preceding argument applies virtually verbatim to yield 


2, 


(Q) 
I 0 (Sa) dx < Cn ¥) lAdl? 


QeF; Oc, 


for every a € {1,2,3}4. (Recall that 5;(Q) is essentially 1.) The same argument 
applies to the other summands ¢ eal —¢ for 3 < k < d to yield the same estimates. 


When we add up over all k and all a € {1, 2, 3}4, and include the term [//], we get 
1/2 


fD —fO 
ms io (= = Oy" > |Aol? 
2 


OED OED 


for all finite linear sums, 


FO fo 
2 io ion” : 


OED 


where C depends on d. That’s (21). Theorem 3 is proved. @ 
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Appendix 


Point 1. The total variation V(/) adds like a measure; (2¢(/) doesn’t. In particular, 
ifa =X) <x] <X%. <-+++ <x, = bDthen 


n 


>. Vy lxx—-1,X%] < Vela, 5], 
1 


which we need (see (15)); but 
Qe [xx-1, XK] S Lela, 5] 
1 


fails. (As with V;, we use Qs[x, y] to mean Q,-([x, y]).) 
Point 2. We give two answers; the second makes the first redundant. 


a) Theorem | yields 


f2 1/2 
x hoa <c@(Yo rol’) 

ll" Ip 

with C(d) growing at worst linearly in d. If we apply Schur’s test to 
f2 
|Q|'/ OQeD 

and the orthonormal family (3) then, for each J and Q in D such that J C Q, we 
have to consider the inner products 


Ja FO, Ae) 


for every 1 < i < 2“, and the Schur bound grows exponentially in d. 
But it’s worse than that. 

b) For fixed d > 1 set Qo = (0, 1)¢ and let B be the ball (open or closed) of 
radius 1/3 centered at (1/2, 1/2,1/2,...,1/2) (the center of Qo). Define f(x) = 
Xa(x) — |Blxoo(x). Then f is a bounded multiple of a function in NBV(Qo). We 
look at the terms appearing in the Schur test, 


LP aol, = AP), —) 


for J C Qo and a fixed i (the value of i doesn’t matter: say it’s 1). Let 2 be J’s 
sidelength, where k > 0. The inner product (38) equals Oif J C BorJNB= 49. 
It’s possibly non-zero if J straddles B’s boundary, and when that happens our 
best estimate for the absolute value of (38) is roughly 


a ai = ie = gkd/2, 
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The (d — 1)-dimensional measure of B’s boundary is ~ | (it depends on d but 
not on k). The cubes J have diameters ~ 2~*. For large k, ~ 2*@¢~)) of them 
can straddle B’s boundary. (The reader might want to sketch this.) Therefore, 
when we add up the estimated absolute values of (38) for these J’s, we get ~ 
27Kd/29k(d-1) — 9k(4/2-1) | which sums (over k) to infinity. 


Philosophical Remark We think Theorem | holds because of subtle cancelation 
in the sums 


f@ 
Doron 


which the bounded-variation-plus-induction argument lets us exploit without really 
understanding. 
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